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Assignment #21
Due on Friday, November 21, 2008

Read on The Fundamental Theorem of Calculus, pp. 279-320 in Chapter 10 of
Bressoud’s book.
Background and Definitions

Green’s Theorem. The Fundamental Theorem of Calculus,
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takes the following form in two—dimensional Euclidean space:

Let R denote a region in R? bounded by a simple closed curve, R, made up of a finite
number of C* paths traversed in the counterclockwise sense. Let P and ) denote two
O scalar fields defined on some open set containing R and its boundary, OR. Then,

9@ _or _
/R (895 Gy) dzdy /aR Pdx + Qdy. (1)

Do the following problems

1. Apply Green’s Theorem, as expressed in the formula (1), to the functions
P(z,y) = —y and Q(z,y) = x to derive the formula

1
area(R) = 3 /aR —ydx + xdy. (2)

to compute the area of the region R.

2. Use the formula (2) derived in the previous theorem to compute the area en-

closed by the ellipse
22 P
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where a and b are positive real numbers.
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3. In Problem 1(b) of Assignment #20, you showed that another form of Funda-
mental Theorem of Calculus in two dimensions is

/ div(F') dedy = Flux of F across OR,
R
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where div(F) = e —+ (3— is the divergence of the vector field F = Pi+Q7; that
x Oy

is, the flux of F' across the boundary of R is the double integral of the divergence
of F over the region R. Thus, the Fundamental Theorem of Calculus in R? takes

the form 9P 90
/(%%—a—)dxdy:/aRF-nds, (3)

where 7 is a unit vector perpendicular to R and pointing to the outside of IR.
Use formula (3) to compute the flux of the field F' = x (s Yy ; across the square
with vertices (—1,—1), (1,—1), (1,1) and (—1,1).

4. Let f and g be two scalar fields defined on some open subset of R?. Suppose
that f and g are C*! and that Vg is a C*! vector field. Show that

div(fVg) =V f-Vg+ fdiv(Vg).
div(Vyg) is called the Laplacian of g and is usually denoted by Ag; thus,

0%qg 0%
By =gz + oy

5. Let f and g be as in the previous problem. Use formula (3) and the result from
the previous problem to show that

/ng dady = f—gd —/Vf Vg dzdy,
R

o) o : . .
where 8_9 denotes the derivative of ¢ in the direction of n, or Djg.
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