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Solutions to Assignment #15

1. Let F|, ., be the joint cdf of two random variables X and Y. For real constants

a < b, c <d, show that

Prla < X <bc<Y <d)=F,, (bd)—F,, (bc)—F,, (a,d)+F,, (ac).
1 ifx+4+2y>1,

. cannot be the joint
0 otherwise,

Use this result to show that F(z,y) = {

cdf of two random variables.

Solution: Let A= {(x,y) e R* | a < 2 < b, ¢ <y < d}; we then
want to compute Pr[(X,Y) € A]. In addition, define the events:

Y
d

A2 A4

Figure 1: Events A, Ay, Ay, A3 and Ay in the zy—plane

A ={(z,y) eR* |z <b, y < d},

Ay ={(z,y) eR’ |z <a, y <c},
As={(z,y) e R’ |z <a, c<y < d},

and
Ay ={(z,y) eR*|a<a<b, y<c}

Then, A; is a disjoint union of the events A, Ay, A3 and Ay (see
Figure 1). It then follows that

PI‘[(X, Y) c Al] == PI‘[(X, Y) S A U AQ U A3 U A4]
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or

Pri(X,Y) e A)] = Pr[(X,Y) e A]+Pr[(X,Y) € As]+ (1)
+Pr[(X,Y) € A3] + Pr[(X,Y) € A4].

Observe that

Pr[(X,Y) € A)] = Pr(X <b,Y <d) = F__ (b,d)

(X,Y)

and
Pri(X,Y) € A)] =Pr(X <a,Y <¢)=F,, (a,0).
It then follows from equation (1) that
Pr[(X,Y) e A] = F,, (bd)—F,, (ac)

(X,Y) (

CPH(X, V) € Ay — Pr[(X, V) € 4. D)
On the other hand, observe that

Pri(X,Y) e AU A =Pr(X <a,Y <d)=F,,(a,d) (3)

(X,Y)

and
Pr(X,Y) € A U A =Pr(X <b,Y <c)=F,, (bc) (4
Moreover,
Pri(X,Y) e (A3 U A) U (AU As)] = Pr[(X,Y) € A3 U A5
+Pr[(X,Y) € Ay U Ay
—Pr[(X,Y) € Ay,

since (A3 U Ay) N (A4 U Ay) = Ay. It then follows from equations (3)
and (4) that
Pri(X,Y) € (A3U Ag) U (AU Ay)] = F ., (a,d)
+F(X,Y) (b7 C)
—F .y (a,0).

However, since (A3UAy) U (A4UAs) = As U A3 U Ay, we also get that

Pr[(X,Y) € (A3UAy) U (A U Ay)] = Pr[(X,Y) € Ay
+Pr[(X,Y) € Aj]
+Pr[(X,y) € A4l.

2
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We therefore get, using Pr[(X,Y) € As] = F .. (a,¢), that

(X,Y)

Pr((X,Y) € Ag] + Pr[(X,Y) € Ay = F, (a,d)+F. ., (be)

(X,Y)

—2F __ (a,c).

(x.Y)
Substituting this into equation (2 ) yields

Pr(X,Y)e Al = F_,(bd)—F,, (ac)

(X,Y) (X,Y)

—F iy (a,d) = F . (bc) +2F  (a,c),

(X,Y) (X,Y)

from which we get

Pr(X,Y) € Al = F, (b.d)— F,, (a,d)— F . (bc)+ F, (ac).

(x,v) (x.v) (x,v)

1 ite+2y>1,
0 otherwise,
two random variables X and Y. Consider the set

Next, suppose that F(x,y) = is the joint cdf of

A={(z,y) eR*|0<2<1,0<y<1/2}.
By what we just proved,

Pr[(X,Y)e A] = F(1,1/2) - F(0,1/2) — F(1,0) + F(0,0)
= 1-1-14+0
= —1<0,

which is impossible since Pr[(X,Y) € A] > 0. Therefore, F' cannot
be a joint pdf.
0

2. Let g(t) denote a non—negative, integrable function of a single variable with the

property that
/ g(t) dt = 1.
0

29(v 2% +y?)
flag)={ VIV

Define

for0<z<oo, 0<y< o0,

Ootherwise.

Show that f(x,y) is a joint pdf for two random variables X and Y.
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Solution: First observe that f is non—negative since g is non—negative.

Next, compute

00 2 2
/ f(z,y) dedy / / 9Vt ty ) dzdy.
R2 T x2 —|— y?

Switching to polar coordinates we then get that

w/2  poo
/ f(z,y) dady = / / 29(r) rdrdf
R2 0 0 mr

and therefore f(z,y) is indeed a joint pdf for two random variables
X and Y. O

3. Let X and Y have joint pdf

e for0<z<oo 0<y< oo,
f(xg/)(x? y) = .
0 otherwise.

Define Z = X +Y. Compute Pr(Z < z) for 0 < z < oo and give the pdf of Z.

Solution:

y=z—

Figure 2: Event A in the zy—plane

4
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Compute

Pr(Z<z) = Pr(X+Y<z), forz>0

-/ /A Fovsy () dady,

where A = {(z,y) e R? | 2 > 0,y > 0,7+ y < 2} (see Figure 2).

We then have that

Pr(Z<z) = // e Y dydx
0o Jo
= /e‘x/ e Y dydx
0 0

= / e ™ [—e_y]gﬁ dzx
0

Thus, F,(2) =1—e* — ze ? for all z > 0. It then follows that the

pdf of Z is
ze® ifz>0
fz(z) :{ ’

0 otherwise.

4. Let X and Y have joint pdf

1 forO<zx<l1, O<y<l1,

f(x,y) (1‘7 y) = {

0 otherwise.

Find the cdf and pdf of the product Z = XY

5
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Solution: Compute

Spring 2008

Pr(Z<z) = Pr(XY <z), for0<z<1

-/ /A foor (,9) dady,

where A = {(z,y) e R? |0 <2 < 1,0 <y < 1,2y < z} (see Figure

3).

Y

1

Y =%
Z =4
A
z 1 x
Figure 3: Event A in the zy-plane

Then,

Prz<) = [[ any

z rl 1 pz/z
= // dydx—l—// dydx
0 0 z 0
1

:z—|—/idx
., T

= z—2zlnz,

for 0 < z < 1. It then follows that the cdf of Z is

0 if z <0,
F,(z)=<z—2zInz if0<z<1,
1 21,

—Inz

and the corresponding pdf of Z is f,(z) = {O

if0<z<1,

otherwise.

6
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5. [Exercise 11 on page 136 in the text]

Suppose that two persons make an appointment to meet between 5 PM and
6 PM at a certain location and they agree that neither person will wait more
than 10 minutes for each person. If they arrive independently at random times
between 5 PM and 6 PM, what is the probability that they will meet?

Solution: Let X denote the arrival time of the first person and
Y that of the second person. Then X and Y are independent and
uniformly distributed on the interval (5 PM, 6 PM), in hours. It then
follows that the joint pdf of X and Y is

1 if 5 PM <2 < 6 PM,5 PM < o < 6 PM,

0 otherwise.

f(X,Y) <I7 y) = {

Define W = | X — Y|; this is the time that one person would have to
wait for the other one. Then, W takes on values, w, between 0 and
1 (in hours). The probability that that a person would have to wait
more than 10 minutes is

Pr(W > 1/6),

since the time is being measured in hours. It then follows that the
probability that the two persons will meet is

1 —Pr(W>1/6)=Pr(W <1/6)=F,(1/6).
We will therefore first find the cdf of W. To do this, we compute
Pr(W <w) = Pr(|X -Y|<w), for0<w<l,

-/ /A Foa, () dady,

A={(z,y) eR* | 5PM <z < 6PM,5PM < y < 6 PM, |z—y| < w}.

where A is the event

This event is pictured in Figure 4.

We then have that
Pr(W <w) = // dzdy
A

= area(A),
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Yy
6 PM +
A
54w +
5PM +
l
: 5+w
***** P —t }
I 5 PM 6 PM T
|
|
|

Figure 4: Event A in the zy—plane

where the area of A can be computed by subtracting from 1 the area
of the two corder triangles shown in Figure 4:

Pr(W <w) = 1—(1—w)?

= 2w —w".

Consequently, F, (w) = 2w —w? for 0 < w < 1. Thus the probability
that the two persons will meet is

1 1\? 11
F (1/6)=2-= (=) ==

or about 30.56%. O



