Math 151. Rumbos Spring 2008 1

Solutions to Assignment #16

1. Suppose X and Y are independent and let g,(X) and ¢2(Y) be functions for
which E(g1(X)g2(Y)) exists. Show that

E(91(X)g2(Y)) = E(g1(X)) - E(g2(Y))
Conclude therefore that if X and Y are independent and E(|XY|) is finite, then
E(XY) = E(X) - B(Y).

Solution: We preset the proof for the case in which both X and Y
are continuous random variables. The case in which both are discrete
is similar.

Since X and Y are independent, the joint pdf of X and Y is

fxn (z,y) = fy(x)- f,.(y) forall (z,y) € R%.

Then,

E(g1(X)ga(Y)) = / / @), .9) ddy
— /OO /OO 91(2)g2(y) f+ (z) [, (y) dady

= [ i) [ a@i@

= /OO 92(y) [y (y) E(g1(X)) dy

e}

_ B(g(X)) - / 92(9) () dy

— 00

= E(q:(X)) - E(g:(Y)),

which was to be shown.
For the case in which ¢;(x) = z and g¢»(y) = y, we obtain

E(XY)=E(X)-E(Y),

provided that X and Y are independent. O
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2. Suppose X and Y are independent random variables for which the moment
generating functions exist on some common interval of values of t. Show that

¢X+Y (t) = 1/})( (t) : ¢y (t>
for ¢ is the given interval.

Solution: Observe that e*t¥) = e for all z, y, t € R. Thus,
applying the result of the previous problem to g;(z) = €'* and g5(y) =
e, we obtain
Yoy, () = E()
— E(etXetY)
= E(etX) ’ E(ety)a

since X and Y are independent. It then follows that
wx-«-y (t) = wx (t) : 1/Jy (t)7
for t in the given interval. U

X —p
—

3. Suppose that X ~ Normal(yu,0?) and define Y =
Prove that Y ~ Normal(0, 1)

Solution: Since X ~ Normal(yu,c?), its pdf is given by

1
fr(@) = Ve o e~ for — 0o < 1 < o0

We compute the cdf of YV
F.(y) = Pr(Y <vy), for —o0o <y < o0,
X —
= Pr a < y)
o
= Pr(X <oy+yp)

= Floy+p).
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Differentiating with respect to y we then get that

fyy) = F_(oy+p)-o, for —oo <y < o0,
= 0 fx (Uy + :U’>
— . 1 e~ (oytn—p)?/20°
V2o
_ L e Y2/2

V2T ’

for —oo < y < 00, which is the pdf of a Normal(0, 1) distribution. O

4. Let X; and X, denote independent, Normal(0,0?) random variables, where
o > 0. Define the random variables
— Xi+X X, — X,)?
X:—1+ 2 and Y:—(1 2).
202
Determine the distributions of X and Y.
Suggestion: To obtain the distribution for Y, first show that
X — X5
V2o
Solution: Since X; and X, are Normal(0, o) distribution, they both
have the mgf

~ Normal(0, 1).

() =e” T for —oo <t < o0.
It then follows that the mgf of % is
Uy, () = E(e7?)
= E(e®2X1)

= (t/2)

— /8 for —o0o <t < 00.

Similarly,

Uy, () = e for — o0 <t < 0.
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It then follows from problem (2) in this assignment, that the mgf of
X is
Ue(t) = Wy ainy (D)

- 2ﬁxl/z (t) - wXQ/z (1)

242 2,42
eat/S_eat/8
242
eat/4

a?/2)t? /2

el for — oo <t < o0,

which is the mgf of a Normal(0,0?/2) distribution. It then follows
that X ~ Normal(0,02/2) and, therefore, its pdf is

1

o _$2/0.2

() = — ¢

f<) V21 (0/V/2)
= ! e for — 0o < 1 < 00
- Jro '
X — X5

Next, let Z = , so that Y = Z2. We show that Z ~

o
Normal(0,1). To see why this is so, compute the mgf of Z:

Y2() = Uy vamxasvan ()

U wan O ()

= Y(t/V20) Y(t/V20)

= [v(t/V20))?

_ (et

= e/, for —oo0 <t < o0,

which is the mgf of a Normal(0,1) distribution. Thus, Z has a
Normal(0, 1) distribution.
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It then follows that Y = Z? ~ x%(1). Thus, the pdf of Y is
1

0 otherwise.

O

5. Let X1, X5, X and Y be as in the previous problem. Prove that X and Y are
independent.

Solution: In the previous problem we saw thatX ~ Normal(0, 5%/2)
and Y ~ x?(1). Tt then follows that the pdf of X is

1
6—z2/02

for — oo <z < o0,

and that of Y is

1 1

. eY? ify>0
V2 Y Y

frly) =

0 otherwise.

To show that . X and Y are independent, we need to show that the
joint pdf of X and Y is the product of their marginal pdfs. To see
why this is so, first compute the joint cdf:

F(y,y)(l'ay) = Pr(X <2,V <y), for —co<z<o0, y>0,
_ 2
- o (Nt X
2 202

= Pr <X1+X2 <2z, | Xy — X1 < J@)
- // f(Xl,XQ)(x17x2) d:}:lde’
A
where

A={(x,12) €ER? | 2y + 29 < 22,01 —0/2y <1y < 71+ 04/2y}
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X2

T+ 29 = 22

To = X1+ 02y A

T

To = X1 — O/2Y

Figure 1: Event A in the x;z9—plane

is pictured in Figure 1.
Now, since X; and X5 are independent, it follows that their joint pdf

S
1 f(Xl,x2>(x17x2) = fx1($1)'fx2(x2)

oL e L e
V2T o V2T o
1

_ o~ (@1+23)/20°
2mo? ’

for (1, 75) € R% We then have that

1 2 2 2
_ —(z3+x3)/20
F(Xy)(x,y) = 53 //Ae 17T dzydzs.

To evaluate this integral, we make the change of variable

U= I + X,
V= Ty — 1.
This change of variables turns the region A in the x;xs—plane into the

region:

AT = {(U;U) € R? | —o0 <UL 2z, —0\/2y <v < J\/Qy}

in the uv—plane.
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Solving for x; and x5 in terms of u and v, we obtain

1 1
T1 = U — =,
2 2
1 +1
V= =-uU+ =V
2 27

from which we get that

1
r? 23 = §(u2 + 7).

Thus, by the Change of Variables Theorem in Multivariable Calculus,

1 (2002 2 8(%1 .732)
. _ (u+v*) /40 )
) (T Y) 2102 // ‘ d(u,v)

dudv,

0
where M denotes the Jacobian of the change of variables:
O(u,v)
1 1
) 2 2
01, 22) _ ot _L
0 (U, U) 1 1 2
2 2

We then have that Calculus,

1 —(u2+v2) /402
F(Y,Y) (‘1'7 y) = //* € ( ) dudv

dmo?

2 poy/2y
-1 : 2 / / ’ emW 0 om0/ qydy
iyea —oo J—oy/2y

2x o2y
= 7 L 5 / e~ /A%y / ye_”2/4”2 dv du,
wo? J_ 0

oo

—v? /402

where we have used the fact that e is an even function of wv.

We then have that

1 2x U\/E
P @0) =g [ e due [ e .
(X.Y) 0

- 2
2mo* J_

Next, use the Fundamental Theorem of Calculus and the Chain Rule
to differentiate with respect to x and y to obtain that

1 2 2 2 2 2
— = 9o @) /40" | —(0V2y) /A0 | L =
fey, (@y) = = 2e e 02\/@.
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Simplifying we obtain

1 252 1
— . @t —y/2
and, after rearranging terms,
1 2,2 11
— —z*/o —y/2
— o (r,y) = e = ——= e Y
f(X,Y) ( y) o /271' \/@

for —oo < & < o0 and y > 0.
We therefore conclude that

fw @) = fo(x) - £, (y)

for —0o < < 0o and y > 0. Hence, X and Y are independent. [



