
iiiTable of Contents

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

1 Introduction  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1
General Relativity in a Nutshell: Outline   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 2
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 4
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 10

2 Review of Special Relativity . . . . . . . . . . . . . . . . . . . .11
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 12
Box 2.1 Overlapping IRFs move with constant relative velocities .  .  . 16
Box 2.2 Unit conversions between SI and GR units   .  .  .  .  .  .  .  .  .  . 17
Box 2.3 One derivation of the Lorentz Transformation .  .  .  .  .  .  .  .  . 18
Box 2.4 Lorentz Transformations and Rotations  .  .  .  .  .  .  .  .  .  .  .  . 21
Box 2.5 Frame-independence of the Spacetime Interval  .  .  .  .  .  .  .  . 22
Box 2.6 Frame-Dependence of the Time Order of Events   .  .  .  .  .  .  . 22
Box 2.7 Proper time along a path  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 23
Box 2.8 Length contraction  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 23
Box 2.9 The Einstein Velocity Transformation  .  .  .  .  .  .  .  .  .  .  .  .  . 24
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 24

3 Four-Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .25
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 26
Box 3.1 The Frame-Independence of the Scalar Product .  .  .  .  .  .  .  . 30
Box 3.2 The Invariant Magnitude of the Four-Velocity .  .  .  .  .  .  .  .  . 30
Box 3.3 The Low-Velocity Limit of u .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 31
Box 3.4 Conservation of Momentum or Four-momentum? .  .  .  .  .  .  . 32
Box 3.5 Example: The GZK Cosmic-Ray Energy Cutoff .  .  .  .  .  .  .  . 33
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 35

4 Index Notation  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .37
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 38
Box 4.1 Behavior of the Kronecker Delta .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 42
Box 4.2 EM Field Units in the GR Unit System  .  .  .  .  .  .  .  .  .  .  .  . 42
Box 4.3 Example: The GZK Cosmic-Ray Energy Cutoff .  .  .  .  .  .  .  . 43
Box 4.4 Identifying Free and Bound Indices  .  .  .  .  .  .  .  .  .  .  .  .  .  . 44
Box 4.5 Rule Violations .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 44
Box 4.6 Example Derivations .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 45
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 46

5 Arbitrary Coordinates . . . . . . . . . . . . . . . . . . . . . . . . .47
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 48
Box 5.1 The Polar Coordinate Basis   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 52
Box 5.2 Proof of the Metric Transformation Law .  .  .  .  .  .  .  .  .  .  .  . 53
Box 5.3 A 2D Example: Parabolic Coordinates .  .  .  .  .  .  .  .  .  .  .  .  . 54
Box 5.4 The LTEs as an Example General Transformation .  .  .  .  .  .  . 56
Box 5.5 The Metric Transformation Law in Flat Space .  .  .  .  .  .  .  .  . 56
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 56



iv Table of Contents

6 Tensor Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . .57
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 58
Box 6.1 Example Gradient Covectors .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 62
Box 6.2 Lowering Indices .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 63
Box 6.3 The Inverse Metric .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 64
Box 6.4 The Kronecker Delta is a Tensor .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 65
Box 6.5 Tensor Operations   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 65
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 66

7 Maxwell’s Equations  . . . . . . . . . . . . . . . . . . . . . . . . . .67
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 68
Box 7.1 Gauss’s Law in Integral and Differential Form   .  .  .  .  .  .  .  . 72
Box 7.2 The Derivative of m2  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 73
Box 7.3 Raising and Lowering Indices in Cartesian Coordinates .  .  .  . 73
Box 7.4 The Tensor Equation For Conservation of Charge .  .  .  .  .  .  . 74
Box 7.5 The Antisymmetry of F Implies Charge Conservation .  .  .  .  . 75
Box 7.6  The Magnetic Potential .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 76
Box 7.7 Proof of the Source-Free Maxwell Equations  .  .  .  .  .  .  .  .  . 77
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 78

8 Geodesics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .79
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 80
Box 8.1 The Worldline of Longest Proper Time in Flat Spacetime .  .  . 83
Box 8.2 Derivation of the Euler-Lagrange Equation  .  .  .  .  .  .  .  .  .  . 84
Box 8.3 Deriving the Second Form of the Geodesic Equation  .  .  .  .  . 85
Box 8.4 Geodesics for Flat Space in Parabolic Coordinates  .  .  .  .  .  . 86
Box 8.5 Geodesics for the Surface of a Sphere .  .  .  .  .  .  .  .  .  .  .  .  . 88
Box 8.6 The Geodesic Equation Does Not Determine the Scale of x  . 90
Box 8.7 Light Geodesics in Flat Spacetime .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 90
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 91

9 The Schwarzschild Metric . . . . . . . . . . . . . . . . . . . . . .93
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 94
Box 9.1 Radial Distance .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 98
Box 9.2 Falling from Rest in Schwarzschild Spacetime   .  .  .  .  .  .  .  . 99
Box 9.3 GM for the Earth and the Sun   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  100
Box 9.4 The Gravitational Redshift for Weak Fields  .  .  .  .  .  .  .  .  .  100
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  102

10 Particle Orbits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .103
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  104
Box 10.1 Schwarzschild Orbits Must be Planar  .  .  .  .  .  .  .  .  .  .  .  .  108
Box 10.2 The Schwarzschild “Conservation of Energy” Equation .  .  .  109
Box 10.2 Deriving Conservation of Newtonian Energy for Orbits .  .  .  110
Box 10.4 The Radii of Circular Orbits  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  110
Box 10.5 Kepler’s Third Law .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  112
Box 10.6 The Innermost Stable Circular Orbit (ISCO) .  .  .  .  .  .  .  .  .  113
Box 10.7 The Energy Radiated by an Inspiraling Particle  .  .  .  .  .  .  .  113
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  114



vTable of Contents

11 Precession of the Perihelion . . . . . . . . . . . . . . . . . . .115
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  116
Box 11.1 Verifying the Orbital Equation for u(z)  .  .  .  .  .  .  .  .  .  .  .  120
Box 11.2 Verifying the Newtonian Orbital Equation .  .  .  .  .  .  .  .  .  .  120
Box 11.3 Verifying the Equation for the Orbital “Wobble”   .  .  .  .  .  .  121
Box 11.4 Application to Mercury .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  121
Box 11.5 Constructing the Schwarzschild Embedding Diagram .  .  .  .  122
Box 11.6 Calculating the Wedge Angle d  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  123
Box 11.7 A Computer Model for Schwarzschild Orbits  .  .  .  .  .  .  .  .  123
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  126

12 Photon Orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .127
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  128
Box 12.1 The Meaning of the Impact Parameter b   .  .  .  .  .  .  .  .  .  .  132
Box 12.2 Derivation of the Equation of Motion for a Photon  .  .  .  .  .  132
Box 12.3 Features of the Effective Potential Energy Function for Light 133
Box 12.4 Photon Motion in Flat Space .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  133
Box 12.4 Evaluating 4-Vector Components in an Observer’s Frame   .  134
Box 12.6 An Orthonormal Basis in Schwarzschild Coordinates .  .  .  .  134
Box 12.7 Derivation of the Critical Angle for Photon Emission .  .  .  .  135
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  136

13 Defl ection of Light . . . . . . . . . . . . . . . . . . . . . . . . . . .137
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  138
Box 13.1 Checking Equation 13.2  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  143
Box 13.1 The Differential Equation for the Shape of a Photon Orbit  .  144
Box 13.3 The Differential Equation for the Photon “Wobble” .  .  .  .  .  144
Box 13.4 The Solution for u(z) in the Large-r Limit   .  .  .  .  .  .  .  .  .  145
Box 13.5 The Maximum Angle of Light Defl ection by the Sun  .  .  .  .  145
Box 13.6 The Lens Equation .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  146
Box 13.7 The Ratio of Image Brightness to the Source Brightness  .  .  147
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  148

14 Event Horizon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .149
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  150
Box 14.1 Finite Distance to r = 2GM   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  154
Box 14.2 Proper Time for Free Fall from r = R to r = 0  .  .  .  .  .  .  .  .  156
Box 14.3 The Future is Finite Inside the Event Horizon .  .  .  .  .  .  .  .  157
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  158

15 Alternative Coordinates. . . . . . . . . . . . . . . . . . . . . . .159
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  160
Box 15.1 Calculating /t r2 2c  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  164
Box 15.2 The Global Rain Metric   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  165
Box 15.3 The Limits on /dr dtc Inside the Event Horizon   .  .  .  .  .  .  .  165
Box 15.4 Transforming to Kruskal-Szekeres Coordinates .  .  .  .  .  .  .  166
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  168



vi Table of Contents

16 Black Hole Thermodynamics . . . . . . . . . . . . . . . . . .169
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  170
Box 16.1 Free-fall Time to the Event Horizon from r = 2GM + f  .  .  .  174
Box 16.2 Calculating E3  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  175
Box 16.3 Evaluating kB, ,&  and T for a Solar-Mass Black Hole  .  .  .  .  176
Box 16.4 Lifetime of a Black Hole .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  177
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  178

17 The Absolute Gradient . . . . . . . . . . . . . . . . . . . . . . . .179
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  180
Box 17.1 Absolute Gradient of a Vector  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  184
Box 17.2 Absolute Gradient of a Covector .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  184
Box 17.3 Symmetry of the Christoffel Symbols  .  .  .  .  .  .  .  .  .  .  .  .  185
Box 17.4 The Christoffel Symbols in Terms of the Metric .  .  .  .  .  .  .  185
Box 17.5 Checking the Geodesic Equation .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  186
Box 17.6 A Trick for Calculating Christoffel Symbols .  .  .  .  .  .  .  .  .  186
Box 17.7 The Local Flatness Theorem .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  187
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  190

18 Geodesic Deviation . . . . . . . . . . . . . . . . . . . . . . . . . .191
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  192
Box 18.1 Newtonian Tidal Deviation Near a Spherical Object   .  .  .  .  196
Box 18.2 Proving Equation 18.9  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  197
Box 18.3 The Absolute Derivative of n  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  197
Box 18.4 Proving Equation 18.14   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  198
Box 18.5 An Example of Calculating the Riemann Tensor   .  .  .  .  .  .  198
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  200

19 The Riemann Tensor . . . . . . . . . . . . . . . . . . . . . . . . .201
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  202
Box 19.1 The Riemann Tensor in a Locally Inertial Frame   .  .  .  .  .  .  204
Box 19.2 Symmetries of the Riemann Tensor  .  .  .  .  .  .  .  .  .  .  .  .  .  205
Box 19.3 Counting the Riemann Tensor’s Independent Components  .  206
Box 19.4 The Bianchi Identity  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  207
Box 19.5 The Ricci Tensor is Symmetric .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  208
Box 19.6 The Riemann and Ricci Tensors and R a Sphere .  .  .  .  .  .  .  208
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  210

20 The Stress-Energy Tensor . . . . . . . . . . . . . . . . . . . . .211
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  212
Box 20.1 Why the Source of Gravity Must be Energy, not Mass   .  .  .  216
Box 20.2 Interpretation of Tij in a Locally Inertial Frame   .  .  .  .  .  .  .  216
Box 20.3 The Stress-Energy Tensor for a Perfect Fluid in its Rest LIF 217
Box 20.4 Equation 20.16 Reduces to Equation 20.15  .  .  .  .  .  .  .  .  .  219
Box 20.5 Fluid Dynamics from Conservation of Four-Momentum  .  .  219
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  220



viiTable of Contents

21 The Einstein Equation . . . . . . . . . . . . . . . . . . . . . . . .221
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  222
Box 21.1 The Divergence of the Ricci Tensor  .  .  .  .  .  .  .  .  .  .  .  .  .  226
Box 21.2 Finding the Value of b  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  227
Box 21.3 Showing that –R + 4K = lT  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  228
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  228

22 Interpreting the Equation  . . . . . . . . . . . . . . . . . . . . .229
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  230
Box 22.1 Conservation of Four-Momentum Implies  0 ( )u0d t= o

o   .  234
Box 22.2 The Inverse Metric in the Weak-Field Limit .  .  .  .  .  .  .  .  .  234
Box 22.3 The Riemann Tensor in the Weak-Field Limit .  .  .  .  .  .  .  .  235
Box 22.4 The Ricci Tensor in the Weak-Field Limit .  .  .  .  .  .  .  .  .  .  236
Box 22.5 The Stress-Energy Sources of the Metric Perturbation   .  .  .  236
Box 22.6 The Geodesic Equation for a Slow Particle in a Weak Field .  237
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  238

23 The Schwarzschild Solution . . . . . . . . . . . . . . . . . . .239
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  240
Box 23.1 Diagonalizing the Spherically-Symmetric Metric  .  .  .  .  .  .  244
Box 23.2 The Components of the Ricci Tensor   .  .  .  .  .  .  .  .  .  .  .  .  245
Box 23.3 Solving for B  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  246
Box 23.4 Solving for a(r) .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  247
Box 23.5 The Christoffel Symbols with tt as subscripts  .  .  .  .  .  .  .  .  247
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  248

24 The Universe Observed . . . . . . . . . . . . . . . . . . . . . . .249
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  250
Box 24.1 Measuring Astronomical Distances in the Solar System .  .  .  254
Box 24.2 Determining the Distance to Stellar Clusters .  .  .  .  .  .  .  .  .  256
Box 24.3 How the Doppler Shift is Connected to Radial Speed .  .  .  .  257
Box 24.4 Values of The Hubble Constant   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  258
Box 24.5 Every Point is the Expansion’s “Center” .  .  .  .  .  .  .  .  .  .  .  258
Box 24.6 The Evidence for Dark Matter  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  259
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  260

25 A Metric for the Cosmos . . . . . . . . . . . . . . . . . . . . . .261
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  262
Box 25.1 The Universal Ricci Tensor   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  266
Box 25.2 Raising One Index of the Universal Ricci Tensor  .  .  .  .  .  .  266
Box 25.3 The Stress-Energy Tensor with One Index Lowered .  .  .  .  .  266
Box 25.4 The Einstein Field Equation with One Index Lowered   .  .  .  267
Box 25.5 Verifying the solutions for q  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  268
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  268



viii Table of Contents

26 Evolution of the Universe . . . . . . . . . . . . . . . . . . . . .269
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  270
Box 26.1 The Other Components of the Einstein Field Equation  .  .  .  274
Box 26.2 Consequences of Local Energy/Momentum Conservation   .  275
Box 26.3 Deriving the Density/Scale Relationship for Radiation  .  .  .  276
Box 26.4 Deriving the Friedman Equation .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  276
Box 26.5 The Friedman Equation for the Present Time  .  .  .  .  .  .  .  .  277
Box 26.6 Deriving the Friedman Equation in Terms of the Omegas .  .  277
Box 26.7 The Behavior of a Matter-Dominated Universe  .  .  .  .  .  .  .  278
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  278

27 Cosmic Implications  . . . . . . . . . . . . . . . . . . . . . . . . .279
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  280
Box 27.1 Connecting the Redshift z to the Hubble “Constant”   .  .  .  .  284
Box 27.2 Deriving the Hubble Relation in Terms of Redshift z  .  .  .  .  284
Box 27.3 The Luminosity Distance .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  285
Box 27.4 The Differential Equation for  a(h)   .  .  .  .  .  .  .  .  .  .  .  .  .  285
Box 27.5 How to Generate a Numerical Solution for Equation 27.18 .  286
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  286

28 The Early Universe . . . . . . . . . . . . . . . . . . . . . . . . . . .287
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  288
Box 28.1 Single-Component Universes   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  292
Box 28.2 The Transition to Matter Dominance .  .  .  .  .  .  .  .  .  .  .  .  .  293
Box 28.3 The Time-Temperature Relation .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  293
Box 28.4 Neutrino Decoupling .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  295
Box 28.5 The Number Density of Photons .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  297
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  298

29 CMB Fluctuations and Infl ation  . . . . . . . . . . . . . . . .299
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  300
Box 29.1 The Angular Width of the Largest CMB Fluctuations .  .  .  .  304
Box 29.2 The Equation for Xk(t)  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  305
Box 29.3 Cosmic Flatness at the End of Nucleosynthesis  .  .  .  .  .  .  .  306
Box 29.4 The Exponential Infl ation Formula .  .  .  .  .  .  .  .  .  .  .  .  .  .  306
Box 29.5 Infl ation Calculations .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  307
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  308

30 Gauge Freedom . . . . . . . . . . . . . . . . . . . . . . . . . . . . .309
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  310
Box 30.1 The Weak-Field Einstein Equation in Terms of hno  .  .  .  .  .  313
Box 30.2 The Trace-Reverse of hno   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  314
Box 30.3 The Weak-Field Einstein Equation in terms of Hno  .  .  .  .  .  315
Box 30.4 Gauge Transformations of the Metric Perturbations .  .  .  .  .  316
Box 30.5 A Gauge Transformation Does Not Change Rabno  .  .  .  .  .  317
Box 30.6 Lorentz Gauge  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  318
Box 30.7 Additional Gauge Freedom .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  319
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  319



ixTable of Contents

31 Detecting Gravitational Waves . . . . . . . . . . . . . . . . .321
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  322
Box 31.1 Constraints on our Trial Solution .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  326
Box 31.2 The Transformation to Transverse-Traceless Gauge .  .  .  .  .  327
Box 31.3 A Particle At Rest Remains At Rest in TT Coordinates  .  .  .  329
Box 31.4 The Effect of a Gravitational Wave on a Ring of Particles .  .  330
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  330

32 Gravitational Wave Energy . . . . . . . . . . . . . . . . . . . .331
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  332
Box 32.1 The Ricci Tensor .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  335
Box 32.2 The Averaged Curvature Scalar   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  335
Box 32.3 The General Energy Density of a Gravitational Wave .  .  .  .  335
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  338

33 Generating Gravitational Waves . . . . . . . . . . . . . . . .339
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  340
Box 33.1 Htn  for a Compact Source whose CM is at Rest .  .  .  .  .  .  .  344
Box 33.2 A Useful Identity .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  344
Box 33.3 The Transverse-Traceless Components of Ano   .  .  .  .  .  .  .  346
Box 33.4 How to Find ITT

jkp  for Waves Moving in the n  Direction  .  .  .  347
Box 33.5  Flux in terms of I jk  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  349
Box 33.6 Evaluating the Integrals in the Power Calculation .  .  .  .  .  .  350
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  352

34 Gravitational Wave Astronomy . . . . . . . . . . . . . . . . .353
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  354
Box 34.1 The Dumbbell I jk   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  358
Box 34.2 The Power Radiated by a Rotating Dumbbell  .  .  .  .  .  .  .  .  359
Box 34.3 The Total Energy of an Orbiting Binary Pair .  .  .  .  .  .  .  .  .  360
Box 34.4 The Time-Rate-of-Change of the Orbital Period .  .  .  .  .  .  .  360
Box 34.5 Characteristics of ι Boötes  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  361
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  362

35 Gravitomagnetism . . . . . . . . . . . . . . . . . . . . . . . . . . .363
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  364
Box 35.1 The Lorentz Condition For the Potentials  .  .  .  .  .  .  .  .  .  .  368
Box 35.2 The Maxwell Equations for the Gravitational Field  .  .  .  .  .  368
Box 35.3 The Gravitational Lorentz Equation  .  .  .  .  .  .  .  .  .  .  .  .  .  370
Box  35.4 The “Gravitomagnetic Moment” of a Spinning Object   .  .  .  370
Box  35.5 Angular speed of Gyroscope Precession .  .  .  .  .  .  .  .  .  .  .  371
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  372

36 The Kerr Metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .373
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  374
Box 36.1  Expanding R r

1

-
-

 to First Order in r/R   .  .  .  .  .  .  .  .  .  377
Box 36.2 The Integral for htx  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  378
Box 36.3 Why the Other Terms in the Expansion Integrate to Zero .  .  379
Box 36.4 Transforming the Weak-Field Solution to Polar Coordinates 380
Box 36.5 The Weak-Field Limit of the Kerr Metric  .  .  .  .  .  .  .  .  .  .  381
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  382



x Table of Contents

37 Particle Orbits in Kerr Spacetime . . . . . . . . . . . . . . .383
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  384
Box 37.1 Calculating Expressions for / /dt d d dandx xz  .  .  .  .  .  .  .  .  387
Box 37.2 Verify the Value of [ ]g g gt tt

2 -z zz  .  .  .  .  .  .  .  .  .  .  .  .  .  .  388
Box 37.3 The “Energy-Conservation-Like” Equation of Motion   .  .  .  389
Box 37.4 Kepler’s Third Law .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  390
Box 37.5 The Radii of ISCOs when a = GM   .  .  .  .  .  .  .  .  .  .  .  .  .  391
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  392

38 Ergoregion and Horizon  . . . . . . . . . . . . . . . . . . . . . .393
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  394
Box 38.1 The Radii Where gtt = 0   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  397
Box 38.2 The Angular Speed Range When dr and/or di ≠ 0.  .  .  .  .  .  398
Box 38.3 Angular-speed Limits in the Equatorial Plane .  .  .  .  .  .  .  .  399
Box 38.4 The Metric of the Event Horizon’s Surface  .  .  .  .  .  .  .  .  .  400
Box 38.5 The Area of the Outer Kerr Event Horizon   .  .  .  .  .  .  .  .  .  401
Box 38.6 Transformations Preserve the Metric Determinant’s Sign .  .  401
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  402

39 Negative-Energy Orbits . . . . . . . . . . . . . . . . . . . . . . .403
Concept Summary  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  404
Box 39.1 Quadratic Form forConservation of Energy  .  .  .  .  .  .  .  .  .  408
Box 39.2 The Square Root is Zero at the Event Horizon .  .  .  .  .  .  .  .  408
Box 39.3 Negative e is Possible Only in the Ergoregion .  .  .  .  .  .  .  .  410
Box 39.4 The Fundamental Limit on dM in Terms of dS   .  .  .  .  .  .  .  411
Box 39.5 dMir ≥ 0 .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  412
Box 39.6 The Spin Energy Contribution to a Black Hole’s Mass  .  .  .  413
HOMEWORK PROBLEMS .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  414

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .415


