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Solutions to Exam 1

1. The points P(1,0,0), Q(0,2,0) and R(0,0,3) determine a unique plane in three
dimensional Euclidean space, R3.
(a) Give the equation of the plane determined by P, ) and R.

Solution: First, we find a vector, n, which is perpendicular to
the plane by computing

n = PLxP(

PGk
= |-1 2 0
-1 0 3
= 6i+ 3+ 2k.
It then follows that the equation of the plane determined by P,
@ and R is
6(x —1)+3y+ 22 =0,
or

6z + 3y + 22 = 6.
O

(b) Give the parametric equations of the line through the point (1,1, 1) which
is perpendicular to the plane determined by P, () and R.

Answer: The parametric equations of the line through (1,1, 1)
in the direction of n = 6: + 37 + 2k are

r = 1+6t
y = 143t
z = 142t
where t € R. O

(c¢) Find the intersection between the line found in part (b) above and the
plane determined by P, ) and R.
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Solution: Solve the equation
6(146t)+3(1+3t)+2(1+2t) =6

5
to obtain that ¢t = ——. Thus, the intersection between the line

found in part (b) above and the plane determined by P, @ and R
is determined by the coordinates

( 5 19

- 1-6.-= ==

v 099~ 1

5 34

- 1-3.2 ==

Y AT,

z = 1-2- El = @

\ 49 49

: : . 19 34 39

which yield the point (4—9, 10 E) . O

2. Let P, (Q and R be the points given in Problem 1.

(a) Give the coordinates of the point in the plane determined by P, @ and R
which is the closest to the point (1,1, 1).

Answer: The point on the plane determined by P, ) and R
which is the closest to the point (1,1, 1) lies on the line through
this (1,1,1) which is perpendicular to the plane. This point was

19 34 39
found in part (c) of Problem 1 to be | —, —, — | . O
49749749

(b) Find the (shortest) distance from the point (1, 1, 1) to the plane determined
by P, () and R.

19 34 39
A : te the dist bet ,1,1)and | —, —, —
nswer: Compute the distance between (1, 1,1) an (49, 49,49)

5
t t —. [
o ge -

3. Let P, (Q and R be the points given in Problem 1.

Give the area of the triangle whose vertices are P, () and R.
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Answer: Compute

1
area(<IPQR) = §||ﬁx@|]
I~ o~ a0

7

5"

4. Let U denote an open subset of R and let F': U — R™ be a vector valued
function defined on U.

(a) State precisely what it means for F' to be continuous at u € U.

Answer: F is continuous at v € U means that

lim |F(v) — F(u)| = 0.

[|lv—u||—0
0
(b) Assume that there is a constant K > 0 such that
| F(vy) — F(va)|| < Kljvg — v for all vy,vy € U. (1)

Prove that F' is continuous on U.

Proof: Let u denote an arbitrary point in U. Since u is open, there exists
r > (0 such that
B,(u) C U.

For any v € B,(u), by the condition in (1),
0<|F(v) = Flu)ll < Kllv = ul.
Thus, by the Squeeze Theorem,

lim |[F(v) - F(u)] =0,

[[lv—u||—0

which shows that F'is continuous at u. Since this is the case for arbitrary
u € U, we conclude that F'is continuous on U. O
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5. Given w € R", define f: R® — R by
fw)=w-v forallveR"
that is, f(v) is the dot product of w with v.

(a) Use the Cauchy—Schwarz inequality to verify that f satisfies the condition
(1) in part (b) of Problem 4; namely,

|f(v1) — f(va)| < K||lvy —vq]  for all vy, vy € R™.

What is K in this case?
Deduce therefore that f is continuous on R™.

Solution: For any v; and vy in R”,

fv1) = flve) =w- vy —w-vg =w- (v] — vg).
Thus, by the Cauchy-Schwarz inequality,

[ (01) = f(v2)] = w - (01 — )| < wl[[lor = val],

which is condition (1) with K = ||w||.
It then follows from the result in part (b) of Problem 4 that f is
continuous on R". UJ

(b) Deduce also that the function P;(xy, za, . .., z,) = x;, for all points (z1, xs, . ..

in R"™, is continuous on R"; where x; denotes the it coordinate of the point
(x1,22,...,2,) for i =1,2,... n. Explain your reasoning.

Solution: Let {ej,eq,...,e,} denote the standard basis in R".
Then, for each 7 =1,2,...,n,

P;(v) =e;-v forall v e R™.

That P, is of the form in part (a) of this problem. Consequently,
P; is continuous on R". O

6. Let f: R? — R be defined by

Wit () # 0,0)

0 if (z,y) = (0,0).

flz,y) =

Prove that f is continuous at (0, 0).

, Tn)
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Proof. For (x,y) # (0,0),

iy
) = —Al
Va2 +y?

since |z] < /22 + y2 for all (x,y) € R?. Consequently,

0< |f(z,y) — f(0,0)] < Va2 +y? forall (z,y) € R%

it then follows by the Squeeze Theorem that

|f(z,y) = £(0,0)] =0,

lim
I|(z,y)—(0,0)[|—0

which shows that f is continuous at (0,0).

7. Is the function f: R? — R, defined by

E. |
—=— if (z,y) #(0,0);
f(x,y) = vy
0 if (z,y) = (0,0),

continuous at (0,0)? Justify your answer.

1
Solution: Let ¢ = 3 and observe that for any 6 > 0

()
(54

f(%,o) —f(0,0)‘ =1 >%:5.

Hence, f is not continuous at (0,0). O



