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Solutions to Assignment #7

1. Let U denote an open subset of R". Suppose that f: U — R is a scalar field
and G: U — R™ is vector valued function.

(a) Explain how the product fG is defined.

Solution: The product of f and G is the function fG: U — R”
defined by

(fG)(x) = f(x)G(x) forall z €U,

i.e., scalar multiplication of the vector G(x) by the scalar f(x). O

(b) Prove that if both f and G are continuous on U, then the vector valued
function fG is also continuous on U.

Proof: For any v and v in U, observe that

I(fG) () = (FG) W) = [lF ()G (v) = f(w)G(u)]
= [f()G) = f(0)G(u) + f(0)G(u) = f(u
= [f@)(G(v) = G(u)) + (f(v) = f(w)G(u)]]

Thus, by the triangle inequality,

I(fG)(v) = (FE) W] < (I ()G () = Gu))|| + [[(f(v) = fw)G ()],

which yields

I(fG)(v) = (FG) W) < [FG(0) = G| + [f(v) = f)[|Gu)]]

The fact that
lim (fG)(v) = (fG)(uw)[| =0

[[lv—u||—0

now follows from this inequality, the Squeeze Theorem, and the assump-
tions that f and G are continuous. n

2. Let U be an open subset of R% Let f: U — R and g: U — R be two scalar
fields on U, and define h: U — R by

ha,y) = f(z,y)g(z,y) forall (z,y)€U.

Prove that if both f and g are continuous on U, then so is h.
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Suggestion: First prove that the function G: R? — R, defined by G(z,y) = xy
for all (z,y) € R?, is continuous. Then, let F': U — R? denote the map given
by

F(z,y) = (f(z,y),9(z,y)) forall (z,y) €U,

and observe that
h=GoPF.

Solution: We first prove that the function G': R? — R, defined by
G(x,y) = zy for all (z,y) € R?, is continuous.

Using the triangle inequality we obtain
Gz, y) = G20, Y0)| = |2y — ToYol
= |2y — Ty + ToY — ToYol
= (@ = 2o)y + 2oy — ¥o)|

S o= ol lyl + [l |y = wol

Next, use the estimates

|I - x0| < ||(l',y) - (xoayo)H

and
|y - yo| < ||(x,y) - ($oayo)”

to obtain

|G<l’,y) - G($07y0)| < ||($7y) - ($07y0)|’ |y| + |xo| ||(I7y) - (Iwyo)”?

or

|G([E,y) - G<x07yo)| < (|y| + |xo|) ||((E,y) - (xmyO)H'

Observe that
lim )!yl = [Yol,

(@)= (%o,Yo

which follows from the fact that the map (z,y) — v is continuous
since it is a projection. Thus,

im  (yl + |zol) [(z,y) = (2o, ¥o) | = (|%] + |20]) - 0 =0,
(#,9)—=(%0,Y0)
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Hence, from

0 <[G(,y) — G0, y0)| < (lyl + [wol) I, y) — (2o, o),
and the Sandwich theorem, it follows that

lim |G(z,y) — G(z0,Y,)| =0,

(Iyy)*(%,yo)

which shows that G is continuous.

Next, observe that since f and g are continuous, the map F': U — R?
given by

F(x,y) = (f(x,y),9(x,y)) forall (z,y) €U,

is also continuous.
Note also that

hz,y) = flz,y)9(z,y)
= G(f(z,9),9(x,y))
= G(F(z,y))
= Go F(x,y);

that is,
h=GoF

and therefore h is continuous, since it is the composition of two con-
tinuous functions. O

3. Let U =R"\{0} = {v e R" | v # 0}.
(a) Prove that U is an open subset of R".

Proof: Let w € U. Then, ||u|| > 0. Consider the ball B,(u), where r =

@. Then, v € B,(u) implies that

]
lull = llu = v+ ol < flv—ull + ol <7+ floll = Z= + vl
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It then follows that

lull _
> — =—>0
ol > flull = 151 = 514 >0,
which shows that v € U. Hence,
B,(u) CU.
Since u € U was arbitrary, it follows that U is open. O

Define f: R" — R by
1
f(v):ﬂ for all v e U.
v

Prove that f is continuous on U.

Suggestion: Note that the function, g, defined by
1
g(t) = 7 for all ¢ #£ 0,
is continuous for ¢ # 0.

1
Proof: Let g(t) = n for t # 0. Then, g is co, continuous for ¢t # 0. The
function h: U — R, where U is defined above, defined by

h(v) = |jv|| forallve U

is continuous as proves in Problem 1 in Assignment #6. Since, h(v) # 0
for all v € U, it follows that the composition
1
goh(v) = g(h(v)) = ol

is defined for v € U. Since f = g o h and both g and h are continuous on
U, it follows that f is continuous on U. n

4. Let I C R be an open interval and o: I — R" be continuous path in R"
satisfying o(t) # 0 for all ¢t € I. Define the function f: I — R by

ft) = for all ¢t e 1.

Prove that f is continuous on I.
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1
Proof: Let U be defined as in Problem 3 and let g(v) = ol forallv € U. Then
v

g is continuous on U by Problem 3. Furthermore o(I) C U by the assumption
that ||o(t)]| # 0 for all ¢ € I. It then follows that the composition goo: I — R
is defined and

f(t)=goo(t) forall tel.

Since both ¢ and ¢ are continuous, it follows that f is continuous on I. n

5. (Ezercise 12 on page 180 in the text).
Let

r—y
T,Y) = , T+ 0.
f(z,y) Ty y #

Can this function be defined on the line x + y = 0 so that it is continuous at
some point on this line?

Solution: Let x, denote a non—zero real number, and consider the
point (z,, —,) on the line x+y = 0. The path o(t) = (x,+t, —z,+1)
is continuous and has the property that o(t) — (z,, —x,) as t — 0.
Note that

flo(t)) = % for t#£0.

Thus, unless x, = 0, the limit

iy (o1
does not exist.
On the other hand,
lim x,
(z,y)—(0,0) I y)

does not exist either since approaching along the paths o4(t) = (¢,0)
and o9(t) = (0,t) as t — 0 yield different values.

Consequently, at not point on the line  +y = 0 can f be defined so
that it is continuous. O



