Math 107. Rumbos Fall 2009

Solutions to Assignment #9

1. (Ezercises 7(a) and 7(b) on pages 197 and 198 in the text).
Let

(2% 4+ y*) sin <5E2#—|—y2) , if (z,y) #(0,0)

0, ift (z,y) = (0,0)

flz,y) =

(a) Show that the partial derivatives of f with respect to z and y are not

continuous at (0, 0).

(b) Show that the partial derivatives of f with respect to z and y do exist at
(0,0) and are equal to 0 there. It follows that if f is differentiable at (0, 0),

then
Df(0,0) = (0,0).

Solution: First compute the partial derivatives. If (z,y) # (0,0),
then

af( e 1 1 1
., — mn —
gz Y T\ T y? 2 4 y? O\t y?

and

8f( )=y (s 1 1 1
- = in — .
ay Y Y\ e 24y N\t

For (z,y) = (0,0), we compute

t _
OF 0.0y — g L0 =1(0.0)
ox t—0 t
. . 1
= limtsin | —
t—0 (tQ)
since )
sin (t_2>' <1 forall t#0.
Similarly,
ﬁ(O, 0) = 0.

Jdy
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We then have that

Ox

and

oy

To see that the partial derivatives of f are not continuous at (0, 0),
observe that

. Of . ) 1 2 1
iy g 4:0) =t {21500 ()~ Feos (33 )}
does not exist since
.2 < 1 )
lim — cos | —
t—0 ¢ 12

does not exist. Hence, is not continuous at (0,0). A similar

dz

0
calculation shows that 8_f is not continuous at (0,0) either. [
Y

2. (Ezercise 7(c) on page 198 in the text).

Let f be as in the previous problem. Show that f is differentiable at (0,0).

Solution: We need to show that

f(z,y) = f(0,0) + Df(0,0)(z,y) + E(z,y)

where Df(0,0)(x,y) = 0 for all (z,y) € R?; i.e., Df(0,0) is the zero

map, and
: |E(z, )|
lim ——=—=0. 1
(z.y)=(0,0) /22 4 92 1)

In this case,

Bep) = +sin () for (o) £ 0.0

of 2z <sin< 5 ! 2) - = ! 5 COS (%)), it (z,y)
= (z,y) = z? +y 2 +y 2 +y
0, if (z,y)

gy =4 ( ( +y2> T (Ty)) i (2y) #(0,0)
" it (1,9) =

(0,0)
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so that
E 1
Oéﬂzvﬂv?—ky? sin < Va2 + y?
N R
for (z,y) # (0,0); thus, (1) follows by the Sandwich Theorem, and
therefore f is differentiable at (0, 0). O

3. (Ezercise 8 on page 198 in the text).

Show that f(x,y) = /|zy| is continuous at (0,0), but df/0x and Jf/Jx are
not continuous at (0,0). Is f differentiable at (0,0)?

Solution: First observe that

1
lwyl = lzllyl < 5(* + %),
so that )
Vryl < —=+/22 + 2.

It then follows by the Sandwich Theorem that

lim O)f(x,y) =0= f(0,0),

(z,y)—(0,

and therefore f is continuous at (0,0).
The partial derivatives of f at (0,0) exist. To see why this is the case,

compute
t—0 t
so that g—f(0,0) = 0. Similarly, g—f(0,0) = 0. However, the partial
T Y

derivatives of f do not exist for points (x,y) # (0,0) such that zy = 0.
To see this, let x, # 0 and consider, for ¢t > 0,

flaot) = £(0.0) _ Vlzollt] _ v/Izo|
t t N

so that
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and therefore ? (x0,0) does not exist for z, # 0. Similarly, g(o, Yo)
Y x

does not exist for y, # 0.

The partial derivatives of f fail to be continuous at (0,0) even in
the region where they are defined. For instance, consider the first
quadrant Q, = {(z,y) € R* | x > 0,y > 0} together with the origin.
Here

Y .
c‘)_f@’y) _)aym if (z,y) € Q4
Oz 0 it (z,9) = (0,0).

It we evaluate the limit of 0f/0z along the path o(t) = (¢,t) as
t — 0%, we obtain that
af

1
li —(t,t) = — .
Jim = (tt) = 5 # 0

Consequently, 0 f/0x cannot be continuous at (0,0). The same holds
true for df/0y.

f is not differentiable at (0,0). To see why this is so, suppose that f
was differentiable at (0,0). Then the derivative map D f(0,0) would
have to be the zero map (since the partial derivatives at (0,0) are 0).

Then,
fz,y) = E(z,y),
where
lim —|E(x,y)| =0.
(@y)=(00) /22 + y2
However,
im [Pyl g |y

AT m I
(@9)—=(0,0) /22 + y2  (@y)—=(00) /22 + y?

does not exist. To see why this is so, observe that

E
lim—’ (t,0) =0,

0 R

B, )] 1
m-—— = —
t—0 /2 +y2 \/§

Consequently, f cannot be differentiable at (0,0). O

but
£ 0.
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4. Exercises 14(b) and 14(c) on pages 198 and 199 in the text.
Find the gradient of f for each of the following scalar fields:

(b) flz,y,2) = xe¥?,
Answer:

~

Vf(r,y,z)=e" i+ xze’ j + zyel” k.

O
(¢) flz,y,2) =1//22 + 92 + 22, (2,9,2) # (0,0,0).
Answer:
1 SO
Vf(:c,y,z):—(I2+y2+22)3/2(x2+yj+zk).
O

5. Find the mixed partial derivatives
o*f O f  O*f 9 f O f  O*f
0xdy’ Oydxr’ 0x0z 020x Oydz 020y’
for the scalar fields given in Exercises 14(b) and 14(c) on pages 198 and 199 in
the text.

(b) f(z,y,2) = xe¥?,
Solution: In this case,

of = e¥* 8—f = zze¥ and g—f = xye¥?.
z

oz T Oy

We then have that
o f —2 g = ze¥* and rf _ﬁ 8—f = zeY%;
oyox Oy \ 0z ) 0xdy Ox \dy) ’

9 (of

x

Pf 0 (N e P D
oz0: or\oz) YO ° )

and

aa;gz = 5% <g—£) = (r+zyz)e’” and vr 9 <8—f) = (z+wyz)e””.
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(x,y,2) =1/\/2?2 + 3>+ 22, (x,y,2) # (0,0,0).

Solution: In this case

8_f L x
or (:132 +y2+22)3/27
of _ Y

oy - _(12 + 2 + 22)3/2

and

a_f L z
0z (22492 + 22)3/2°
It then follows that
of  *f 3xy
0xdy  Oydr (a2 + 42 + 22)3/2’

>’f o D*f _ 3xz
0xdz  020x (22 4 y? + 22)5/2’

and

0% f B 0*f B 3yz
Oydz 020y (22 +y? + 22)5/2’
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