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Special Distributions

(I) Discrete Distributions

(1) The Bernoulli Distribution

X ∼ Bernoulli(p) for 0 < p < 1

pmf: p
X
(x) = px(1− p)1−x for x = 0, 1

Expected value: E(X) = p

Variance: Var(X) = p(1− p)

mgf: ψX (t) = pet + 1− p for t ∈ R

(2) The Binomial Distribution

X ∼ Binomial(n, p) for 0 < p < 1, n = 2, 3, 4, . . .

pmf: p
X
(x) =

(
n

x

)
px(1− p)n−x for x = 0, 1, 2, . . . , n

Expected value: E(X) = np

Variance: Var(X) = np(1− p)

mgf: ψ
X
(t) = (pet + 1− p)n for t ∈ R

(3) The Geometric Distribution

X ∼ Geometric(p) for 0 < p < 1

pmf: pX (x) = p(1− p)x−1 for x = 1, 2, 3, . . .

Expected value: E(X) =
1

p

Variance: Var(X) =
1− p

p2

mgf: ψX (t) =
p

e−t + p− 1
for t < ln

(
1

1− p

)
(4) The Discrete Uniform Distribution

X ∼ Discrete Uniform(N) for N = 1, 2, 3, . . .

pmf: p
X
(x) =

1

N
for x = 1, 2, . . . , N

Expected value: E(X) = (N + 1)/2

Variance: Var(X) = (N + 1)(N − 1)/12

mgf: ψ
X
(t) =

1

N

N∑
i=1

eit for t ∈ R
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(5) The Hypergeometric Distribution

X ∼ Hypergeometric(N,M,K) for N,M,K > 0 with K < M and M < N .

pmf: pX (x) =

(
M
x

)(
N−M
K−x

)(
N
K

) for x = 0, 1, 2, . . . ,K

Expected value: E(X) =
KM

N

Variance: Var(X) =
KM

N

(N −M)(N −K)

N(N − 1)

(6) The Poisson Distribution

X ∼ Poisson(λ) for λ > 0

pmf: pX (x) =
λx

x!
e−λ for x = 0, 1, 2, 3, . . .

Expected value: E(X) = λ

Variance: Var(X) = λ

mgf: ψ
X
(t) = eλ(e

t−1) for t ∈ R

(II) Continuous Distributions

(1) The Uniform Distribution

X ∼ Uniform(a, b) for a < b

pdf: fX (x) =
1

b− a
for a ≤ x ≤ b and 0 elsewhere

Expected value: E(X) =
a+ b

2

Variance: Var(X) =
(b− a)2

12

mgf: ψX (t) =
ebt − eat

(b− a)t
for t ̸= 0 and ψX (0) = 1

(2) The Exponential Distribution

X ∼ Exponential(β) for β > 0

pdf: fX (x) =
1

β
e−x/β for 0 ≤ x <∞ and 0 elsewhere

Expected value: E(X) = β

Variance: Var(X) = β2

mgf: ψ
X
(t) =

1

1− βt
for t <

1

β
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(3) The Normal Distribution

X ∼ Normal(µ, σ2) for −∞ < µ <∞ and σ > 0.

pdf: f
X
(x) =

1√
2π σ

· e−(x−µ)2/(2σ2) for −∞ < x < +∞

Expected value: E(X) = µ

Variance: Var(X) = σ2

mgf: ψ
X
(t) = eµt+σ2t2/2 for t ∈ R

(4) The Gamma Distribution

X ∼ Gamma(α, β), for α, β > 0

pdf: f
X
(x) =

1

Γ(α)βα
xα−1e−x/β for 0 < x <∞

and zero elsewhere,

where Γ is the gamma function defined by

Γ(z) =

∫ ∞

0

tz−1e−tdt for all real values of z except 0,−1,−2,−3, . . .

Expected value: E(X) = αβ

Variance: Var(X) = αβ2

mgf: ψ
X
(t) =

(
1

1− βt

)α

for t <
1

β

(5) The Chi Squared Distribution

X ∼ χ2(p) for p = 1, 2, 3, . . .

pdf: f
X
(x) =

1

Γ(p/2)2p/2
x(p/2)−1e−x/2 for 0 < x <∞

and zero elsewhere

Expected value: E(X) = p

Variance: Var(X) = 2p

mgf: ψ
X
(t) =

(
1

1− 2t

)p/2

for t <
1

2


