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Solutions to Assignment #3

1. Let x denote a real number satisfying 22 = z. Prove that either x = 0 or x = 1.

(Note that 22 = xz.)

Proof: Let z € R and assume that 2> = 2 and x # 0. Subtracting the additive
inverse of x, namely —x, on both sides we obtain that

z°—x=0,
or
w(z—1) =0, (1)

where we have used the distributive property (Axiom (Fjp) in Handout #2).
Since we are assuming that x # 0, it follows from Axiom (Fy) that there exists

27! € R such that

lp=1.

-
Multiplying on the left by =% on both sides of equation (1) we obtain
v Ha(x —1)] = 270,

or
r—1=0, (2)

were we have used Axioms (F7), (Fy), (Fg) and the fact that a0 = 0 for all
a € R. Adding 1 on both sides of (2) yields

r=1.

Thus, we have shown that 2 = z and x # 0 implies that = 1, which is
equivalent to 2> = x implies x = 0 or z = 1. O]

2. Let a € R. Prove that if a # 0, then the equation
ar =b

has a unique solution for every b € R.
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Proof: Let a € R and assume that a # 0. Then, by Axiom (Fy), there exists
a~' € R such that a™'a = 1. Let = a~'b. Then, by Axioms (F,), (Fy), (Fg)
and (Fp),

ar = a(a™'b) = b,

which shows that = = a='b is a solution of the equation
axr =b.

To show that ax = b has a unique solution, assume that x; and x, are two
solutions of ax = b. Then,

ary = b
and

azry = b.
Consequently,

axry = axsy (3)
Multiplying both sides of equation (3) by a™! yields, by Axioms (F), (Fy), (Fy)
and (Fg),

Tr1 = T,
which shows that ax = b has at most one solution. O

3. Let z € R. Prove that (—1)z is the additive inverse of z; that is x 4+ (—1)x = 0.

Proof. Let x € R. Use Axioms to compute
r+(—Dzx = lz+ (-1
= 1+ (-1)z
= Oz

= 0,

where we have used the fact that 0z = 0 for all real numbers z. OJ

4. Prove that, for any real number, x,

(—x)* = 2%
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Proof: Let x € R. Using the fact that (—1)(—z) = x, where —z is the additive
inverse of x, and the associative property of multiplication we find that

2 = ax

which was to be shown. O

5. Let a,b € Q, where a® + b* # 0.

(a)

Explain by a? — 2b% # 0.

Solution: Since a® +b? # 0, if b = 0, then a # 0 and so a® — 2b> = a® # 0
in this case. Thus, we may assume that b # 0. Then, if a® — 2b®> = 0, we
have that

or

which shows that there is ¢ € Q such that ¢ = 2; namely, ¢ = %, since
a,b € Q. This is impossible. Hence, a? — 2b% # 0, if a® + b # 0. O

Show that the multiplicative inverse of a + by/2, namely (a +bv/2)7!, is of

the form ¢ + dv/2, where ¢, d € Q. Solution: Since a> — 2b* # 0, by part
(a), we may define rational numbers

a —b
Camw MM T ae

since a,b € Q.
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Using the distributive property we may compute

(a+bv2)(c+dv2) = ﬁ(aﬂLb\@)(a—b\@)
1 2 2
= ol — (bv2)?)
1 2 2
= aoap )
- 1,

which shows that ¢ + dv/2 is the multiplicative inverse of a + b\/2. OJ



