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Solutions to Assignment #4

Cras - () e

addition in R%. Explain why S is not a subspace of R?.

x 20,y > 0}. Show that S is closed under vector

Solution: Let v = <{;1> and w = (?) be vectors in S. It then
1 2

follows that x1,y1, x2,y2 > 0. Consequently,
r1+x2 >0 and y; +y2 =0,

which shows that

V4w = ($1+x2> ES,
Y1+ Y2

and therefore S is closed under vector addition in R?. However, S is
not a subspace of R? because S is not closed under scalar multiplica-

. . 1
tion; to see this, note that (1) € S, but

0 ()=

O

2. Let ay,asg, by, by, c1, o be real constants. Let W be the solution set of the homo-
geneous system

a1y + bll’g +ciry = 0
aox1 + b2.732 + coxy = 0.

Prove that W is a subspace of R3.

Solution: Note that W is a subset of R? given by

Xz
! ERg‘ {a1$1+b1$2+01$3 =0

T o1 + bgl’Q + Coxy = 0
3

First, observe that z; = x5 = 23 = 0 solves the system. Consequently,
W is not empty.
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x hn
Suppose that [ zo | and | y2 | are solutions of the system. Then,
T3 Ys

171 + 611'2 +ciry = 0
aox1 + bgl’g + Coxy = O,

and

ay1 +biys +cys = 0
agy1 + bays + coys = 0.

Adding the first equations of the systems and the second equations
yields

ay(xy + 1) Fbi(we +y2) Fer(zs+y3) = 0
as(x1 4+ y1) + bo(xe + y2) + c2(x3 +y3) = 0,

where we have used the distributive property for real numbers. It then
1+ %
follows that | zo + vy | is a solution of the system, and therefore W
T3+ Y3
is closed under vector addition in R3.
I
Next, suppose that | zo | is a solution of the system
T3

a1y + bll‘g +ciry = 0
aox1 + bg[L‘Q + cory = 0.

Multiplying both equations in the system by a scalar ¢ we obtain

{ ay(tzy) + by (tes) + cr(txg) = 0
a2<t$1) + bz(tl’z) + CQ(tl'g) = O,

where we have applied the distributive and associative properties for

t[L‘l
real numbers. It then follows that | tzs | € W, and therefore W is
tl’g
also closed under scalar multiplication. Hence, we conclude that W
is a subspace of R3. O

3, LetL:{@’) c R?

of R2.

y =2x+ 1} . Determine whether or not L is a subspace
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Solution: L is not a subspace of R2. To see this, note that the vector

((1]) is in L; however, the vector (—1) ((1]) = (_(1]) is not in L
since y = —1 and x = 0 do not satisfy the equation y =2x+1. [0

4. Let W be a subspace of R™. Use the definition of subspace to prove the following
statements.

(a) If v € W, then W must also contain the additive inverse of v.

Proof: Since W is subspace of R", it is closed under scalar multiplication.
It then follows that, if v € W, then (—1)v € W; that is —v € W. ]

(b) W contains the zero vector.

Proof: Since W is a subspace, it is non—empty; therefore, it contains a
vector v. By the previous part, —v € W. Hence, since W is closed under
vector addition, v 4+ (—v) € W, which shows that 0 € IV. O

5. Given two subsets A and B of R", the intersection of A and B, denoted by
AN DB, is the set which contains all vectors that are both in A and B; in symbols,
ANB={veR"|ve Aandv e B}
(a) Prove that ANBC Aand ANBC B.

Proof: If x € ANB then x € A and x € B, by the definition of intersection.
Thus, z € B. We have therefore shown that

r€ANB=1¢€ A,

which shows that AN B C A.
A similar argument shows that AN B C B. O

(b) Prove that if W} and W, are two subspaces of R", then the intersection
Wi N Wy is a subspace of R™ which is contained in both W and Wj.
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Proof: We first show that W; N Wj is a subspace of R™.

Since W; and W, are subspace of R™, it follows from the result in part (b)
of problem 4 in this assignment that 0 € W; and 0 € W,. Consequently,
0 € Wy N Wy, which shows that W, N W, is not empty.

Next, suppose that v, w € W; N W5. Then, v € W7 and w € W; so that
v+w e W

since W is closed under vector addition. Similarly, we can show that
v+w e Ws.

It then follows that
v+ w e Wy N W,

and therefore W; N Wy is closed under vector addition.

Finally, if v € Wy N W5 and t € R, we have that v € W; and v € W5 and
therefore
tveW; and tve W,

since W7 and W5 are closed under scalar multiplication. It then follows
that
tve Wi N W27

which shows that WW; N W is closed under scalar multiplication.

We have shown that W; N W, is a non—empty subset of R? which is closed
under the vector space operations of R™; that is, W; N Wj is a subspace of
R™.

Applying part (a) in this problem we also conclude that W; N W is a
subspace of R™ which is contained in both W; and W5. ]



