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Solutions to Assignment #2

1. A curve C in the zy—plane is parametrized by the equations
z(t)=t+2 and y(t)=—-t+1, forteR.

Sketch the graph of C.

Solution: The parametric equations of C equations are

r = 241
{ y = 1—t. (1)
Solving for ¢ in the first equation in (1) and substituting into the second equation
yields
y=1—(x—2),
which can be rewritten as
y=3—=x.
This is the equation of a straight line in R? with intercepts (3,0) and (0,5). A
sketch of the line is shown in Figure 1. 0
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Figure 1: Sketch of Line in Problem 1
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2. A curve C' in the xy—plane is parametrized by the equations
z(t) =cost and y(t)=sint, for0<t<
Sketch the graph of C.

Solution: Eliminating the parameter ¢ from the parametric equations

To= sk o<t < (2)
Yy = sint,
yields the equation
=1
or Thus, C is the semicircle along the unit circle in the plane from the point
(1,0) to the point (—1,0). A sketch of C' is shown in Figure 2. O
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Figure 2: Sketch of Line in Problem 2

3. Suppose that (z(t),y(t)) solves the system of differential equations

dx

> 9.

dt ’

; (3)
Y

AN

dt ’

subject to the initial conditions z(0) = x, and y(0) = y,, for some given real
numbers z, and ,.

Find x(t) and y(t), for all ¢, and sketch the graph of the parametrized curve
that these functions determine.

Solution: Integrating the equations in (3) separately yields the parametric
equations
r = 2t+cy;
y = t+c,

(4)
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where ¢; and ¢y are constants of integration. Substituting 0 for ¢ in (4) and
using the initial conditions yields ¢; = x, and ¢y = ¥,, so that

xz(t) = x,+ 2t

y(t) = yo+t. (5)

The graph of the curves parametrized by the equations in (5) is a straight line
through the point P(z,,y,) and slope 1/2. A sketch of a possible line is shown
in Figure A sketch of the line is shown in Figure 3. The other lines are parallel
to this line. U

(Zo, Yo)

Figure 3: Sketch of Line in Problem 3

4. For each of the given parametrized curves, (z(t),y(t)), compute the derivatives

('(t), /(1))
(a) (x(1),y(t))

= (t,t?), for all t € R.
Solution: (2

1),y (t)) = (1,2t), for all t € R. 0

(b) (x(t),y(t)) = (tcost,tsint), for all t € R. Solution: Use the Product
Rule to compute

(@'(t),y'(t)) = (cost — tsint,sint + tcost), for all t € R.
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5. Given that (2/(t),y'(t)) = (1,2t), for all ¢, and that (2(0),y(0)) = (1,1), com-
pute (z(t),y(t)), for all ¢ € R, and sketch the graph of the parametrized curve.

Solution: Integrate the equations

d
] (6)
Y
— = 2t
dt
separately to get
o) = i o for t € R, (7)

y(t) = 2+ cy,

where ¢; and ¢y are constants of integration. Substituting 0 for ¢ in (7) and
using the initial conditions yields ¢; = 1 and ¢, = 1, so that

z(t) = t+1;

() = 241, for t € R. (8)

Eliminating the parameter ¢ from the parametric equations in (8) yields the
equation
y=(r—1)%+1, (9

which is the equation of a parabola in the xy—plane with vertex at (1,1).
sketch of the graph in equation (9) is shown in Figure 4.
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Figure 4: Sketch of parabola in Problem 5



