Math 60. Rumbos Spring 2009

Solutions to Assignment #2

1. Consider the vectors vy, vy and v3 in R? given by

1 2 0
v = 21, wvw=|[-3], and wv3= 7
-1 1 -3

Show that vz € spanf{uvy,vs}.
Solution: We need to find scalars ¢; and ¢y such that

C1V1 + CaUy = V3,

1 2 0
C1 2|+ Co 3| = 7
—1 1 -3
or
c1 + 202 0
201 - 302 = 7
—C1 + Cg -3

This leads to the system of equations

c1 + 262 = 0
201 — 302 = 7
—C1 + Co = 3.

Solving for ¢; in the first equation and substituting into the second
equation yields

—702 = 7,
from which we get that

Cy = -1

. We then get that ¢; = 2 from the first equation and note that ¢; = 2
and ¢ = —1 are consistent with the third equation. It then follows
that

vz = 201 — vy,

and therefore v3 € span{vy, vy}. O

1
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2. Let v1, v and v3 be as in Problem 1 above. Use the result of Problem 1 to show
that

span{vi, vy, v3} = span{vy, va}.
Note: You need to show that one span is a subset of the other, and conversely,

the other is a subset of the one.

Solution: To see that span{vi,vs,v3} C span{vy,vs}, let v be in
span{vy, vg, v3}. Then,

V= C1V1 + CoU9 + C3V3,
for some scalars ¢y, ¢o and c3. By the result of Problem 1, v3 = 2v; —ws,
so that
Vo= U1+ covg + c3(2v01 — v2)

= 1V + Uy + 2¢3v1 — Cc3Us
= (c1 + 2¢3)vy + (c2 — ¢3)v9,

which displays v as a linear combination of v; and wvo; that is, v is in
span{vy, vy }. Thus, we have shown that

v € span{vy,ve,v3} = v € span{vy, va};

that is, span{vy,ve,v3} C span{vy, va}.
Next, we show the reverse inclusion span{vy,ve} C span{vy, ve, vs}.
Let v € span{vy,ve}. Then,

UV = C1U1 + CV2
for some scalars ¢; and cg, so that
UV = C1V1 + CUy + 0- U3;
that is, v is also a linear combination of vy, vy and vs. Consequently,
v € span{vy, v} = v € span{vy, vy, vs},

or span{vy, vy} C span{vy, vg, v3}.
We therefore conclude that span{vi,vs,v3} = spanf{uvy,ve}. O

3. Let v; and vy be as in Problem 1 above. Show that span{wvi,vs} is a plane
through the origin in R?® and give the equation of the plane.
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x
Solution: Consider an arbitrary element, |y |, in span{v;,vs}.
z
Then
x
Yy | = civr + Ca2
z

for scalars ¢; and cy. That is,

1 2 T
C1 2 + co -3 = yl,
-1 1 z
or
c1 + 2co T
2c0 =3¢ | = |y
—C1 + C2 z
We then get the system of equations
c1+2c0 = x
2c1 — 3¢ =y
—C1+Cc = z.

Solving for ¢; in the first equation and substituting into the second
and third equations leads to the system of two equations

Tco = 2x—vy
3co = x+ 2.

We then get that
2 —y x4z
T 3
from which we get the equation

x+3y+72z=0,

which is the equation of a plane in R? containing the vectors v; and
vo. Denoting the plane by (), we see that we have just shown that

spanf{uvy,ve} C Q.
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To show that @ is a subset of span{uvy,vs}, we need to show that any
x

vector | y | whose coordinates satisfy
z

r+3y+72=0

must be a linear combination of v; and vy. To see why this is so, solve
for x in terms of y and z to get

r=—3y — 7z.

Setting y = t and 2z = s to be arbitrary parameters, we see then that

x -3 -7
yl =t 1]1+s 0],
z 0 1
x -3
which shows that | ¥ | 1is in the span of the vectors 1 and
z 0
—7 -3 -7
0 | . Hence, it suffices to show that both 1 and 0
1 0 1
are in span{vy,ve}. Observe that
-3
1 = —UV1 — U3y
0

and

7
Thus, both 1] and 0| arein span{vy,ve}. We therefore
1

x x
conclude that, if |y | € @, then |y | € span{vy,v,}. Conse-
z z

quently, the span of v; and v, is the plane in R? determined by the
equation x + 3y + 7z = 0. O
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4. Let v, and vy be as in Problem 1 above. Find a vector in R? which is not in the
span of v; and vy. Call the vector vy and show that
span{vy, vy, v4} = R

Solution: We saw in the solution to the previous problem that
span{vs, v} is the plane in R? given by the equation z + 3y + 7z = 0.
Thus, any vector in R® whose components do not satisfy the equation

0
is not in the span of v; and vy. In particular the vector | 0 | is not
1
in span{vy,ve}. Let
0
Vy = 0
1

We show that
span{vy, vg, v4} = R

Observe first that
span{vy, vg, v4} C R3

since v1, vo and v, are vectors in R3. Hence, it suffices to show that
RS g Span{U17 V2, 04}'

x

Let [ y | be an arbitrary vector in R®. We would like to find scalars
z

c1, ¢o and c¢3 such that

x
C1U1 + CU2 +C3v3 = | Y |,
z
1 2 0 x
C1 2l 4+c | 3] +c3|0] = Y
-1 1 1 z
This leads to the system of equations
c1 + 2¢s =
2c1 — 3¢y =y

—C1+C+c3 = =z
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Solving for ¢; and ¢y in the first two equations yields

3 . 2
6 = T+ =
1 Z 7?/
2 1
Cy = ?ZL’— ?y
Substituting these into the third equation and solving for c3 then

yields
L + 5 +
3= =T+ — Z.
3 7 7y

Hence, every vector in R® can be written as a linear combination of
v1, vy and vy; in fact,

y S + 2 + 2 L + L + 5 +
=l=x+=y]|v —r— =y |v -+ = z | vy.
Y = 79 1 - 7?/ 2 - 7y 4

z

We therefore conclude that the set {vy, vo,v4} spans R3. O

6

5. Let v; and vy be as in Problem 1 above. Determine, if possible, a value of ¢ for

which the vector
4

1
c

lies in span{vy,vs}. How many values of ¢ with that property are there?

Solution: Look for scalars ¢; and ¢y such that

4
C1V1 + Cvy = 1
c
This leads to the system of equations
c1+2c9 = 4
2c1 — 3¢y =
—C1+Cc = c.

Solving for ¢; and ¢y in the first two equations yields

61:2
ngl.
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It then follows from the third equation that ¢ = —1. Thus, ¢ must
4

be —1 in order for the vector | 1 | to be in the span of v; and wvs.
c
There is only one value of ¢ for which this is the case.

Alternate Solution: We can also solve this problem by using the

characterization of span{vy, v} as the plane determined by the equa-
4

tion x + 3y + 7z = 0. If the point | 1 | is in the plane, then x = 4,
c

y =1, and z = c. It then follows that

44+3+7c=0,

from which we get that ¢ = —1. O



