Math 60. Rumbos Spring 2009

Solutions to Assignment #20

1. Let f: R? — R? be a function satisfying

(o) = (3) 7 (0) = () e ()= G)

(a) Show that f cannot be linear.

Solution: If f was linear, then we would have that

(2) = (6)- ()

which is not the same as (3), which was given in the problem.

Hence, f cannot be linear. U
(b) What would f (1) be if f was a linear function?

Solution: Use the calculation in part (a) above that

()= ()

2. Let T: R? — R? be a linear function satisfying

-5

2
T (?) = 3 and T (;) = 1
-1 1

1
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(a) Find the matrix representation for T relative to the standard bases in R?
and R3.

Solution: We need to find T'(e;) and T'(e2), where {e1,e2} de-
notes the standard basis in R?. Observe that, since T is linear,

T @ — T(2e1 + e3) = 2T(e1) + T(es)
and

2
We then have that

T (1) — T(er + 265) = T(e1) + 2T (es).

and

T(e)) +2T(ex) = | 1. (2)

Solving for T'(es) in (1) and substituting into 2 yields

2 -5
T(e1)+2 3| —2T(ey) | = 1],
-1 1
or
4 -5
T(el) + 6 — 4T(61) = 1 s
-2 1
which simplifies to
-9
—3T(e1) = | =5
3
We therefore get that
3
T(e;)= 1| 5/3 (3)
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Substituting the value of 7T'(ez) into (1) then yields

6 2
10/3| +T(e)= [ 3],
) 1
so that
—4
T(eg)= | —-1/3]|. (4)
1
Combining (3) and (4) into the matrix representation for 7" then
yields
3 4
Mr=15/3 —-1/3]. (5)
—1 1
O
(b) Give formula for computing 7' <§) for any (g) in R%
Solution:
. . 3z — 4y
T( ) :]\/[T( ) = | 5z/3—y/3
y y —xr+y
O
4
(¢) Compute T’ (7) :
Answer:
4 —16
(1) - (s
3
O

3. Let T: R?> — R? denote the linear transformation defined in Problem 2.

(a) Determine the image, Zr = {w € R® | w = T'(v) for some v € R?*}, of T.
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Solution: Since T is linear, the image of T is the span of the
columns of the matrix Mz given in (5); that is,

3 —4
Zr = span 5/31,(-1/3
-1 1

(b) Find a basis for Z; and compute dim(Z7).

Solution: Since the set

3 —4
5/3],(-1/3
~1 1

is also linearly independent, it forms a basis for Zy and therefore
dim(Zr) = 2. O

4. The projection P,: R* — R3 onto the direction of the unit vector u in R3 is
given by
P,(v) = (v,u) u for all v € R?

where (-, -) denotes the Euclidean inner product in R3. We proved in class that
P, is a linear function.

1
(a) Foru = —= | 1], give the matrix representation for P, relative to the

V3 \1
standard basis in R3.

Solution: We compute

L1 1 1/3
Per)=(en,u)u=——F=(1]=[1/3
V3 V3 1\ 1/3
Similarly,
1/3
Pu(€2>: 1/3

1/3
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and
1/3
P,(es)=11/3
1/3

We then get that the matrix representation of P, relative to the
standard basis in R? is

1/3 1/3 1/3
Mp,=|1/3 1/3 1/3
1/3 1/3 1/3
O
(b) For u as defined in the previous part, determine the null space,
Np, ={v eR’| P,(v) = 0},
of P,.
Solution: To find the null space of P,, we solve the homogeneous
system
1/3 1/3 1/3 1 0
1/3 1/3 1/3 ] =10
1/3 1/3 1/3 T3 0
This leads to the single equation in three unknowns
1+ To + T3 = 0,
which can be solved to yield
T t+s
T2 = —t )
xT3 —S
where ¢t and s are arbitrary parameters and therefore
1 1
Np, = span 11,1 ©
0 -1
O

(c) Find a basis for Np, and compute dim(Np,).

5
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Solution: Since the set

1 1
1], o
0/ \-1

is a linearly independent subset of R?, it follows from the previ-
ous part in this problem that it is a basis for Np, and therefore
dlm(N pu) = 2. O

6

5. Let T: R® — R™ and R: R™ — R* denote two linear functions. The compo-
sition of R and T, denoted by R o T, is the function R o T: R" — R¥ defined

by

RoT(v)=R(T(v)) forall veR"

(a) Prove that the composition R o T is a linear function from R" to RF.

Solution: Assume that both 7" and R are linear functions. We
prove that the composition R o T is a linear function as well by
showing that

(i) RoT(cv) =cRoT(v) for all v € R" and all scalars ¢, and
(i) RoT(v+w)=RoT(v)+ RoT(w) for all v,w € R".

In fact, for v, w € R™ we have that
RoT(v+w) = R(T(v+w)) = R(T(v) + T(w)),

since T is linear (here we used property (ii) in the definition of
linearity for 7"). Applying next the linearity of R, we then get
that

RoT(v+w) = R(T(v)) + R(T(w)) = RoT(v) + RoT(w).

This verifies condition (ii).
We verify condition (i) in a similar way:

RoT(cv) = R(T(cv)) = R(cT'(v)) = cR(T'(v)) = cRo T (v).
0J

(b) Show that N7 C Ngor.
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Solution: Let v € Np. Then,
T(v) = 0.

Applying R on both sides we then get

or

RoT(v) =0,
which shows that v € Nporp. O

(C) Show that IROT g IR.
Solution: Let w € Zror. Then, there exists v € R™ such that
w= RoT(v),

or

w = R(T(v)),

which shows that w € Zg, since w is the image of T'(v) under R.
U



