Math 60. Rumbos Fall 2014

Solutions to Review Problems for Exam 1

1. Give a basis for the span of the following set of vectors in R*

1 —2 1 1
-1 0 -3 1
11 3]’ 6|4
-1 0 -3 1

Solution: Denote the vectors in the set

1 -2 1 1
-1 0 -3 1
1|’ 317 614
-1 0 -3 1

by wv1, v9, v3 and vy, respectively. We look for a linear vector relation
of the form
€101 + oy + c3v3 + vy = 0. (1)

This leads to the system

c1 — 200+ c3+ca = 0
—c1 —3¢3+ ¢y = 0 (2)
c1 + 302 + 603 - 404 =0
—C1 — 363 + Cy = 0.
The augmented matrix of this system is:
R, 1 -2 1 1 ] 0
Rs -1 0 —3 1 ] 0
Rs 1 3 6 —4 | 0
Ry -1 0 -3 1 ] 0
We can reduce this matrix to
1 0 3 —-110
0 1 1 =1 1] 0
O 0 0 0 | 0|’
O 0 0 0| O

which is in reduced row—echelon form. We therefore get that the
system in (2) is equivalent to the system

Cl+303—C4 =0
{ Co+cC3—cCcqy = 0. (3)
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Solving for the leading variables in (3) yields the solutions

g = 3t+s

cgo = t+s

C3 = —t (4)
Cy = S,

where ¢ and s are arbitrary parameters. Taking ¢ = 1 and s = 0 in
(4) yields from (1) the linear relation

3v1 + vy —v3 =0,
which shows that vs = —3v; — v9; that is, v3 € span{vy, va}.
Similarly, taking ¢ = 0 and s = 1 in (4) yields

v1+ vy +v4 =0,
which shows that vy = —v; — ve; that is, vy € span{vy, vs}.

We then have that both vs and vy are in the span of {vy,v,}. Conse-
quently,

{v1,v2,v3,v4} C span{vy, va},
from which we get that
spanf{uvy, ve, v3,v4} C span{vy, va},

since span{vy, va, v3,v4} is the smallest subspace of R® which contains
{v1,v9,v3,v4}. Combining this with

span{vy, v2} C span{vy, v, v, v},
we conclude that
span{vy, va} = span{vy, vz, U3, Va};

that is, {vy, vo} spans span{vy, vy, v3, V4 }.

To see that {vy,ve} is linearly independent, observe that v; and v
are not multiples of each other. We therefore conclude that {vy,vs}
is a basis for span{vy, vo, v3, V4 }. O

2. Find a basis for the solution space of the system

1 — X9 + Trs — X4 =0
201 — o — 224 = 0
—T1 + x3 + 14 = 0,

and compute its dimension.
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Solution: We first find the solution space, W, of the system. In
order to do this, we reduce the augmented matrix of this system,

R, 1 -1 1 =110
R, 2 -1 0 -2 | 0],
Rs -1 0 1 110

to its reduced row—echelon form:

1 0 -1 -1 0
0 1 -2 010
0 0 0 010

Consequently, the system in (5) is equivalent to the system

Ky — X3 — T4 = 0
{ Ty — 21’3 = 0. (6)

Solving for the leading variables in the system in (6) we obtain the

solutions
r1 = t+s
Ty = 2t
rs3 = t
Ty = S,

where t and s are arbitrary parameters. I then follows that the solu-
tion space of system (6) is

1 1
2 0
W = span NERE
0 1
Hence
1 1
2 0
1”10
0 1
is a basis for W and therefore dim(WW') = 2. O

3. Prove that any set of four vectors in R?® must be linearly dependent.



Math 60. Rumbos Fall 2014 4

Proof: Let vy , vo, v3 and v, denote four vectors in R? and write

a1 12 a13 Q14
U1 = Qo1 |, V2= Q2 | , V3= Q23 and vy = 24
a3 a32 a33 34

Consider the vector equation
C1U1 + CoUy + €303 + cavy, = 0. (7)

This equation translates into the homogeneous system

a1 + a19C2 + a13C3 -+ a14C4 — 0
A21C1 + A2Co + Ao3C3 + agacy = 0 (8)
a31C1 + a32C2 + azzcs + agscy = 0,

of 3 linear equations in 4 unknowns. It then follows from the Fundamental
Theorem for Homogeneous Linear Systems that system (8) has infinitely many
solutions. Consequently, the vector equation in (7) has a nontrivial solution,
and therefore the set {vy, va,v3,v4} is linearly dependent. O

4. Let v and w denote vectors in R”™.

(a) Show that if the set {v,w} is a linearly independent subset of R" if and
only if the set {v + w,v —w} is linearly independent.

(b) Show that span{v,w} = span{v + w,v — w}.

Solution:

(a) First we prove that if {v,w} is a linearly independent subset of
R™, then so is the set {v +w,v —w}.

Proof: Assume that {v,w} is a linearly independent and consider
the vector equation

v+ w)+c(v—w)=0. 9)

Applying the distributive and associative properties, the equation
in (9) turns into

(c1 + c2)v + (¢ — c2)w = 0. (10)

It follows from (10) and the linear independence of {v, w} that

{c1+c2 = 0 (11)

Ci —C = 0.
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The system in (11) has only the trivial solution: ¢; = ¢; = 0.
Hence, the vector equation in (9) has only the trivial solution
and therefore the set {v 4+ w,v — w} is linearly independent. [

Next, we prove the converse: If {v 4+ w,v — w} is linearly inde-
pendent, then {v,w} is a linearly independent.

Proof: Assume that {v+ w,v —w} is a linearly independent and
assume, by way of contradiction, that the set {v,w} is linearly
dependent. It then follows that

w = cv, (12)

for some scalar c.

We first see that the scalar, ¢, in (12) cannot be 1; for, if ¢ = 1,
v—w = 0, and {v+w,v—w} would be linearly dependent, which
contradicts the assumption of linear independence of {v + w,v —
w}. We then have that ¢ # 1 in (12).

It follows from (12) that

v+w=(1l+c) (13)
and
v—w=(1-c. (14)
Rewrite (13) as
n _1+c<1_)
vtw= o c)v,

and use (14) to get that

1+c¢
1—c

vtw = (v —w),

which shows that the set {v+w, v—w} is linearly dependent. This
is a contradiction. Hence, {v,w} is linearly independent. ]

In order to prove that span{v,w} = span{v + w,v — w}, we
establish the following inclusions:

(i) span{v,w} C span{v + w,v —w}, and

(i) span{v + w,v —w} C span{v, w}.

5
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Proof of (i): First observe that

(v+w) + (v—w) = 2v,

so that ] ]
v = §(v—i—w)—|—§(v—w);
consequently,
v € span{v +w,v — w}. (15)
Similarly, since
1 1
w = §(v~|—w) - §(v—w),
it follows that
w € span{v + w,v — w}. (16)

Combining (15) and (16) we see that
{v,w} C span{v + w,v — w},
which implies that
span{v,w} C span{v + w,v — w},
since span{v, w} is the smallest subspace of R that contains the

set {v,w}. We have therefore established (i). O
Proof of (ii): Note that
v+w € span{v,w} and v —w € span{v,w},
so that
{v+w,v —w} C span{v, w}.

Hence,
span{v + w,v — w} C span{v, w},

since span{v + w,v — w} is the smallest subspace of R™ that
contains {v 4+ w,v —w} . This concludes the proof of (ii). O

0
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5. Let {u,v,w} be a linearly independent subset of R". Show that the set
{u+v,u4+w,v+w}
is linearly independent.

Solution: Assume that {u,v,w} be a linearly independent and con-
sider the vector equation

c(u+v)+c(u+w)+cs(v+w)=0. (17)

Next, use the distributive, associative and commutative properties of
the vector space operations to rewrite (17) as

(c1 + co)u+ (c1 4+ c3)v + (ca + c3)w = 0. (18)
It follows from (18) and the linear independence of the set {u, v, w}
that
c1+Cc = 0
c1+c3 = 0 (19)
Co —I— C3 —= 0

To solve the system in (19), use Gaussian eliminations on the aug-
mented matrix

1 1 010
1 0 1] 0
1 1] 0
to obtain
1 0 0] O
0O 1 00
0O 0 10

It then follows that the system (19) has only the trivial solution
c1=cCy=cy =0,
which implies that the set
{fu+v,u4+w,v+w}

is linearly independent. 0
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6. Let S = {vy,vq,...,v} be a linearly independent subset of R”. Suppose there
exists v € R” such that v ¢ span(S). Show that the set S U {v} is linearly
independent.

Proof: Assume that S = {v1, v, ..., v} is a linearly independent subset of R”
and that v € R™ is such that v & span(S). Suppose that

c1v1 + Uy + - - + cpup + cv = 0. (20)

We first see that ¢ in (20) must be 0; otherwise, ¢ # 0 and we can solve for v in
(20) to get that

which shows that v € span(S); this contradicts the assumption that v ¢
span(S). Hence, ¢ = 0 and so we obtain from (20) that

Cc1v1 + coUg + - - - 4 ¢ = 0. (21)
It follows from (21) and the assumption that S is linearly independent that
cpo=co=...=c¢,=0.
We have therefore shown that (20) implies that
co=c=...=c,=c=0.

Hence, the set S U {v} is linearly independent. O

7. Let S denote a nonempty subset of R”. Assume that there exists v € S such
that v € span(S\{v}). Show that

span(S\{v}) = span(.S).
Proof: Let S C R™ and assume that there exists v € S such that v € span(S\{v}).
First observe that S\{v} C S, so that
S\{v} C span(9).

Thus,
span(S\{v}) C span(95) (22)

because span(S\{v}) is the smallest subspace of R" that contains S\{v}.
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Next, let w € span(S). Then,
W = Wy + CoWa + - -+ + cpwy, + cv, (23)

where

w; € S\{v}, fori=1,2,... k. (24)
Next, use the assumption that v € span(S\{v}) to write

v = divg + dovg + - - - + dyuy, (25)

where

v; € S\{v}, forj=1,2,... ¢ (26)
It then follows from (23) and (25) that

W = Crwy + cowy + -+ - + cpwy + c(drvy + dova + - - + dyvy),

or
W = CiWy + CoWso + « - - + Cpwy + cdivy + cdavg + - - - + cdyvy. (27)

Consequently, in view of (24) and (26), we obtain from (27) that
w € span(S\{v}).
We have therefore shown that
span(S) C span(S\{v}). (28)

Combining (22) and (28) yields what we were asked to prove. O

8. Let S7 and Sy be subsets of R™. Suppose that S; U Ss is linearly independent
and that S; N Sy = (. Show that span(S7) N span(Sy) = {0}.

Solution: Assume that S; N .Sy is linearly independent and that
Sl N 52 - @
Let v € span(Sy) Nspan(Ss); then,

v €span(S;) and v € span(Sy).
Thus, there exist wy, wo, ..., w; in S7 and vy, ve, ..., v, in Sy such that

V= qw; + cowsy + - - - + crwy (29)
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v = dyvy + dovg + - - - + dyuy, (30)
for scalars ¢y, ¢, ..., ¢, and dy,ds, ..., dp. It follows from (29) and
(30) that

crwy + Cowa + -+ + cpwy, = dyvy + davy + -+ + dyvy,
from which we get
cwy+cawe+- - -+ cpwi 4 (—dy) v+ (—do)va++ - -+ (—dg)ve = 0, (31)

where
Wi, Wa, . .., Wk, V1, V2, ...,0 € S1USs.
It then follows from (31) and the assumptions that S; NSy = () and
S1 U S, is linearly independent that
Cl:CQI"':Ck:dlzdgz"':dg:(). (32)

It then follows from (29) (or (30) and (32) that v = 0. Hence,
span(S1) Nspan(Sy) = {0}. O

9. Let J and H be planes in R? given by

J:

(a)

x x
Y 204+ 3y —62=0 and H = Y rT—2y+z=0
z z

Give bases for J and H and compute their dimensions.

Solution: To find a basis for J, we solve the equation

20+ 3y —62=0

3 0
to get the solution space J = span 01,12 . Thus, the
1 1
set
3 0
0],12
1 1

is a basis for J and so dim(J) = 2.

10
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Similarly, for H, we solve

r—=2y+z=0
and obtain that
2 1
11,1 O
0 -1
is a basis for H; thus, dim(H) = 2. O
(b) Give a basis for the subspace J N H and compute dim(J N H).
x
Solution: A vector | y | is in the intersection of J and H if it
z

is a solution to the system of equations

{2x—|—3y—62 = 0

T —2y+z = 0. (33)

Thus, to find J N H, we may use elementary row operations on
the augmented matrix

Ry 2 3 -6 1] 0
R 1 -2 1]0
to obtain the reduced matrix
1 0 =9/7 | 0
0 1 -8/7 ] 0)
Thus, the system in (33) is equivalent to

T — 22 =0
7
{ y=7z = 0, e

Solving for the leading variables in system (34) and setting z = 7t,
where ¢ is an arbitrary parameter, wee obtain that

9
J N H = span 8
7
Thus, the set
9
8
7

is a basis for J N H and, therefore, dim(J N H) = 1. O
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10. Let W be a subspace of R"™.

(a)

Prove that if v € W and v # 0, then rv = sv implies that » = s, where r
and s are scalars.

Proof: Suppose that v € W, where W is a subspace of R", and that v £ 0.
Suppose also that
TV = SU (35)

for some scalars r and s. Add —sv on both sides of the vector equation in
(35) and apply the distributive property to obtain

(r—s)v=0. (36)
It follows from (36) and the assumption v # 0, that
r—s=20
and therefore » = s, which was to be shown. O

Prove that if W has more than one element, then W has infinitely many
elements.

Proof: Since W has at least two elements, there has to be a vector, v, in W
such that v # 0. Now, for any t € R, tv € W because W is closed under
scalar multiplication. By part (a), tjv # tov for any t; # t5. Consequently,
W contains infinitely many vectors. ]

11. Let W be a subspace of R" and S; and Sy be subsets of W.

(a)

(b)

Show that span(S; N Sy) C span(S;) Nspan(Ss).
Proof: First observe that S; NSy C S and S; NSy, C 55. Consequently,
span(S; N Sy) Cspan(S;) and span(S; NSs) C span(Ss).
It then follows that
span(S; N Sy) C span(Sy) N span(.Ss),
which was to be shown. ]

Give an example in which span(S; N Sy) # span(S;) N span(Sy).
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Solution: Let S; = {(é)} and Sy = {(_é> } Then, S; N

Sy = ) so that span(S; N S2) = {0}, where 0 denotes the zero
vector in R2.
On the other hand,

span(S;) = span(Ss)

-1 1
because ( O> = — (0) . Hence,

span(S1) N span(Sy) = {(8) € R’

teR} # {0}.

12. Let W be a subspace of R" of dimension k, where k < n. Let {wy,ws, ..., wg}
denote a basis for W.

Show that there exist vectors vy, vq, ..., v, in R™ such that the set
{wlaw27 cooy W,y U1, Vo, ... 7/Uf}

is a basis for R®. What is ¢ in terms of n and k7

Proof: Let W be a subspace of R" and let {wi,ws,...,w;} be a basis for
W. Assume that & < n. Then, span({wy,ws,...,wr}) = R"; otherwise
{wy,ws, ..., wr} would be a basis for R, and therefore dim(R™) = k, which
is impossible since we are assuming that £ < n. Thus, there exists v; € R" such
that vy & span({wy, wo, ..., wi}). It then follows from the result of Problem 6
in this review sheet that the set

{wy, we, ..., wg, v}
is linearly independent.
We consider two possibilities: Either (i) span({wy,ws,...,wg,v1}) = R™, or
(H) Span<{w17 Wa, .. ., W, Ul}) % R"™.
If span({wy, ws, ..., wg,v1}) = R™, then {w;,ws,...,wx,v1} is a basis for R”

and n = k + 1. If not, there exists vy € R™ such that

vy & span({wy, wa, . .., Wk, V1 }).
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13.

It then follows from the result of Problem 6 that the set

{wl,wg, Ce ,wk,vl,vg}
is linearly independent.
Again, we consider two cases: Either (i) span({wy, ws, ..., wy,v1,v2}) = R", or
(ii) span({wq, wo, ..., wk, v, v2}) # R™.
If span({wy, wy, ..., wg,v1,v2}) = R™, then {wy,wy, ..., wg,v1, v} is a basis for

R™ and n = k + 2. If not, there exists v3 € R™ such that

v3 & span({wy, wy, . .., Wk, V1, V2 }).
We continue in this fashion until we get vectors vy, v, ..., vy in R™ such that
the set
{wy,ws, ..., wk,v1,vs,...,0} is linearly independent (37)
and
span({wy, wa, ..., Wk, V1, Vo, ..., v}) = R"™. (38)
It follows from (37) and (38) that {wq,wa, ..., wk,v1,vs,..., 0} is a basis for
R™ and therefore k + ¢ = n, from which we get that { =n — k. O

Let W7 and W5 be two subspaces of R™. We write W; @& W, for the subspace
Wy + W, for the special case in which V' = W, N W, = {0}. Show that every
vector v € Wi @ W5 can be written in the form v = v; + v9, where v; € W and
vy € Ws, in one and only one way; that is, if v = uy 4+ ug, where u; € Wy and
uy € W, then uqy = v1 and uy = vs.

Proof: Suppose that W; and Wy are two subspaces of R™ which have only the
zero vector in common; that is, Wy MW, = {0}. Let v be any vector in W, +Wj.
Then, v = v; 4+ v9, where v; € Wi and vy € W, Suppose that v can also be
written as v = u; + ug, where u; € Wy and uy € Wy. Then,

V1 + VU2 :u1+u2,
from which we get that
U1 — Uy = V2 — Uy, (39)

where v; — u; € Wi and vy — uy € Ws since Wy and Wy are subspaces of R”™.
It also follows from (39) that v; —u; € Wy, Thus, vy —u; € Wy N W, = {0},
which implies that

V1 — Uy = O,
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or

V1 = Uq.

Similarly, we get that vy = us. ]

14. Let W be a k—dimensional subspace of R", and let {vy,vs,...,vx} be a subset
of W.

(a)

Show that if {vy, va, ..., vk} is linearly independent, then it must span W.

Proof: Assume that W is a k—dimensional subspace of R"” and let {w;, wo, . ..

be a basis for W.

Suppose that {vy, v, ..., v} is linearly a independent subset of W. We
show that {vy,va,..., v} spans W.

Arguing by contradiction, suppose that span({vy, va,...,vx}) # W. Then,
there exists v € W such that v & span({vy, va, ..., v }). It then follows by
the result of Problem 6 that the set

{v1,v9, ..., 08,0}
is linearly a independent subset of W. However, since {vy,vs,..., v, v}
has k + 1 elements and W has dimension k, {vy,vs,..., v, v} must be
linearly dependent. We have therefore arrived at a contradiction. Hence,
{v1,v9,...,v;} must also span W. O

Show that if {vy,ve,..., v} span W, then it is linearly independent.

Proof: Assume that W is a k—dimensional subspace of R"™ and let {w;, wo, . ..

be a basis for W.

Suppose that span({vy,ve,...,vx}) = W. We show that {vy, va, ..., v} is
linearly a independent.

Arguing by contradiction, suppose that {vy, v, ..., v} is linearly a depen-
dent. Then, by reordering the vectors if necessary, we may assume that
v € span({vy, va, ..., vp_1}). It then follows by the result of Problem 7 in
this review sheet that

span({v1,va, ..., vp—1}) = span({vi, va, ..., v }) = W.

Either {vy, va, ..., vg_1} is linearly independent, or not. If {vy, vg, ..., vp_1}
is linearly dependent, we may proceed as above to conclude that

vg—1 € span({vy,va, ...,k 2}),

7wk:}
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(where, if necessary, the vectors have been rearranged); so that,

span({vy, ve, ..., vk_2}) = span({vy, va, ..., vp_1}) = W.

Proceeding in this fashion we get to a subset of {vy, v, ..., vx}; namely,
{v1,v9,..., v}, where ¢ < k, that is linearly independent and also spans
W. In other words, {vy,vs,...,vs} is a basis for W. Hence, dim(W) =
¢ < k = dim(W); this is a contradiction. Therefore, {v1,vs, ..., v} must
be linearly a independent. O]

15. Let A denote the n x k£ matrix

aip Qi - Ak
21 QG2 -+ A2k
9
Qp1 Ap2 - Apk
and denote the columns of A by wq, ws, ..., wy, respectively.

(a) Show that the set {wy, ws,...,w;} is a linearly independent subset of R"
if and only if the homogeneous system

a1y + appxra + - +ayry = 0
2171 + A%y + -+ + agxy = 0 (40)
Qn1T1 + an2x2'+ oot apgxr = 0
has only the trivial solution.
Proof: Note that (c1,ca,...,cx) is a solution to the vector equation
ciwy + cowg + - -+ + cpwy = 0. (41)
if and only if
aycr + apcy + - +age, = 0
a1C1 + AgaCy + - -+ +agpc, = 0
Ap1C1 + ApaCy + -+ +apgcr, = 0.
Hence, (¢1,¢a,...,¢x) is a solution of the vector equation in (41) if and

only if (¢q, co, ..., k) is a solution of the system in (40). Consequently, the
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vector equation in (41) has only the trivial solution if and only if the system

(40) has only the trivial solution. Therefore, the set {wy,ws, ..., wi} is a
linearly independent if and only of the system in (40) has only the trivial
solution. 0
b
ba
Let v= | . | be any vector in R".
bn

Show that v € span({wy, we,...,wy}) if and only if the system of linear
equations

41171 + a1y + - -+ ayry = by
A91T1 + Aoy + - -+ + g, = by
) (42)
11 + ApaTo + -+ + Qe = by
has a solution.
Proof: v € span({wy, wy, ..., wi}) if and only if
by al a2 a1
by a21 a22 A2k
=0 ) + Co + -+ . )
bn an1 An2 Ank
for some scalars ¢y, g, ..., cg. Thus, v € span({wy, we, ..., w;}) if and only
if there exist scalars ¢, 29, ..., ¢, such that
a11¢1 + agaco + -+ -+ agc, = by
a21C1 + Q99Co + -+ - + A9pCr, = b2
(p1C1 + QpoCo + -+ - + appc = by

Hence, v € span({wy, ws, ..., wg}) if and only if the system in (42) has a
solution. O



