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Solutions to Assignment #15

1. Let A be an m X n matrix, and {ey, es, ..., e,} denote the standard basis in R™.

(a) Prove that Ae; is the jth column of the matrix A.
Ry

R
Solution: Write A = ,2 , where Ry, Ro,...,R,, are the
Ry,
01

0.
rows of A, and e; = _2 , where 6 = 1 if k = j, but 6, = 0 if

On
k # j. Then,
Rlej
Roe;
Aej = 2 ! s
Rmej
where, for each i =1,2,...,m,
Riej = Zazkék = aij.
k=1
Thus,
Cllj
a .
Aej = .2] s
Cbmj
which is the jth column of the matrix A. 0

(b) Use your result from part (a) to prove that Al = A, where I denotes the
n X n identity matrix.

Solution: Observe that the identity matrix in M(n,n) can be

written as
I = [61 ey - en}.
Then,
Al = [Ael Aey --- Aen} =A,
since Ae; is the jth column of A for each 7 =1,2,...,n. O
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2. Recall that the null space of a matrix A € M(m,n), denoted by N, is the space
of solutions to the equation Az = 0; that is, Na = {v € R" | Av = 0}. Prove
that v € N4 if and only if v is orthogonal to the rows of A.

Ry
. . Ry
Solution: Write A = .|, where Ry, Rs,..., R, are the rows
R,
of A. Observe that for any vector v € R",
Rﬂ)
Ryv
Av = 2 )
R,,v
where, for each i = 1,2,...,m,
Rﬂ) = <R1T7 U)a

that is, R;v is the Euclidean inner product of the vectors RY and v.
It then follows that v € N4 if and only if

(RF v) foralli=1,2,...,m;
that is, v is orthogonal to the rows of A. O

3. Recall that the transpose of an m x n matrix, A = [a;;], is the n x m matrix
AT given by AT = [a;;], for 1 <i<mand 1 <j < n.

Let A € M(m,n) and B € M(n, k). Prove that (AB)T = BT AT,

Proof: Write A = [a;;] € M(m,n) and B = [bj] € M(n, k), where 1 < i < m,

1<j<mnand1</{<k Put AT = [a);] and BT = [b,;], where af; = a;; and

by, = by;.

Next, compute AB = [d], where d; = Z aijbje, for1 <i<mand 1<l < k.
j=1

Consequently, (AB)T = [d};], where d), = d;. Note that

n n n
! _ _ AV ;o
dy = E aijbje = E :ajibéj = E :bfjaji’
=1 j=1 j=1
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which shows that dj,, for 1 < ¢k and 1 < ¢ < m, are the entries in the matrix
product BT A”'; that is,

(AB)T = BT AT,
which was to be shown. ]
d 0 0
4. Consider any diagonal matrix A= [ 0 dy 0 | € M(3,3).
0 0 ds

Prove that there exist constants ¢, , ¢ , ¢o and c3 such that
col + 1A+ A% + A3 = O,

where [ is the identity matrix in M(3,3) and O denotes the 3 x 3 zero—matrix.
In other words, there exists a polynomial, p(x) = ¢, + c1z + cux® + ¢33, of
degree 3, such that p(A4) = O.

Proof: Let VW denote the set of all diagonal 3 x 3 matrices. Then, W is a
subspace of M(3, 3); it fact,

100\ /000 /000
W=spanl [0 0 0],l0 1 0],[0 0 0]},
000/ \ooo/ \oo1

and consequently dim(W) = 3.

Observe also that the matrices I, A, A% and A? are in W. Hence, since W has
dimension 3, it follows that the set

{I,A, 4%, A%}
is linearly independent. Therefore, there exist constants ¢, , ¢1 , ¢ and c3 such
that
Col + 1A+ A% + A3 = O,
which was to be shown. O
1 2 1
5. Let A = 0o -2 3
4 1 2

(a) Compute A% and A3.
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Answer: Compute

A2 =1 12
12

and
41

A= 12
56

~J

21
10
19
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9
01,
11

20
331,
o8

O

(b) Verify that A3 — A%2 — 114 — 251 = O, where I is the identity matrix in
M(3,3) and O denotes the 3 x 3 zero—matrix.

Solution: Compute A% — A? — 114 — 251 to get the 3 x 3 zero—

matrix.

O

(c) Use the result of part (b) above to find a matrix B € M(3,3) such that

AB=1.

Solution: Start with the equation

A3 — A2 —11A—-251 =0,

add 251 on both sides and write A = Al to get

A% — A% — 11AT = 251.

Applying the distributive property on the left—hand side to factor

out A we obtain

A(A* — A —1121) = 251.

Thus, multiplying on both sides by 1/25,

1

Al—
25

Thus, we see that

(A2 —A—-111)| =1.

B = i(A2 — A —111),
25

where

A% — A2 — 111 =

-7
12

-3 8
-2 =3
7T =2
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It then follows that

-7 =3

B=— |12 -2
25

or

~7/25
12/25
8/25

~3/25
—2/25
7/25

B—

8/25
—3/25
—2/25

Y
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