Math 60. Rumbos Fall 2014 1
Solutions to Assignment #21

1. Let Ry: R? — R? denote rotation around the origin in the counterclockwise
through an angle 6. Let B = {v,v3}, where

0 () e ().

Give the matrix representation for Ry relative to B; that is, compute [Ry]z.

Solution: First, note that Ry(v) = Mzv for all v € R?, where

M, = (COSH —sm&) '

sinf)  cosf
The matrix representation of Ry relative to B is given by
[Roli = [[Ro(v1)]s  [Ro(v2)]s] (1)

Thus, we compute Ry(v1) and Ry(vq) and their coordinates relative to B, [Re(v1)]5
and [Ry(vs2)]s, respectively.

Ro(v1) = cosf) —sinf 2\  (2cost —sin0
0\ = \sing  cosd 1) \2sinf + cosf

Next, find ¢; and ¢y such that

Compute

C1U1 + CoUp = Re(vl),

2 1 c1\  (2cosf —sind 2)
1 —2/) \ey)  \2sinf + cosé

We can solve the equation in (2) by multiplying on both sides by
2 1\ 1 (=2 -1\ 1/2 1 )
1 -2 - —5\-1 2/ 5\ 1 =2/
c1 _1 2 1 2cosf —sinf
cs) 5\ 1 —2)\2sinf+cosh)’
1\ cos 6
co)  \—sinf )’

Thus,

or
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We therefore get that

cosf
ra(wle = (_Son)- Q
Similarly, to find [Ry(vq)]s, first compute
Ro(vs) = cosf) —sinf 1\ [cosf+ 2sind
0W2) = \ging  cosd -2/  \sinf —2cosf )’

and then compute

1 2 1 cos +2sinf\  (sinf
[Ro(v2)ls = 5 ( 1 —2) (sin@ — 2cos 0) o (cos 0) (5)

Finally, combining (1), (4) and (5) yields

[Re]gz ( cos sin@)'

—sinf  cos@
O

2. Let Ry be as in Problem 1 and let £ denote the standard basis in R?. Compute
the matrix representations [Rg]Z and [Rg)%.

Solution: First, we compute

[Rolg = [[Ro(e1)]s [Ro(e2)]s] (6)
cosf —sinf 1 cos
Ro(er) = (sin@ cos@) (0) - (sin&)
cosf@ —sinf 0 —sinf
Fy(e2) = (sin& cosQ) (1) - ( c059> '
As in Problem 1, we compute the coordinates of Ry(e;) and Rp(e2) by multi-

2 1\ .
1 _2) in (3). We get

mes =3 (7 5) () - (e bimgya). @

miedls =3 (7 3) (Tos) = (oo semstyys) - ©

where

and

plying by the inverse of (

and
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Combining (6), (7) and (8) then yields

_ ((2cosf+sinf)/5 (cos — 2sinf)/5
[Rolé = <(cos€—25m9)/5 (— sin@—Zcos@)/5>'

Next, we compute

[Rol5 = [[Ro(v1)]e [Ro(va)]e]

where
Ro(v1) = cosf) —sind 2\  (2cosf —sind
0\U1) = \sing  cosd 1) \2sinf +cosf )’
and
Ro(vs) = cosf) —sinb 1\  [cosf+2sinf
0\%2) = \ging  cosh —2)  \sinf —2cosf )"
Consequently,

[R]g_ 2cosf —sinf cosf + 2sinf
918 = \ 2sinf + cosf sinf —2cosh )

O
3.
1 1 1
B={1[1], (1], (o
1 0 0

is a basis for R3. Let T' denote a linear transformation satisfying

-1

o

1 2 1 3 1
T|{1])=1(2], T|1]=13], and T |O0]| =
1 2 0 0 0 0

Compute My, the matrix representation of 1" relative to the standard basis in
R3.

Solution: Call the vectors in B vy, vy and vs, respectively, so that

2 3 -1
Tw)=12], T(vy)=13], and T(vs)=1| 0]. (9)
2 0 0

Next, compute the coordinates of e, es and eg relative to B.

For e; we solve
C1U1 + CoVUg + C3V3 = €1,
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or
111 1 1
1 10 |l =10]. (10)
1 00 3 0
The system in (10) can be solved by multiplying on both sides on the left by
11 1\ "
110 ,
100
1 11
where the inverse of [ 1 1 0] can be obtained by performing Gaussian elim-
1 00
ination to the augmented matrix
11 1] 100
110010
1 00001
This leads to .
11 1\ 0 0 1
1 10 = 0o 1 -1 (11)
100 1 -1 0
Thus, the solution of the system in (10) is
c1 0 0 1 1 0
co | = 0o 1 -1 0]=10
3 1 -1 0 0 1
Consequently,
€1 = V3. (12)
Similar calculations show that
€2 = Vg — Us. (13)
and
€3 =— U1 — V2. (14)

Applying the linear transformation 7' to the expressions in (12), (13) and (14),
and using (9) then yields

—1

T(61> = T(Ug) = 0 y
0
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4
T(ey) =T(va) —T(vs)= 3| - 0| =13],
0

and

3
T(es) =T(v1) —T(vn)=1[2]—-13]=|-1
0

We then have that

O

. Let A and B denote n x n matrices. Assume that A and B are similar. Prove
that there exists a linear transformation 7': R® — R" and bases B and B’ of R"
such that

A=[T]8 and B=[T]5.

Solution: Assume that B is similar to A; then, there exists an invertible n x n
matrix () such that

B =Q AQ.
Let T: R™ — R"™ be the linear transformation given by
T(v) = Av, for all v € R".
Then,
A= My = [T,
where £ denotes the standard basis in R™.

Next, write ) in terms of its columns

Q=1lv vz -+ v,

so that the set B’ = {vy,v9,...,v,} is a basis for R, since @ is invertible. We
then have that

Q=
where I: R™ — R” is the identity map, is the change of bases matrix from B’
to £. We also have that

Q' =1¢
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is the change of bases matrix from & to B. Consequently,
B =Q'AQ = [Z [T [15 = (T3,
which was to be shown for the case B = £. O

5. The set B = {v1, vy}, where

V] = (i) and vy = (;) ,

is a basis for R?. Let I: R? — R? denote the identity map. Compute the matrix
representations [I]2 and [I]5, where £ denotes the standard basis in R2.

Solution: We first compute
g = [H)]e I(v)e]
= |u v
2 1
- (1 2>'
B

To compute [I]2, compute the inverse of [I]5; thus,

g = (p)™"

- ()



