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Solutions to Review Problems for Exam 2

1
1. Define the scalar field f: R" — R by f(v) = §H’UH2 for all v € R™. Show that

f is differentiable on R™ and compute the linear map D f(u): R" — R for all
u € R™. What is the gradient of f at u for all x € R"?

Solution: Let u and w be any vector in R™ and consider

flut+w) = Z[u+w|?

71 2 1 2.
= SlhullP Sl

so that, .
flutw) = fu) +u-w+llw] (1)

The equation in (1) suggests that we set

Df(w)w=u-w, foru,weR", (2)
and 1
E(u;w) = §||w]|2, for u,w € R™. (3)
Note that 5 .
) _ L), torw#0
Jw] 2
Consequently,
Bww) _,
lwli=0 [lw]

Thus, in view of (1), (3) and (3), we have shown that f is differentiable at u
with derivative map D f(u) given in (2). We therefore see that V f(u) = u for
all u € R". 0

Alternate Solution: Alternatively, writing (x1, xo, . .., z,) for u, we have that

n

1
f(u)zi(ﬁ-i-:ﬂ%-i----—l—ﬁ), for all u € R"™.
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Then, the partial derivatives of f are

of
(91:1-

=x, fori=1,2,...,n, (4)

which are continuous functions in R®. Thus, f is C* map and is therefore
differentiable.

According to (4), the gradient of f is given by
Vf(u) = (x1,29,...,2,) =u, forall ueR"

O

2. Let g: [0,00) = R be a differentiable, real-valued function of a single variable,

and let f(x,y) = g(r) where r = \/91;2+y :

r r
(a) Compute 9 in terms of x and r, and EW in terms of y and 7.
z Y

Solution: Take the partial derivative of r? = 22 4+ y? on both sides with
respect to x to obtain

a(r?)
— = 2.
ox v
Applying the chain rule on the left—hand side we get
0
27"8—2;7 = 2z,
which leads to
or T
dx r
Similarly, 0" = Y. [
dy r

(b) Compute V£ in terms of ¢/(r), r and the vector r = i + .
Solution: Take the partial derivative of f(z,y) = g(r) on both sides with
respect to x and apply the chain rule to obtain

of _ , \or _ , &
%—g(r)ax—g(r)r-

Similarly, = =
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It then follows that
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O

3. Let f: U — R denote a scalar field defined on an open subset U of R", and let

2 be a unit vector in R™. If the limit
)~ [0

t—0

t

exists, we call it the directional derivative of f at v in the direction of the unit

vector u. We denote it by Dgf(v).

(a) Show that if f is differentiable at v € U, then, for any unit vector @ in R",
the directional derivative of f in the direction of u at v exists, and

Dgf(v) =V f(v)-u,
where V f(v) is the gradient of f at v.
Proof: Suppose that f is differentiable at v € U. Then,

flo+w) = fv)+ Df(v)w+ E(w),

where
Df(v)w =V f(v)-w,
and 5
lim B _
lell—0 [[w]|

Thus, for any t € R,

fv+tu) = f(v) +tVf(v)-u+ E(tu),



Math 67. Rumbos Fall 2019 4

where R
B _,
t—0  |¢] ’
since [|tul] = [¢[[[ul] = [£].
We then have that, for t # 0,
tu) — E(tu
P 18) = ) Gy o BUR)
t t
and consequently
~ o
flot8) = ) o of 1B
t 2
from which we get that
i [LOFD =IO Gryal = o,
t—0 t
This proves that

t—0 t

so that, the directional derivative of f in the direction of u at v exists, and
Dif(v) =V f(v)-u. O

(b) Suppose that f: U — R is differentiable at v € U. Prove that if D f(v) =
0 for every unit vector @ in R”, then V f(v) must be the zero vector.

Proof: Suppose, by way of contradiction, that V f(v) # 0, and put

1
u=-——+—=Vf(v).
IV
Then, u is a unit vector, and therefore, by the assumption,
Dﬁf(v) = 07
or
Vf(v) -u=0.
But this implies that
1
Vi) =7 V() =0,

IV ()l
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where
V() - e V) V() V()
v) ———Vfv) = ——V/f(v)- v
IV (o)l IV ()l
= eIV
IV
= Vi)l
It then follows that ||V f(v)|| = 0, which contradicts the assumption that
V f(v) # 0. Therefore, V f(v) must be the zero vector. O
Suppose that f: U — R is differentiable at v € U. Use the Cauchy—

Schwarz inequality to show that the largest value of Dy f(v) is ||V f(v)||
and it occurs when u is in the direction of V f(v).

Proof. 1f f is differentiable at z, then Dy f(x) = V f(z) - u, as was shown
in part (a). Thus, by the Cauchy—Schwarz inequality,
| Daf (@) < IV @)l[all = [V f(2)],

since u is a unit vector. Hence,

—[IVf (@)l < Daf(x) <[V f(2)l
for any unit vector @, and so the largest value that Dy f(x) can have is
IV f(@)]-

1
If Vf(xz)# 0, then u =

[IVf(@)]
Daf(x) = Vf(x)-u

V f(x) is a unit vector, and

1

= VIO 5@

V()

1
- ||Vf(w)||vf (z)- Vi)

= HVf( )HHVf( all

= V@)l

Thus, Dy f(x) attains its largest value when @ is in the direction of V f(x).
[l
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4. Let U denote an open and convex subset of R”. Suppose that f: U — R is
differentiable at every u € U. Fix v and v in U, and define g: [0,1] — R by

g(t) = flu+tlv—u)) for 0<t<1.

(a) Explain why the function g is well defined.

Answer: Since U is convex, for any u,v € U, u+t(v —u) € U
for all ¢ € [0,1]. Thus, f(u+ t(v — u)) is defined for all ¢ € [0, 1],
because f is defined on U. O

(b) Show that ¢ is differentiable on (0,1) and that
Jgt)=Vfu+tlv—u)) - (v—u) for 0<t<l1.

Solution: It follows from the chain rule that the composition g = f o
0:[0,1] = R, where o: [0,1] — R" is the path given by

o(t)=u+t(v—u), forallte]0,1],
is differentiable in (0,1) and
g (t)=Vf(o(t) o'(t), forallte(0,1),

where
o(t)=v—u, forallt.

Consequently, we get that
Jgt)=Vfu+tlv—u)) (v—u) for 0<t<l1.

l

(c) Use the mean value theorem for derivatives to show that there exists a
point z is the line segment connecting u to v such that

f) = f(u) = Daf(2)|lv — ull, (5)
where @ is the unit vector in the direction of the vector v — u; that is,
1
W =——(v—u).
[v = ull
Solution: The mean value theorem implies that there exists 7 € (0, 1)
such that

9(1) = 9(0) = ¢'(7)(1 - 0),
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so that
f) = flw) =Vflut+rv—u)) (v—u). (6)

1
Jo—ul

Put z=u+7(v—u) and w = (v —u). We can then write (6) as

1

lo = ull

ﬂ@—f@)zz(Vﬂa~ <v—w)uv—w
(V) @) o,
which yields (5). O

Prove that if U is an open and convex subset of R, and f: U — R is
differentiable on U with Vf(v) = 0 for all v € U, then f must be a
constant function.

Solution: Fix u, € U. Then, for any u € U, the formula in (5) yields

f(u) = f(uo) = Da f(2)[u — woll, (7)

where Dgf(z) =V f(z) - w = 0 by the assumption. Hence, it follows from
(7) that
f(u) = f(u,), forallue U;

in other words, f is constant in U. U

5. Let U be an open subset of R™ and I be an open interval. Suppose that f: U —
R is a differentiable scalar field and o: I — R™ be a differentiable path whose
image lies in U. Suppose also that o’(t) is never the zero vector. Show that if f
has a local maximum or a local minimum at some point on the path, then V f
is perpendicular to the path at that point.

Suggestion: Consider the real valued function of a single variable g(t) = f(o(t))
forall t € 1.

Solution: If f has a local maximum or minimum at o(¢,), then ¢'(¢,) = 0,
where, by the chain rule,

gt)=Vf(o(t) o'(t) forall tel.

It then follows that

Vf(o(t,)) o'(t,) =0,

and, consequently, V f(o(t,) is perpendicular to the tangent to the path at o(¢,).

O
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6. Let C' denote the boundary of the oriented triangle, 7" = [(0,0)(1,0)(1,2)], in
2

2
R2. Evaluate the line integral / % dy — % dz, by applying the Fundamental
c
Theorem of Calculus.
Solution: Apply the Fundamental Theorem of Calculus to the 1-form
2 2
Y x
=-—-=-d — d
w 5 T+ 5 Y

over the oriented triangle 7'; namely,

/ w:/dw,
oT T

dw = (x +y) dx N dy.

where

Thus, since T' is positively oriented, it follows that

/w = //(x—l—y)d:cdy
aT T
1 2z
= // (x +vy) dydx
o Jo
1 21 2%
Y
= xy+—] dx
)
1
= /4x2dx,
0

x? y? 4
Toay-Ldar==.
/02 YT T

7. Let F(z,y) = 2z i— Y 5 and R be the square in the xy-plane with vertices

(0,0), (2,—-1), (3,1) and (1,2). Evaluatejf F-n ds.
OR
Solution: Apply the Fundamental Theorem of Calculus,

j{ F'ﬁds:/dw,
OR R

so that

O
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Figure 1: Sketch of Region R in Problem 7

where
w=Pdy—Qdr=2zxdy— (—y) dv =y dx + 2z dy,

so that
dw = dy A dz 4 2dx N\ dy = dx A dy,

% F.-dn = /dx/\dy
OR R
= // dxdy
R

= area(R).

To find the area of the region R, shown in Figure 1, observe that R is a paral-
lelogram determined by the vectors v =2 ¢ — 7 and w = P42 ] Thus,

we obtain that

area(R) = ||[v x w|| = 5.

j{ F-n ds:// dx dy = 5.
OR R

8. Evaluate the line integral / (#* +y) dz+ (2 —y*) dy, where R is the
OR

It the follows that

O

rectangular region

R={(z,y) eR*| -1<2<3, -2<y<1},
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and OR is traversed in the counterclockwise sense.

Solution: Apply the Fundamental Theorem of Calculus to get

/(x4—|—y)dx+(2m—y4)dy = /d(x4+y)Adx+d(2x—y4)/\dy
OR R

= /dy/\d:zc—i—de/\dy
R

= /dx/\dy
R

= area(R)
= 12
O
9. Integrate the function given by f(z,y) = zy? over the region, R, defined by:

R={(z,y) eR*|2>00<y<4—2°}.

Solution: The region, R, is sketched in Figure 2. We evaluate the double

Figure 2: Sketch of Region R in Problem 11
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integral, / / zy? da dy, as an iterated integral
R

2 4—z2
//:Ugf de dy = // xy2 dy dx
R 0 Jo
2 pd—22
= / / ry? dy dz
0 Jo
2 oy
- /0 3

1 2
= —/ r(4 —2*)?° da.
3 Jo

4—x2

dx

0

To evaluate the last integral, make the change of variables: u = 4 — 22

then have that du = —2x dz and

2 4—z2
//mf de dy = // ry? dy dz
R o Jo
1 0
= —= / u® du
6 Jy
4
/u3 du.
0

4 32

2
drdy = — =22
//ny vy 24 3

10. Let R denote the region in the plane defined by inside of the ellipse

=

Thus,

IQ y2
2te=h

for a > 0 and b > 0.

11

(a) Evaluate the line integral 7{ xr dy — y dz, where OR is the ellipse in (8)

OR
traversed in the positive sense.
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8

Figure 3: Sketch of ellipse

Solution: A sketch of the ellipse is shown in Figure 3 for the case a < b.
A parametrization of the ellipse is given by

xr=acost, y=>bsint, for 0<t<27.

We then have that dz = —asint dt and dy = bcost dt. Therefore

2
j[a:dy—yda: = / l[acost -bcost — bsint - (—acost)] dt
OR 0
2w
= / [abcos®t + absin®t] dt
0

2m
= ab/ (cos®t + absin®t) dt
0

2
= ab / dt
0

= 2mab.

O

(b) Use your result from part (a) and the Fundamental Theorem of Calculus
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to come up with a formula for computing the area of the region enclosed
by the ellipse in (8).
Solution: Let F(x,y) =2 i +vy j. Then,

j{ xdy—ydx:]{ F-n ds.
OR OR

Thus, by Green’s Theorem in divergence form,

7{ xdy—ydx://divF dz dy,
OR R

divF(x,y) = %(w) + %(y) = 2.

7{ xdy—ydx—Q// dz dy = 2 area(R).
OR R

It then follows that

where

Consequently,

1
area(R) = 57{ x dy —y dx.
OR

Thus,
area(R) = mwab,

by the result in part (a). O

11. Evaluate the double integral / e dz dy, where R is the region in the zy—
R
plane sketched in Figure 4.

Solution: Compute

2 2x
//e_xZ) de dy = // e dy dx
R 0o Jo
2
= /Qxe_””2 dx
0
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Figure 4: Sketch of Region R in Problem 11



