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Solutions to Assignment #1

1. Show that the solution to the difference equation
Xt+1 =X

must be constant.

Solution: Let X, denote the value of X; at t = 0. It then follows that X; = X,,.
Consequently, Xo = X; = X,. Proceeding by induction, assuming that X, =
X,, we have that X,,,; = X,, = X,. Hence, X; = X, for all t =1,2,... and
therefore X; is constant. O

2. Modeling Red Blood Cell Production'. In the circulatory system, red blood cells
(RBCs) are constantly being filtered out and destroyed by specialized “clean—
up” cells in the spleen and liver, and replenished by the bone marrow. Since
the cells carry oxygen throughout the body, their numbers must be maintained
at some constant level. In problems 2-5, we model the removing of RBCs by
the spleen and liver, and their replenishing by the bone marrow in order to
understand how the RBC levels may be maintained.

Assume that the spleen and liver remove a fraction f of the RBCs each day,
and that the bone marrow produces new cells at a daily rate proportional to
the number of RBCs lost on the previous day with proportionality constant ~.

Derive a system of two difference equations for R;, the RBC count in circulation
on day t, and M;, the number of RBCs produced by the bone marrow on day
t, where t =1,2,3,...

Solution: Consider the number of RBCs in circulation on day ¢ + 1, Ryy1. By
the conservation principle,

R;.1 — R; = Rate of RBCs in — Rate of RBCs out

per unit of time, where

Rate of RBCs in = M,

and
Rate of RBCs out = fR;.

Thus,
Rt_l,_l - (]. - f)Rt + Mt.

!Edelstein-Keshet, Mathematical Models in Biology, pg. 27
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On the other hand, the number of new RBCs produced by the bone marrow on
day t + 1, M;,1, must be given by the expression

M1 = 7 - (Number of RBCs removed on day t) = v(fR;) = vfR;.

We then obtain the system of difference equations

{ Ripn = (1= f)Ri+ M, (1)
M, = vfRy

3. Red Blood Cell Production (continued). By considering the number of RBCs in
circulation on day t + 2, we are able to combine the two difference equations
derived in the previous problem into a single difference equation of the form

Ryt = bRy + cRy, (2)

where b and ¢ are constants. Determine expressions for b and ¢ in terms of f
and 7.

Solution: By the first equation in (1),
Rivo = (1= f)Rpy1 + My

It then follows from the second equation in (1) that

Rivo = (1= f)Repr + [ Re.
This is in the form of (2) withb=1— fand c=~f. O

4. Red Blood Cell Production (continued). We may seek to find a solution to the
linear second order difference equation (2) as follows:

(a) Assume that the sought after solution is of the form R, = AM, where
A is some constant that will depend on the initial conditions, and A is
a parameter that is to be determined by substituting into the difference
equation. Substitute this assumed form for R; into equation (2) to obtain
an expression for A\. Assuming that neither A nor \ are zero, simplify the
expression to get the second order equation

A =D\ +c. (3)
Solution: Substitute R, = AN into (2) to get that

ANTZ = AN + cAN
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or

ANT2 — AN — cAN =0

Factoring out the common term AN on the left-hand side of the previous
equation leads to
AN(A2 —bX —¢) = 0.

Since A and \ are not both zero, it follows that
M —bA—c=0, (4)

which leads to (3). O

Solve equation (3) for A to obtain two possible solutions A; and A in terms
of f and v, where \; < As.

Solution: To solve (3), apply the quadratic formula to (4) to obtain

)= b+ Vb2 + 4c

2
Thus,
N O R VA (o ol
2 2
and
N — b+ Vb +4c _ 1—f+\/(1—f)2+47f_ -

2 2
Verify that A;\! and Ao\, where A; and A, are arbitrary constants, both
solve the difference equation (2).
Solution: Let Ry = Aj\! and compute

Rt+2 - bRt—l—l - CRt == Al)‘i+2 - bAl/\i—H — CAl)\tl
= Al)\ﬁ ()\% — b)\l — C)
= AN(0) =0

since A\; solves the quadratic equation (4). Thus, R, = A} solves (2).
The same argument also shows that R, = Ax\, also solves (2). O

Verify that
Ry = A1A] + Ao\, (5)

where A; and A, are arbitrary constants, also solves the difference equation

(2).
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Solution: Consider

Riyo — bRy —cRy = A2+ AET2 — b(ANTT! + AA5T2) — c(ALNE + A\
AN — bANTTY — cAIN + ApAET? — DANET! — c AR,
AN — DA =€) + ANE(A2 — bAL — ©)

= A;N(0) + A)5(0)

since both \; and A solve the quadratic equation (4). Thus,
Riys — bRy —cRy =0
which shows that R, = A;\] + Ap\L also solves (2). O

5. Red Blood Cell Production (continued). Assume that 1% of the RBCs are filtered
out of circulation by the spleen and liver in a day; that is f = 0.01.

(a)

If v = 1.50, what does the general solution (5) predict about the RBC
count as t — 00?

Solution: In this case Ay = —0.03 and Ay ~ 1.005, so that, since [A\;| < 1
and Ay > 1, it follows that

t—o0
That is, the RBC count increases without bound.

Suppose now that v = 0.50. What does the general solution (5) predict
about the RBC count as t — oo?

Solution: Here, A\; =~ —0.005 and Ay =~ 0.995, so that, since both |A;| and
Ao are strictly less than 1, it follows that

thm Rt =0.

That is, the RBC count will eventually go to zero.

Suppose now that v = 1. What does the general solution (5) predict about
the RBC count as ¢t — 00?

Solution: In this last case, \y = —f = —.01 and \y = 1; thus, since
|)\1| < 1,
thm Rt == AQ.

That is, the RBC count will tend towards the constant value A, ar t — oo.

Which of the three values of v discussed in the previous three parts seems
to yield a reasonable prediction? What implication does that have about
RBC levels in the long run?

Solution: Only the third case, namely v = 1, will yield a situation in which
the RBC levels may be maintained.



