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Solutions to Review Problems for Exam #1

1. Consider the difference equation X;;; = AX; + a, where \ and a are real
parameters, given that X is known.

(a) Find a closed form solution, X;, to the equation and discuss how the
behavior of the solution as t — oo is determined by the value of \.

Solution: We may proceed by induction to find a formula for
X,. Starting with the base case:

X1 = /\XO + a,
and going onto the subsequent cases, we find that

X2 = )\X2+a
= MAX,+a)+a

= MNX,+ \a+a,
and
X3 = )\XQQ"‘CL
= MNX,+Xa+a)+a

= MX,+ \Na+ la+a.
These cases suggest that
Xp =X+ N NP+ A+ 1, (1)
which may be shown by induction on n.
If A # 1, we may write (1) as
A" —1
A—1

We consider first the case in which A = 1. In this case, it follows
from (1) that

X, =\"X,+

a. (2)

X, =X, + na;

Thus, if a > 0, then X,, — 400 as n — oo; if a < 0, then
X, > —oc0 as n — oo; and if a = 0, then X, is constant.

If A # 1, we consider the following two cases separately: (i) 0 <
A< 1and (ii) A > 1.
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(i) If 0 < A < 1, it follows from (2) that

a
lim X, = ——,
P 1—

since lm A" =0 in the case 0 < A < 1.
n—oo

(ii) If A > 1, we see that X,, = oo asn — oo if a > 0 and X, > 0.
If both X, and a are negative, then X,, — —o0 as n — oc.

0

(b) Write the difference equation in the form X1 = f(X;), for some function
f.
Give the equilibrium point(s) of the equation and use the principle of
linearized stability to determine the nature of their stability.

Solution: The function f is given by
flx)=Xx+a forall zeR.
To find equilibrium points, we solve the equation
f(z) ==,
that is, we find the fixed—points of f. Solving
AT +a =z,

we find that

i A1,
The derivative of f is f'(x) = A. Thus, the principle of linearized

a
stability implies that * = T is asymptotically stable if |\| <

1, and unstable if |A| > 1. If |A\] = 1, the principle of linearized
stability does not apply. O

2. Find the equilibrium point of the difference equation X;,; = X? — 6, and
determine their stability properties.

Solution: Let f(x) = x? — 6. The fixed—points of the difference
equation are solutions of

f(z) =,
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or
22— 6 =z,

which yields 27 = —2 and 23 = 3. In order to determine the stability
of the fixed—points, we compute

f'(x) = 2x.

Observe that |f'(z7)| = 4 and |f'(2})] = 6. In both cases we get
that |f'(z*)| > 1. Thus, by the principled of linearized stability, both
fixed—points are unstable. 0

3. Suppose the growth of a population of size N; at time ¢ is dictated by the

discrete model
400N,

Ny = ———1—.
LT10 4 N,)2

(a) Find the biologically reasonable fixed points for this difference equation.

400
Solution: Let f(z) = —— for # € R. Then, the fixed
(10 + z)?
points of the equation are solutions of
f(z) ==z,
or
400z
(10 +z)2
To solve this equation, first write
400x 0
_— — =
(10 + z)? ’
or

400
v <(10—|—x)2 B 1) =0,
from which we get that
r=0 or (10+z)*=400.
We therefore get that
x =0, orx =-30, or z =10.

Out of these fixed points, only the first and the last are biologically
reasonable. Hence, Ni = 0 and N = 10. O
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(b) Determine the stability properties of the equilibrium points found in the
previous part.

Solution: Compute the derivative of f to get

by 400(10 — z)
) = (10 + )3
Hhen 400(10)

and therefore Ny = 0 is unstable.
On the other hand, since

[F'(N3)|=0<1,
N3 =10 is stable. 0J

(c) If Ny =5, what happens to the population in the long run?

Answer: lim N, = 10. O
t—o00

dN N
4. We have seen that the (continuous) logistic model v rN ( — E) , where

r and K are positive parameters, has an equilibrium point at N = K.

N
(a) Let g(N) =rN (1 — —> and give the linear approximation to g(N) for

K
N close to K:
9(K) + ¢ (K)(N - K).

Observe that g(K) = 0 since K is an equilibrium point.
Solution: Compute the derivative ¢'(N) to get

2r
"(N)=1r— —N.
gN)=r—+
Then,
2
g'(K):T—%K:—r

and therefore the linear approximation to g(N) for N near K is

—r(N — K).
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(b) Let w = N — K and consider the linear differential equation

du ,
— =4 (K)u.
o = 9 (K)u
This is called the linearization of the equation

dN
— =g(N
o = 9(N)
around the equilibrium point N = K.

Use separation of variables to solve this equation. What happens to |u(t)|
as t — 0o, where u is any solution to the linearized equation?

Solution: Solve the equation

du
dt

= —ru

to obtain that
u(t) = ce"

for some constant ¢. Then,

u(t)] = |cle™
and therefore

lim |u(t)| = 0.

t—o0

O

(c) Use your result in the previous part to give an explanation as to why
any solution to the logistic equation that begins very close to K can be
approximation by K +u(t), where u is a solution to the linearized equation.

Solution: Let N(t) denote a solution to the logistic equation
with N(0) = N, and N, very close to K. Then |u(0)| = |N, — K|
is very small and consequently,

lu(t)] = |N, — Kle™™ < [N, — K| forall t> 0.

Thus, |u(t)| if very small for all ¢ > 0 and therefore the function
g(N(t)) is very close to its linear approximation

—r(N — K) = —ru.
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dN
Consequently, a solution of o g(N) can be approximated by

a solution of

dN
Y (N-K
dt 7"( )7
or
du _ —ru
dt
Thus, N(t) — K can be approximated by wu(t) for all ¢ > 0, and
therefore

N(t) ~ K +u(t).
O

(d) Suppose that N = N(t) is a solution to the logistic equation that starts at
N,, where N, is very close to K. Find an estimate of the time it takes for
the distance |N(t) — K| to decrease by a factor of e. This time is called
the recovery time.

Solution: Since
N(t) = K +u(t),

N(t)~ K+ (N, — K)e ™.
for all t > 0. So,

IN(t) — K|~ |N, — Kle™"

for all t > 0.
We want to know the time ¢ for which

|NO_K|
. .

N() - K| =

This is approximated by the time ¢ for which

N,— K
|NO_K|6—rt:‘ ‘
(&

or

efrt — 671

This yields that ¢t =1, or t = 1/r. O
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5. [Harvesting] The following differential equation models the growth of a popu-
lation of size N = N(t) that is being harvested at a rate proportional to the
population density

dN N

— =rN|1——=)—EN 3

G = (1-%) B )
where r; K and E are parameters and non—negative parameters with r > 0 and

K > 0.

(a) Give an interpretation for this model. In particular, give interpretation for
the term E'N. The parameter F is usually called the harvesting effort.

Answer: This equation models a population that grows logisti-
cally and that is also being harvested at a rate proportional to the
populations density. O

(b) Calculate the equilibrium points for the equation (3), and give conditions
on the parameters that yield a biologically meaningful equilibrium point.
Determine the nature of the stability of that equilibrium point. Sketch
possible solutions to the equation in this situation.

Solution: Write

g(N) = N (1 - %) _EN

~ (7))

We then see that equilibrium points of equation (3) are

N =0 and Ng‘:K(l—%).
The second equilibrium point is biologically meaningful if NJ >
0, and for this to happen we require that F < r; that is, the
harvesting effort is less than the intrinsic growth rate.
To determine the nature of the stability of Nj for the case &/ < r,
consider the graph of g in Figure 1. Observe from the graph
that ¢’(N5) < 0. It then follows from the principle of linearized
stability that N is asymptotically stable.
The solid curves in Figure 2 show some possible solutions of the
equation 0
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N3 /2 N;\ K N
Figure 1: Graph of g(N)
N

Ko™ - - - _ _
Ny

Figure 2: Possible Solutions

(¢c) What does the model predict if £ > r?

Solution: If £ =r, then
dN r
— =——N?<0
dt K
for N > 0. It then follows that N(¢) will always be strictly de-

creasing and so the population will go extinct. In fact, using
separation of variables, we obtain that the solution for N(0) = N,

is given by
N, K

t) = ———
*) K + Nyrt’

which tends to 0 as ¢t — oo.

8
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On the other hand, if £ > r, then

dN r E

S - ININ-K(1-Z2

RS SRS ()
— —_N?24+KN(r—E)
K

,
< ——N?<0
K M

and so again we conclude the N (¢) will be always decreasing to 0.

O

6. [Harvesting, continued] Suppose that 0 < E < r in equation (3), and let N
denote the positive equilibrium point. The quantity ¥ = EN is called the
harvesting yield.

(a) Find the value of E for which the harvesting yield is the largest possible;
this value of the yield is called the mazimum sustainable yueld.

Solution: N is N; in the previous problem. Consequently, the
yield is given by

E K
Y(E)=EN; =FEK|(1-—)=EK - —E"”
2 r r

Taking derivatives with respect to F, we obtain that

2K 2K
Y(EF)=K—-—F and Y"(E)=-—<0.
r r
Thus, by the second derivative test, Y (£) has a maximum when
E = g O

(b) What is the value of the equilibrium point for which there is the maximum
sustainable yield?

Solution: The maximum value of Y is

Y(r/2) = 5K (1 - rrﬁ) _ i



