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Solutions to Assignment #13

1. Compute the moment generating function, ψ(t), of a continuous random vari-
able X with Uniform(−1, 2) distribution. What should ψ(0) be? Give also the
second moment and variance of X.

Solution: The pdf of X is given by

f
X
(x) =


1

3
if − 1 < x < 2,

0 otherwise.

Then, the mgf of

ψ
X
(t) = E(etX)

=

∫ ∞

−∞
etxf

X
(x) dx

=

∫ 2

−1

etx 1

3
dx

=
1

3
· e

2t − e−t

t

provided that t 6= 0. It t = 0, then ψ
X
(t) = ψ

X
(0) = E(1) = 1. We

then have that

ψ
X
(t) =


e2t − e−t

3t
if t 6= 0,

1 if t = 0.

Next, compute the expectation and second moment of X:

E(X) =

∫ ∞

−∞
xf

X
(x) dx =

1

3

∫ 2

−1

x dx =
1

2
,

and

E(X2) =

∫ ∞

−∞
x2f

X
(x) dx =

1

3

∫ 2

−1

x2 dx = 1.

Then, the variance of X is

var(X) = E(X2)− (E(X))2 = 1−
(

1

2

)2

=
3

4
.
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2. [Exercise 2 on page 203 in the text]

Suppose that one word is selected at random from the sentence

THE GIRL PUT ON HER BEAUTIFUL HAT.

If X denotes the number of letters in the word that is selected, what is the value
of var(X)?

Solution: X takes on the values 2, 3, 4 and 9. The distribution for
X is then

p
X
(k) =


1/8 if k = 2,

5/8 if k = 3,

1/8 if k = 4,

1/8 if k = 9.

The expected value of X is then

E(X) =
∑

k

k · p
X
(k)

= 2
1

8
+ 3

5

8
+ 4

1

8
+ 9

1

8

= 3.75.

The second moment of X is

E(X2) =
∑

k

k2 · p
X
(k)

= 4
1

8
+ 9

5

8
+ 16

1

8
+ 81

1

8

= 18.25.

Thus, the variance of X is

var(X) = E(X2)− (E(X))2 = 18.25− (3.75)2 = 4.1875.
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3. [Exercise 4 on page 203 in the text]

Suppose that X is a random variable for which E(X) = µ and var(X) = σ2.
Show that

E[X(X − 1)] = µ(µ− 1) + σ2.

Solution: Compute

E[X(X − 1)] = E(X2 −X)
= E(X2)− E(X)
= E(X2)− µ2 + µ2 − E(X)
= var(X) + µ2 − µ
= σ2 + µ(µ− 1),

which is what we were asked to show. �

4. [Exercise 8 on page 209 in the text]

Suppose that X is a random variable for which the mgf is as follows:

ψ
X
(t) = et2+3t for −∞ < t <∞.

Find the mean and variance of X.

Solution: Taking derivatives we get

ψ′
X
(t) = (2t+ 3)et2+3t for −∞ < t <∞,

and

ψ′′
X
(t) = (2t+ 3)2et2+3t + 2et2+3t for −∞ < t <∞.

Then
µ = E(X) = ψ′

X
(0) = 3,

and
E(X2) = ψ′′

X
(0) = 11.

Consequently, the variance of X is

var(X) = E(X2)− µ2 = 11− 9 = 2.
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5. [Exercise 12 on page 209 in the text]

Suppose that X is a random variable for which the mgf is as follows:

ψ
X
(t) =

1

6
(4 + et + e−t) for −∞ < t <∞.

Find the probability distribution of X.

Solution: Consider a discrete random variable, X, with three pos-
sible values x1, x2 and x3, and corresponding probabilities p1, p2 and
p3 (so that p1 + p2 + p3 = 1). Then its mgf is given by

ψ
X
(t) = E(etX) = ex1tp1 + ex2tp2 + ex3tp3.

Comparing this to the given mgf,

ψ
X
(t) =

1

6
e−t +

2

3
+

1

6
et for −∞ < t <∞,

we see that x1 = −1, x2 = 0 and x3 = 1, and the pmf of X is then

p
X
(x) =


1/6 if x = −1,

2/3 if x = 0,

1/6 if x = 1.
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