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Solutions to Assignment #22

1. Let T : Rn → Rn denote a linear transformation and I denote the identity
transformation from Rn to Rn. For scalars a and b, prove the following:

(a) T and T − aI commute; that is,

T ◦ (T − aI) = (T − aI) ◦ T ;

Solution: Compute

T ◦ (T − aI) = T ◦ T − T ◦ aI
= T ◦ T − aT ◦ I
= T ◦ T − aI ◦ T
= (T − aI) ◦ T.

�

(b) T − aI and T − bI commute.

Solution: Compute

(T − aI) ◦ (T − bI) = (T − aI) ◦ T − (T − aI) ◦ (bI)
= T ◦ (T − aI)− b(T − aI),

since T and T − aI commute, by part (a). We then have that

(T − aI) ◦ (T − bI) = T ◦ (T − aI)− bI ◦ (T − aI)
= (T − bI) ◦ (T − aI).

�

2. Let Rθ : R2 → R2 denote rotation around the origin in R2 in the counterclock-
wise sense trough and angle of θ. Show that Rθ is invertible and compute its
inverse.

Solution: The matrix representation for Rθ is

MRθ =

(
cos θ − sin θ
sin θ cos θ

)
.

This matrix is invertible with inverse

M−1
Rθ

=

(
cos θ sin θ
− sin θ cos θ

)
.
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It then follows that Rθ is invertible and the matrix representation
of its inverse is M−1

Rθ
, which corresponds to a rotation through θ in

the clockwise sense, or a rotation through −θ in the counterclockwise
sense. That is, R−1

θ = R−θ. �

3. Let Rθ : R2 → R2 denote rotation around the origin in R2 in the counterclock-
wise sense through an angle of θ, and Rϕ denote a similar rotation through an
angle of ϕ.

(a) Show that the composition Rθ ◦ Rϕ is also a rotation in R2. What is the
angle of rotation in for the composite rotation?

Solution: The matrix representations for Rθ and Rϕ are

MRθ =

(
cos θ − sin θ
sin θ cos θ

)
and MRϕ =

(
cosϕ − sinϕ
sinϕ cosϕ

)
,

respectively. In then follows that the matrix representation for
the composite transformation, Rθ ◦Rϕ, is

MRθ◦Rϕ = MRθMRϕ

=

(
cos θ − sin θ
sin θ cos θ

) (
cosϕ − sinϕ
sinϕ cosϕ

)

=

(
cos θ cosϕ− sin θ sinϕ − cos θ sinϕ− sin θ cosϕ
sin θ cosϕ+ cos θ sinϕ − sin θ sinϕ+ cos θ cosϕ

)

=

(
cos(θ + ϕ) − sin(θ + ϕ)
sin(θ + ϕ) cos(θ + ϕ)

)
.

Thus, Rθ ◦ Rϕ is a rotation in the counterclockwise direction
through an angle of θ + ϕ; that is,

Rθ ◦Rϕ = Rθ+ϕ.

�

(b) Show that Rθ and Rϕ commute.
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Solution: Using the result from part (a) we get that

Rθ ◦Rϕ = Rθ+ϕ

= Rϕ+θ

= Rϕ ◦Rθ.

�

4. Let T : R2 → R2 denote reflection across the line y = x. Express T as a
composition of rotations and a reflection across the x–axis.

Solution: Let θ =
π

4
in radians. Then, reflection on the line y = x

has the same effect as

(i) rotating the vector θ radians in the clockwise direction; i.e., per-
forming the rotation R−θ;

(ii) reflecting on the x axis; in other words, performing the transfor-
mation Tx : R2 → R2 given by

Tx

(
x
y

)
=

(
1 0
0 −1

) (
x
y

)
=

(
x
−y

)
,

(iii) and then rotating back θ radians in the counterclockwise sense.

In other words,
T = Rθ ◦ Tx ◦R−θ.

The matrix representation for T is then

MT = MRθMTxMR−θ

=

(
cos θ − sin θ
sin θ cos θ

) (
1 0
0 −1

) (
cos θ sin θ
− sin θ cos θ

)
,

or

MT =

(√
2/2 −

√
2/2√

2/2
√

2/2

) (
1 0
0 −1

) ( √
2/2

√
2/2

−
√

2/2
√

2/2

)
.

We can simplify this to

MT =
1

2

(
1 −1
1 1

) (
1 0
0 −1

) (
1 1
−1 1

)
.
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Notice that MT simplifies further to

MT =

(
0 1
1 0

)
,

which is the matrix representation for reflection on the line y = x, as
expected. �

5. Let T1 : R2 → R2 denote reflection across the line y = x and T2 : R2 → R2

denote reflection across the y–axis.

(a) Show that T2 ◦ T1 is a rotation in R2. What is the angle of rotation?

Solution: The matrix representation for T1 is

MT1 =

(
0 1
1 0

)
,

while that for T2 is

MT2 =

(
−1 0

0 1

)
.

It then follows that the matrix representation for T2 ◦ T1 is

MT2◦T1 =

(
−1 0

0 1

) (
0 1
1 0

)
=

(
0 −1
1 0

)
,

which corresponds to a rotation by π/2 radians in the counter-
clockwise sense. �

(b) What do you get if you compose T1 ◦ T2?

Solution: In this case we get

MT1◦T2 =

(
0 1
1 0

) (
−1 0

0 1

)
=

(
0 1
−1 0

)
,

which corresponds to a rotation by π/2 radians in the clockwise
sense; that is, T1◦T2 is not the same as T2◦T1, but it is the inverse
of T2 ◦ T1. �


