Math 152
Jo Hardin
Bayesian Dist of the Mean

Theorem: Let X, Xs,...X,, ~ N(u,1/7) and suppose you have priors on p|7 and 7,
plr ~ N(po,1/(Ae7))

T ~ Gamma(ao, f)
Then, the posteriors on p|r and 7 are,

plr,z ~ Ny, 1/(Ai7))
T‘& ~ Gamma(ahﬂl)
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where 1, = ’\0/(‘00#, AL = Xo+n, oy =agty, p1 = Bo—i—% Z?:l(xi—f)%—%.
Proof:
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Note, p and 7 are not independent, and &(u, 7) = & (p|7) &(T)
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As seen previously, we can add and subtract Z inside (x; — u)? to get:
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Y(wi—p)? = D (2 —7)° +n(T - p) (2)
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By adding and subtracting p;:

n(T — )+ Xo(p — o) = (Mo +n)(p—pm)*+ W (3)
Combining (2) and (3) we get:
é(mi — )%+ Xoli = p10)> = (Ao +n) (= ) + z:(x _ )t W 0
By plugging (4) into (1) we get: -
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Ep,rlz) = &(ulTz)(r]z) (6)



Theorem: Let X, Xs,...X,, ~ N(u,1/7) and suppose you have priors on p|r and 7,

plr ~ N(po, 1/(Xo7))
7 ~ Gamma(ayg, 5y)

Then, the marginal posterior distribution of p can be written as:
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where p1, A1, a1, and f; are given in the previous theorem.

Proof:

First, let

z o= ()P — ) = u(p)
po= 2(an) 7V = w(z)

We know (from the previous theorem):

E(p,Tlz) = &(plrz) &(r|x) (7)
So, £(2.71z) = Gw()nz) |29 gl (®)
= G 4 alnz) [(ar) ) &) (©)
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= 21ﬂ_exp(—22/2) &(T|x) (11)
= B(zlz) Elrln) (12
(13)

Which gives us:
Zlxz ~ N(0,1) 7|z ~ Gamma(a, ;) (Independent!)
Let Y = 287 — Y|z ~ Gamma(ay, 1/2) = x3,,
So, creating a t random variable:
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Which gives:
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