Math 30. Rumbos Fall 2012 1

Solutions to Review Problems for Exam 2

1. Let f(t) =0fort <0, and f(t) =1+t for t > 0, and let A;(0;x) denote the
area under the graph of f from 0 to x.

(a) Give a formula for computing A;(0;x) for all values of .

Solution: Figure 1 shows a sketch of the graph of f.

Y

Figure 1: Sketch of graph of f

For x < 0,
A (0; ) :/ 0dt=0,
0

and, for z > 0,
Ap(0:2) — / (141) dt
0

1 x
= [t + —tﬂ
2 0

We therefore have that

0, if x < 0;
Ap(0;2) =
r+—2%, ifx>0.
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Figure 2: Sketch of graph of y = A(0;x)

(b) Sketch the graphs of y = f(¢) and y = A;(0; x).
Solution: A sketch of the graph of y = f(¢) is shown in Figure 1.
A sketch of the graph of y = A(0; x) is shown in Figure 2. O

2. Let f(t) = Vt*+1 for all t € R, and define F(z) = [ f(t) dt for all z € R.

(a) Explain why F'(z) increases as x increases.

Solution: Note that f(t) = vt*+1 > 1> 0, for all t € R; this, f(t) is
strictly positive for all ¢. Therefore, F'(z) increases with increasing z. O

(b) Determine the values of x for which F' is negative and those for which F
is positive. Justify your answers.

Solution: By the Sign Convention 1, since f(t) is positive for all ¢, F'(z) >
0 for x > 0, and F(x) <0 for x < 0. O

3. Let f(t) = [t| + 1 for all t € R. Sketch the graph of y = f(z) and evaluate the
area under the graph of f from —3 to 3.
Solution: Figure 3 shows a sketch of the graph of f.

Note that the region, R, in question here is symmetric with respect to the
y—axis. It then follows that

area(R) = 2/0 f(t) dt,

so that ;
area(R) = 2/ (t+1) dt, (1)
0
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Figure 3: Sketch of graph of f

since |t| =t for t > 0.
Evaluating the integral on the right—hand side of (1) we obtain

1 3
area(R) = 2 [—tQ + t}
2 0

(e

= 15.
U

4. Let f(t) = /1 — (t — 1)2. Sketch the graph of y = f(¢) and evaluate the area
under the graph of f from 0 to 1 that lies above the t—axis.

Solution: A sketch of the graph of y = f(¢) is shown in Figure 4. The figure

Y

Figure 4: Sketch of graph of f

also shows the region, R, under consideration in this problem. Note that R is



Math 30. Rumbos Fall 2012 4

a quarter of a disc of radius 1, so that

area(R) =

13

O

5. Compute the area of the region in the ty—plane that lies below the line y = ¢t +2
and above the graph of y = t2.

Solution: Figure 5 shows a sketch of the region, R, under consideration in this
problem. The region R lies below the graph of the line y = ¢t + 2 and above

Y

Figure 5: Sketch of region R

the graph of the parabola y = t? over an interval determined by the points of
intersection of the line and the parabola. To find the points of intersection,
solve the equation

P =t+2

to get t = —1 and t = 2. These points are labeled in Figure 5. We therefore
get that

area(R) = /2 [t +2 — 7] dt. (2)

-1

Evaluating the integral on the right—hand side of (2) we get

area(R) = B# + 2t — %ﬁrl =2+4- 2 - (<_21)2 +2(-1) - (_1)3> :
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so that 9
area(R) = 3

O

1
6. Find the area of the region under the graph of y = % and above the t—axis
fromt=1tot=4.
Solution: Figure 6 shows a sketch of the region R under consideration in this

problem.

Figure 6: Sketch of region R

We have that .
1
area(R) = / — dt. 3
(R) B (3)

1
Writing % = t71/2, we evaluate the integral on the right-hand side of (3) to

get
4

11 t—%-‘rl
—>+1
2 1

area(R) = [2\/%}? —2V/4-2=2.

area(R) =

or

7. The area, A, of the circular sector shown in the figure
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r

1
is given by the formula A = 5«97’2, where 6 is given in radians.

1
Use this formula to evaluate the integral / V4 —t? dt.
0

Solution: A sketch of the graph of f(t) = v4 —t?, for —2 < ¢ < 2, is shown
1

in Figure 7. The definite integral / V4 —t? dt is the sum of the areas of
0

Y

Figure 7: Sketch of graph of y = v/4 — 2, for —2 <t < 2

the circular sector Ry, pictured in the figure, and the triangle R, also pictured
in the figure. The circular sector Ry in Figure 7 is subtended by an angle, 6,
satisfying
) 1
sinf) = —,
2
so that -
0=—,
6

in radians. We then have that

1
/ V4 — 12 dt = area(R;) + area(Ry) = 5 %
0
so that

/\/Tt?dt ?

wls‘
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0, ift <—1
8. Let f be a function defined by f(t) =< v1—1t2, if —1<t<0;
1; if ¢t > 0.

Evaluate the area function F(x) = / f(t) dt, for all x € R, and sketch the
-1

graph of y = F(x).

Solution: A sketch of the graph of f is shown in Figure 8.

Figure 8: Sketch of graph of f

For x < —1, we compute

F(:c):/detzo. (4)

-1

For —1 < x < 0, refer to the region R in Figure 8. In this case we have that
/ F(#) dt = area(R), (5)
—1

T
where area(R) is 1 minus the area of a circular sector of radius 1 subtended

by an angle, @, given by sinf = —x plus the area of a triangle of base —x and

height /1 — 2. We then have that
s 1 ) 1
area(R) = i (5 arcsin(—z) + 5(—x)\/1 — x2> ,
so that
1 1
area(R) = T4z arcsin(x) + §x\/1 -2, for —1<z<0. (6)

4 2
It follows from (5) and (6) that

1 1
F(x) = % +3 arcsin(x) + 51‘\/1 —z?, for —1< 2 <0, (7)
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Figure 9: Sketch of graph of f

For the case x > 0, refer to Figure 9. In this case,

/j f(t) dt = area(R;) + area(Rs), (8)

where R is the the quarter of the circular disc depicted in Figure 9, and Rs
is the rectangle of width x and height 1, also depicted in the figure. It then
follows from (8) that

fOydt="+2
. 4
Consequently,
F(x):g—l—x, for x > 0. (9)

Combining (4), (7) and (9) we have that

(0, for x < —1;

1 1
F(z) = T4z arcsin(x) + §x\/1 —a?, for —1<2<0; (10)

4 2
Z+x’ for z > 0.
\ 4

A sketch of the graph of y = F(z), where F' is as given in (10) is shown in
Figure 10. U
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Figure 10: Sketch of graph of F



