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Solutions to Assignment #18

1. Let A =

 1 −4 1
0 3 −1
−3 0 1

 . Compute the nullity and rank of A and verify that

n(A) + r(A) = 3.

Solution: We first find the null space of A by solving the homogenous
equation

Ax = 0. (1)

We use Gaussian elimination on the augmented matrix 1 −4 1 | 0
0 3 −1 | 0
−3 0 1 | 0

 (2)

Applying the elementary row operation 3R1 +R3 → R3 on the matrix
in (2), we obtain  1 −4 1 | 0

0 3 −1 | 0
0 −12 4 | 0

 . (3)

Next, apply 4R2+R3 → R3 and
1

3
R2 → R2 successively on the matrix

in (3) to get  1 −4 1 | 0
0 1 −1/3 | 0
0 0 0 | 0

 . (4)

Finally, apply 4R2 + R1 → R2 to the matrix in (4) to obtain 1 0 −1/3 | 0
0 1 −1/3 | 0
0 0 0 | 0

 .

It then follows that the equation in (1) is equivalent to the system{
x1 − x3/3 = 0
x2 − x3/3 = 0,
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which can be solved to yield the solutions
x1 = t
x2 = t
x3 = 3t,

where t in an arbitrary parameter. It then follows that the null space
of A is

NA = span


1

1
3

 .

Hence, the nullity of A is

n(A) = dim(NA) = 1.

Next, to find the rank of A, since it is the dimension of the row space
or the column space of A, we can perform elementary row operations
of the matrix A to see that it is row equivalent to 1 −4 1

0 1 −1/3
0 0 0

 .

it then follows that first two rows of A are linearly independent and
therefore

r(A) = 2.

We then see that, for the matrix A, n(A) + r(A) = 3. �

2. Let A ∈M(m, n).

(a) Prove that n(A) = 0 if and only if the columns of A are linearly indepen-
dent.

Proof: If n(A) = 0, then NA = {0}, which shows that

Ax = 0

has only the trivial solution. This implies that he columns of A are linearly
independent.

(b) Prove that r(A) = m if and only if the columns of A span Rm.
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Proof: Since the rank of A is the same as the column rank. If r(A) =
m, then c(A) = m, which says that the columns space of A has a basis
containing m vectors. However, m linearly independent vectors in Rm must
also span Rm. It then follows that CA = Rm, and therefore the columns of
A span Rm.

3. Let A ∈M(n, n). Prove that n(A) = 0 if and only if A invertible.

Proof: The nullity of A is 0 if and only if NA = {0}, if and only if the equation

Ax = 0

has only the trivial solution. Hence, n(A) = 0 if and only if A is nonsingular.
We proved in Problem 5 in Assignment #17 that A is nonsingular if and only
if A invertible. It then follows that n(A) = 0 if and only if A invertible.

4. In the text for this course, on page 188, Messer defines the rank of a matrix
A ∈ M(m, n) to be the number of leading 1s in the reduced row–echelon form
of the matrix. Prove that this definition is equivalent to the one given in this
assignment; that is, prove that the number of leading 1s in the reduced row–
echelon form A is the dimension of the column space of A.

Proof: We proved in class that the column rank is the same as the row and
rank. Thus, the the dimension of the column space of A is the same as the
number of linearly independent rows of the matrix A. The rows with leading 1s
in the reduced row–echelon form of the matrix A corresponds to the number of
linearly independent rows of the matrix A. It then follows that the number of
leading 1s in the reduced row–echelon form A is the dimension of the column
space of A.

5. Let A ∈ M(m, n) and write A =


R1

R2
...

Rm

 , where R1, R2, . . . , Rm denote the

rows of A. Define R⊥A to be the set

R⊥A = {w ∈ Rn | Riw = 0 for all i = 1, 2, . . . ,m};
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that is, R⊥A is the set of vectors in Rn which are orthogonal to the vectors
RT

1 , RT
2 , . . . , RT

m in Rn.

(a) Prove that R⊥A is a subspace of Rn.

Solution: First observe that R⊥A 6= ∅ since 0 ∈ R⊥A because
Ri0 = 0 for i = 1, 2, . . . ,m.
Next, suppose that v, w ∈ R⊥A; then

R1v = 0 and R1w = 0 for i = 1, 2, . . . ,m.

It then follows from the distributive property for matrix multipli-
cation that

Ri(v + w) = Riv + Riw = 0 + 0 = 0 for i = 1, 2, . . . ,m.,

and so v + w ∈ R⊥A; thus, R⊥A is closed under vector addition.
Finally, note that for any v ∈ R⊥A and c ∈ R,

Ri(cv) = cRiv = c · 0 = 0 for i = 1, 2, . . . ,m.,

which shows that cv ∈ R⊥A and therefore R⊥A is closed under scalar
multiplication. �

(b) Prove that R⊥A = NA.

Proof: Observe that w ∈ NA if and only if Aw = 0, or
R1w
R2w

...
Rmw

 =


0
0
...
0

 .

Hence, w ∈ NA if and only if Riw = 0 for i = 1, 2, . . . ,m. This is equivalent
to NA = R⊥A.

(c) Let v denote a vector in Rn. Prove that if v ∈ NA and vT ∈ RA, then
v = 0.

Proof: Assume that v ∈ NA and vT ∈ R⊥A. Then, by the result of part
(b), v ∈ R⊥A, which implies that wT v = 0 for all wT ∈ RA. Thus, in
particular, vT v = 0, or 〈v, v〉 = 0, which implies that v = 0, by the
positive definiteness of the Euclidean inner product.


