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Solutions to Assignment #13

1. Compute the moment generating function, v (t), of a continuous random vari-
able X with Uniform(—1,2) distribution. What should ¢ (0) be? Give also the
second moment and variance of X.

Solution: The pdf of X is given by

fi(x) =

0  otherwise.

Then, the mgf of
Ui(t) = E(e)

2
1
= /em—dx
3
1 62t_6—t
= 5

provided that ¢ # 0. It t = 0, then ¢, (t) = ¥, (0) = E(1) = 1. We

then have that
o2t _ ot

if £t # 0
3t 1 # Y

Uy (t) =
1 ift =0.
Next, compute the expectation and second moment of X:
oo 1 2 1
E(X) :/ zf,(z) de = —/ xdr ==,
oo 3/ 2

and

B(X?) = /°° 2’ f(z) do = é/2 r? de =
o -1

Then, the variance of X is

var(X) = E(X?) = (E(X))? = 1 — <1>2 _ %
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2. [Exercise 2 on page 203 in the text]

Suppose that one word is selected at random from the sentence
THE GIRL PUT ON HER BEAUTIFUL HAT.

If X denotes the number of letters in the word that is selected, what is the value

of var(X)?
Solution: X takes on the values 2, 3, 4 and 9. The distribution for
X is then

1/8 if k=2,

5/8 if k=3

k) = ’

L Py

1/8 if k=9.

The expected value of X is then

E(X) = S k-py (k)

1 .5 1 1
= 2= 43544 49=
37O TIRTR

= 3.75.

The second moment of X is

E(X2) = Zkz px(k)

- 41+95+161+811
8 78 8 8
= 18.25.

Thus, the variance of X is

var(X) = E(X?) — (E(X))? = 18.25 — (3.75)? = 4.1875.
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3. [Ezercise 4 on page 203 in the text]
2

Suppose that X is a random variable for which F(X) = pu and var(X) = o°.
Show that
BIX(X —1)] = pu(p— 1) + 0>

Solution: Compute

EX(X-1)] = E(X2-X)
— E(X2) - E(X)
E(X?) = i + pi* — E(X)
var(X) + pu? — p
= o’ +pu(p—1),

which is what we were asked to show. O

4. [Ezercise 8 on page 209 in the text]

Suppose that X is a random variable for which the mgf is as follows:
P (t) = e for — oo < t < 00,
Find the mean and variance of X.
Solution: Taking derivatives we get

U (t) = (2t +3)e" T for — oo <t < oo,

and
Yl(t) = (2t + 3)2e 3 L 263 for — o0 < t < 0.
Then
p=EX) =1y, (0)=3,
and

2
E(X?) =47 (0) = 11.
Consequently, the variance of X is

var(X) = B(X?) — > =11 -9 =2.
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5. [Ezercise 12 on page 209 in the text]

Suppose that X is a random variable for which the mgf is as follows:

1
Y (t) = 6(4+6t +e7") for —oo <t < 0.
Find the probability distribution of X.
Solution: Consider a discrete random variable, X, with three pos-

sible values x1, x5 and x3, and corresponding probabilities p;, po and
ps (so that p; + pa + p3 = 1). Then its mgf is given by

Uet) = B(e™) = e'py + €'pa + '

Comparing this to the given mgf,

1 2 1
wX(t)zaeft—l—g—i-éet for —oo <t < o0,

we see that x1 = —1, x5 = 0 and x5 = 1, and the pmf of X is then

1/6 if =1,
pe(r)=4¢2/3 if =0,
1/6 if z=1.
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