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Solutions to Review Problems for Exam 2
1. Compute and sketch the flow of the vector field

F(x,y) = —2vi+yj, for (z,y) € R%

Solution: First, we compute solutions of the system of differential equations

{ i (1)

Y Y.

The solution curves of the system in (1) are given parametrically by

z(t) = 272%;
{y8 - fort € R, @)

and for constants of integration ¢; and c,.

We sketch the various types of curves prametrized by the equations in (2) by
considering all possibilities for ¢; and cs.

If ; =0 and ¢2 = 0 in (2), we obtain the equilibrium solution (0, 0); this is
sketched as a dot in Figure 1.

If ¢; # 0 and ¢y = 0 in (2), we obtain the parametric equations

z(t) = 27
’ for t € R,
{y(t) = 0,

which are the parametric equations of half-lines along the x—axis: the positive
x—axis for ¢; > 0, and the negative z—axis for ¢; < 0. These trajectories
tend towards the origin (0, 0) because e ' decreases to 0 as ¢ increases. These
trajectories are sketched in Figure 1.

If ¢, =0 and ¢y # 0 in (2), we obtain the parametric equations

z(t) = 0;
{y(t) — e, for t € R,

which are the parametric equations of half-lines along the y—axis: the positive
y—axis for ¢o > 0, and the negative y—axis for co < 0. These trajectories tend
away from origin (0,0) because e’ increases as ¢ increases. These trajectories
are sketched in Figure 1.
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Figure 1: Sketch of Phase Portrait of System (1)

Finally, assume that ¢; # 0 and ¢y # 0. From the equations in (2) we obtain

r = 274
{ S = cée%, for t € R. (3)

Multiplying the equations in (3) to each other then yields the equation
ry? = cic,

or
ry’ = c, (4)

where we have set ¢ = ¢;c3; so that, ¢ # 0.

The trajectories given by the equation in (4) lie on each of the four quadrants

off the coordinate axis. For instance, for the case ¢ > 0, we can solve (4) for y
to obtain

c
y::i:i7 for x > 0.
Vv
These yield trajectories in the first and fourth quadrant in Figure 1. The tra-
jectories in the second and third quadrant correspond to the case ¢ < 0.
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The directions along the trajectories given by (4) for ¢ # 0 are dictated by the
signs of # and ¥ in each of the quadrants. These directions are shown by arrows
of the curves shown in Figure 1. ([l

2. Compute and sketch the flow of the vector field

F(z,y) = —2xi — 2yj, for (z,y) € R%

Solution: First, we compute solutions of the system of differential equations

{5? - (5)

Y —2y.

The solution curves of the system in (5) are given parametrically by

z(t) = 272%;
{ ygtg _ c;e*% for t € R, (6)

and for constants of integration ¢; and cs.

Y

Figure 2: Sketch of Phase Portrait of System (5)



Math 32S. Rumbos Spring 2019 4

The case ¢; = ¢ = 0 in (6) corresponds to the equilibrium point (0,0), which
is sketched as dot in Figure 2.

The case ¢; # 0 and ¢ = 0 in (6) corresponds to two trajectories along the
xr—axis: one on the positive z—axis for ¢;.0, and the other on the negative r—axis
for ¢; < 0. Since e™?* decreases to 0 as ¢ increases, these two trajectories point
toward the origin. These are shown in Figure 2.

The case ¢; = 0 and ¢y # 0 in (6) corresponds to two trajectories along the
y—axis: one on the positive y—axis (¢ > 0) tending towards the origin since e~
decreases to 0 as ¢ increases, and the other on the negative y—axis (co < 0) also
tending towards the origin. These two trajectories are sketched in Figure 2.

Finally, in the case ¢; # 0 and ¢y # 0 in (6), divide the first equation in (6) into
the second equation to get

y_2&
x
or
Yy _
- — C,
x
Ca
where we have set ¢ = —; so that,
C1
y = cx, (7)

where ¢ # 0. Thus, the rest of the trajectories of the system in (5) lie along
straight lines through the origin of non—zero slope. These trajectories all tend
towards the origin since e™? — 0 as t — oco. A few of those trajectories are
shown in Figure 2. O

3. A particle of unit mass is moving along a path in the zy—plane parametrized
by o(t) = Rsin(wt)i + Rcos(wt)j, for t € R, where R is measured in meters, ¢
is measured in seconds, and w in radians per second.

s
The particle flies of its path on a tangent line at time ¢, such that wt, = 3

radians.

(a) Give the position and velocity of the particle at time ¢,.

Solution: At time ¢, the particle flies of its original path along a straight
line parametrized by

Ut) = o(t,) + (t — t.)o'(t,), fort > t,, (8)
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where A R
o(t) = Rsin(wt)i + Rcos(wt)j, fort e R, (9)
and )
o' (t) = Rwcos(wt)i — Rwsin(wt)j, fort € R. (10)
The position of the particle at time ¢, is obtained by substituting wt, = g

in (9) to get
\/_/? R’\.

O'(to> = RTZ + Ej (11)

The velocity of the particle at time ¢, is obtained by substituting wt, = g
in (10) to get
Rw ~ RW\/_

O'/(to) = TZ — 9 j (12)
U

Give the equation of the path of the particle after it flies off its circular
path.

Solution: Substitute the vectors in (11) and (12) into the expression for
the tangent line to the path o at t, given in (8) to get

() = Rﬁ% + Eﬁ' + (t—t,) A _ Rw\/gj’ . fort>t,
2 2 2 2
or
3 R n R Rwv/3\ ~
0t) = R\/—_+(t—to)—w i+ | =—-(t—1) wy3 7, (13)
2 2 2 2
for t > t,. O

Find the time t > t,, if any, at which the particle meets the x—axis. Give
the location of the particle at that time.

Solution: The tangent line in (13) will meet the x—axis when the second
component in (13 is 0, or

or

1— (t —to)wv3 =0. (14)
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Solving (14) for ¢ then yields

4. A particle moving in a straight line (along the z—axis) is moving according to
the law of motion
¥ =8r — 2. (15)

Define
z(t) =eM, fortecR. (16)

(a) Determine distinct values of A for which the function = defined in (16)
solves the differential equation in (15).

Solution: Differentiate the function x in (16) with respect to t twice to
get
i(t) = XM, fort € R, (17)

and
i(t) = XM, fort € R, (18)

where we have used the Chain Rule.

Substituting the expressions for x, & and # in (16), (17) and (18), respec-
tively, into the differential equation in (15) yields

MM = 8eM — 2NN, for t € R,

from which we get
A =8 —2)\,

since the exponential function is never 0; from which we get the second—
order equation

M 42\ —8=0. (19)
The left—hand side of (19) can be factored to yield
(A +4) (A —2) =0,
from which we get that
M=-4 and X\ =2. (20)
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(b) Let A; and Ay denote the two distinct values of A obtained in part (a).
Verify that the function u: R — R? given by

u(t) = cre™Mt 4 et for t € R, (21)

where ¢; and ¢y are constants, solves the differential equation in (15).

Solution: With the values of \; and Ay given in (20), we obtain from (21)
that
u(t) = cre™™ + cpe®,  fort € R, (22)

where ¢; and ¢y are constants.

Differentiating the function w in (22) with respect to ¢ twice then yields
u(t) = —4cie™ + 2cpe*,  fort € R, (23)

and
i(t) = 16cie™* + dcpe®,  for t € R. (24)

Next, compute
Su(t) — 2u(t) = 8(cre™ + coe?) — 2(—4dcre™ + 2c9€?t)
= 8cre ™ + 8cye? 4 8cre™H — 4ege?,
from which we get that
Su(t) — 2u(t) = 16cie™* + dcge®,  for t € R, (25)
Comparing (24) and (25), we see that
i(t) = 8u(t) — 2u(t), forteR,

which shows that the function u in (22) solves the differential equation in
(15). O

5. We showed in class that the square of the area of the parallelogram, P(u,v),
determined by vectors v and v in R? satisfies the equation

(area(P(u,v)))* = [[ul*llv]]* = (v - u)*. (26)
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(a)

Use the expression in (26) and properties of the dot product to derive the
expression

area(P(u,v))) = [[uf|o]l| sin 6], (27)

where 6 is the angle between u and v.
Solution: Use the fact that v - u = ||v||||u|| cos € to get from (26) that

(area(P(u,v)))* = [ull*lv]l* = ([Jv[ll|ull cos 6)*
= [lulllol* = flol*[lu]l* cos®
= [Jul?[lvf*(1 — cos?0),
from which we get that
(area(P(u, v)))* = [Jul*|jv]|*sin” . (28)

Taking the positive square root on both sides of (28 yields (27). O

Give a geometric explanation of the expression in (27).

Solution: Refer to Figure 3.

Y /

Figure 3: Parallelogram determined by u and v

The sketch in Figure 3 shows vectors u and v in standard position in the
first quadrant. The sketch also shows the parallelogram, P(u,v), deter-
mined by v and v. The sketch also shows that angle, 6, between and b,
and the height, h, of the parallelogram (the distance from v to the line
through O in the direction of w.

The area of the parallelogram in Figure 3 is given by

area(P(u,v))) = |lu|lh, (29)
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the are of the base times the height.

The line determining the height is perpendicular to the line through O in
the direction of u. Hence v is the hypotenuse of a right triangle determined
by height line, u and v. Hence, by the definition of the sine function,

sinf = i,
o]
from which we get
h = ||v|| sin 6. (30)
Substituting the expression for h in (30) into (29) yields (27). O

When is the area of the parallelogram determined by v and v the largest
possible?

Solution: It follows from (27) that area(P(u,v))) is the largest when
|sin @] = 1. This occurs when 6 is a right angle. Hence, the parallelogram
must be a rectangle for its area to be the largest possible. 0

8 —2 4 2

6. Let A and @) denote the 2 x 2 matrices A = (O 1) and @ = (_1 1>

(a)

(b)

Show that () is invertible, and compute its inverse, Q~!.
Solution: Compute det(Q)) = 6 # 0. Consequently, ) is invertible and

its inverse is given by
1/2 -1
-1 _ *
Q= 5 <4 1) : (31)

O

Compute Q 1AQ. Explain why Q 1AQ is called a diagonal matrix.
Solution: Use the associative property of matrix multiplication to com-

pute
. 172 -1\ /0 1 11
Q7AQ = 6(4 1) (8 —2) (—4 2)
12 -1\ (-4 2
T o6\ 1 164)
124 0Y,
T o6\ 0 12)°
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so that,
1 (-4 0

This matrix is diagonal because the nonzero entries are along the main
diagonal of the matrix. O

A1 0

7. The matrix D = (0 o

> , where \; and Ay are real numbers, is called a

diagonal matrix.

(a) Compute D? D3 and D", for any positive integer n.
Solution: Compute

D> = DD
(N 0\ (A0
N0 X 0 A
_ (M0

— Lo x2)

Next, use the associative property of matrix multiplication to compute

D3 = DD?
AW
B 0 A 0 A
/X0
N 0 X)°
The calculations shown above suggest that

n_ (M0
= )

for positive integers n. 0

(b) Assume that A\; # 0 and Ay # 0. Show that D is invertible and compute
D1
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Solution: In this case, det(D) = A Ay # 0; so that, D is invertible and
1 Ay 0
D—l - 2
)\1)\2 (O )\1) ’
L (1N 0
b= ( 0 1/X)

4 (NP0
b _(0 M)

or

or

O
8. Consider the linear system
T = —3r+ 2y
{ y = 4x —5y. (32)
Let
1 1
vy = (_2) and vy = (1) ,
and define the vector value function
z(t) _ Tt ¢
(y(t)) =cre” "V + e vy,  fort € R, (33)

where ¢; and ¢y are constants.

(a) Verify that the vector-valued function given in (33) solves the system in
(32).
Solution: Write the system in (33) in matrix form

9-+0)
A= (‘i’ _?) | (35)
Observe that

(D))

where A is the 2 x 2 matrix
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so that,
AVl = —7V1. (36)
Similarly,
3 2 1 —1
o= (T2 0)-()
so that,
AV2 = —Va. (37)

Taking the derivative with respect to ¢t of the vector valued function in
(33), we obtain

a(t) _ 7t —t ,
(y@)) =c(=T)e "vi+ca(—1)e 'vy, fort eR;

so that, using the associative property,

y(t

Hence, in view of (36) and (37),

(?(?) =cie”"(=Tvi) + e (—va), forteR.

a(t _ _
(yét)) = cre” "TAvy + coe tAvy,  fort € R;

so that, using the distributive property of matrix multiplication

(;j(t)) = A(cre” ™y + cpe”tvy,  fort € R. (38)

a(t) x(@)
. =A , forteR,
(W)) (y(f)
which shows that the vector—valued function in (33) solves the equation
in (34), where A is given in (35). The differential equation in (34) is
equivalent to the system in (32). Therefore, the vector—valued function
given in (33) solves the system in (32), which was to be shown. 0
(b) Use (33) to sketch trajectories of the system in (32) for the cases
(i) ¢1 =0 and ¢y = 0;
(i) ¢; # 0 and ¢ = 0;
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Figure 4: Sketch of solutions in (33) for cases (i), (ii) and (iii)

(i)

c1 =0 and ¢y # 0.

Solution: Refer to the sketch in Figure 4.

(i)

If Cl — Cy = 0 in (33),

(G6)-(0) e

which corresponds to the equilibrium solution (0, 0); this is sketched
as a dot in Figure 4.

If ¢ =0 and ¢; # 0 in (33), then

(‘;g;) =ce vy, forteR. (39)
The equation in (39) is the vector—parametric equation of a half-
line through the origin in the direction of vy if ¢; > 0, or a half-
line through the origin through a direction opposite that of vy if
c1 < 0. Thus, there are two trajectories on the line parametrized by
the equation in (39) that tend to (0,0) because e~ decreases to 0 as
t increases. These trajectories are shown in the sketch in Figure 4.
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(iii) If ¢4 = 0 and ¢y # 0, (33) yields the vector-parametric equation

(gg;) =cpe vy, forteR. (40)
The equation in (40) is a parametrization of two trajectories of the
system in (32): a half-line through the origin in the direction of
the vector vy corresponding to the case co > 0, and a half-line in the
opposite direction corresponding to the case c; < 0. Both trajectories
tend towards the origin because e~* decreases to 0 as t increases.

O

9. Consider the Lotka—Volterra system

{“? S (41)

y = Ty—Uy.

Use the Chain Rule to derive

y_ 9y
A 42

de T’ (42)
and use this expressions to obtain an equation satisfied by the trajectories of
the system in (41) for x > 0 and y > 0.

Solution: Use the expression in (42) to obtain the differential equation

dy xy—y

de  ©—ay’

or p (e 1)
Y r—1y

& _2EZ N 43

de  z(l—1y) (43)

The differential equation in (43) can be separated to yield

1— —1
ydy:x dx,
Y x

G - 1) dy = (1 - i) dz. (44)

Integrating on both sides of (44)

e 2o

or
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Inly| —y =2 —Inl|z| + C,

where C' is a constant of integration.
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(45)

The expression in (45) is an equation satisfied by the trajectories of the system
in (41).

O

10. Let a, b, c and d denote real numbers, and consider the system of linear equations

ar +by = 0;
cx+dy = 0.

(46)

(a) Explain why o = y = 0 solves the system in (46). This solution is usually

referred to as the trivial solution of the system in (46).

Solution: Substituting 0 for z and 0 for y in the left-hand side of the
equations in (46) yields 0 in the left-hand sides of the equations. Thus,

the equations are satisfies simultaneously in this case.

O

Show that, if ad — be # 0, then the system in (46) has only the trivial

solution.
Solution: The system in (46) can be written in matrix form

A(5)= (o)

where A is the 2 x 2 matrix given by

A:(g g).

Since det(A) = ad — be # 0, the matrix A in (47) has an inverse A~!.
Multiply on both sides of the equation in (47) by A on the left to get

ea)-e)

so that, using the associative property of matrix multiplication,

aa(5)= (o).
1(3)=(0):

or

(47)

(48)

(49)



Math 32S. Rumbos Spring 2019 16

where [ is the 2 x 2 identity matrix.
It follows from (49), and the calculations leading to it, that

z\ (0
y) \O
is the only solution of the equation in (47), which is equivalent to the

system in (46). O

Assume that ad — bc = 0 and a # 0. Compute all the solutions of the
system in (46) in this case.

Solution: Assume that ad — bc =0 and a # 0.

Then,
a c
det (b d) = 0;

so that, the parallelogram determined by the vectors (a b) and (c d)
has zero area. Consequently, the vector (a b) lies in the same line as the
vector (c d). Therefore, (a b) is a scalar multiple of (c d); so that

(a b)=X(c d). (50)

It follows from (50) that A # 0, since we are assuming that a # 0.
Multiply the second equation in (46) by A to get

ar+by = 0;
Acx + Ady = 0,

which, in view of (50), is equivalent to

ar +by = 0;
ar+by = 0,

Hence, the system in (46) reduces to the single equation
ax + by = 0. (51)

Thus, all points on the line in (51) solve the system (46).
Solving the equation in (51) for x yields

b
L= —ay (52)
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Thus, setting y = —at, where t is a parameter, we obtain the parametric

equations
r = bt;
y = —at.

Thus, the solutions of the system in (46) are all the scalar multiples of the

vector < b) . O
—a



