Math 60. Rumbos Spring 2009

Solutions to Assignment #3

1. Consider the vectors vy, vo and v3 in R? given by

1 2 0
v = 0], wv= 5 and v3= | —4
-1 1 3

(a) If possible, write the vector vs as a linear combination of v; and vs.

Solution: Consider the equation

1 2 0
C1 0 + o 5 = —4
—1 1 3

This leads to the system

c1 + 202 =0
562 = —4
—C1+C = 3.

Solving for ¢; and cs in the first two equations leads to

Cy = —4/5
cT = 8/5

Substituting for these into the third equation leads to
—12/5 = 3,

which is impossible. Thus, there are no scalars ¢; and ¢y such
that v3 = cqv1 + cov9; in other words, it is impossible to write the
vector vs as a linear combination of v; and vs. O

(b) Determine whether the set {vy, vy, v3} spans R3.

x

Solution: We need to show that any vector, | v | , in R? can be
z

written as a linear of the vectors vy, v9 and v3. Thus, we look for

scalars ¢y, ¢o and cg such that

1 2 0
6] 0]+ Co 5| + C3 —4 | =
-1 1 3

(1)

IS
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This leads to the system

c1 + 2¢o =z
562 — 403 =y (2)
—c1+c+3cs = z.
Solving for ¢; in the first equation in (2) and substituting for ¢;
in the third equation leads to the two equations

5cy —4dcs =y
3co +3c5 = x+ =z

Solving this system yields

4 N 4 N 5
o = —=r+-y+ =2
S T ST
. 5 1 N 5
= —r—-y+ —z.
S YA LT
It then follows from the first equation in (2) that
. 199{; 8 10
=—r—_—y— —2.
T ST
Consequently, there exist c¢;, ¢y and c3, depending on x, y and
x
z, for which (1) holds for any vector |y | in R3. We therefore
z
conclude that the set {vy, vy, v3} spans R3. O

2. Let vy, v and v3 be as given in the previous problem. Find a linearly indepen-
dent subset of {vy, vy, v3} which spans span{vy,ve,vs}.

Solution: The set {vy,vy,v3} is linearly independent. To see why
this is so, consider the equation

1 2 0 0
C1 0 + Co 5| + C3 —4 = 0]. (3)
—1 1 3 0

This leads to the system
c1 + 2¢s =0
5C2 — 4C3 =0 (4)
—C1 + C2 + 363 = 0.
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Solving for ¢; in the first equation and substituting for ¢; in the third
equation leads to the two equations

5(32—4(33 =0
3CQ+363 = 0.

Solving this system yields

62:0
C3:0.

It then follows from the third equation in (4) that ¢; = 0. Conse-
quently, equation (3) has only the trivial solution ¢; = ¢o = ¢35 = 0.
We therefore conclude that the set {vy,vs,v3} is linearly indepen-
dent. Hence, {vy,v9,v3} is al linearly independent subset of itself

which spans span{vy, v, v3} O
2 3 1
3. Show that the set 41,1 2|, -2 is a linearly independent subset
2 0 2
of R3.

Solution: Consider the equation

2 3 1 0
C1 4 + Co 2 + C3 —2 = 0]. (5)
2 0 2 0

This leads to the system

201 + 302 + c3 = 0
461 + 2C2 — 263 = 0 (6)
201 + 2C3 = 0.

Solving for ¢3 in the third equation in (6) and substituting for c¢3 into
the first and second equations leads to the two equations

Cl+302 =0
6cy + 2co = 0.
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Solving this system yields

01:0
62:0.

It then follows from the third equation in (6) that ¢5 = 0. Conse-
quently, equation (5) has only the trivial solution ¢; = ¢o = ¢35 = 0.

2 3 1
We therefore conclude that the set 41, 21,1 -2 is
2 0 2
linearly independent.
2 0 2
. -1 2 . . i
4. Determine whether the set ol 1211 | 2 is a linearly indepen-
1 -2 0
dent subset of R*.
Solution: Consider the equation
2 0 2 0
-1 2 0 0
C1 0 + Co 1 + c3 _1 = 0 (7)
1 -2 0 0
This leads to the system
261 + 263 =0
—c1 + 262 =0
—Co — C3 =0 <8)
C1 — 262 = 0.

This system reduces to the system of two equations

c1+cs =0
—C1 + 202 =0 (9)
—Cg — C3 = O,

since the second and the fourth equations in (8) are the same equation.

Solving for ¢z in the third equation in (9) and substituting into the
first equation in the same system leads to

C1 — Cy =0
{ —Cl+2C2 = 0, (10)



Math 60. Rumbos Spring 2009 5

which can be solved to yield that ¢; = ¢ = 0. Consequently, by the
first equation in (9), cg = 0. Thus, the vector equation (7) has only
the trivial solution ¢; = ¢3 = ¢3 = 0. It then follows that the set

2 0 2
-1 2 0
o1 {—-1]"1-1
1 -2 0
is a linearly independent subset of R*. 0
2 0 1 1
2 -1 2 -1 . .
5. Show that K ol K 3 is a linearly dependent subset
0 1 3 -2

of R%. Write one of the vectors in the set as a linear combination of the other
three. Show that the remaining three vectors form a linearly independent subset
of R%.

Solution: Consider the equation

2 0 1 1 0
2 —1 2 -1 0
1 6 + o 0 + c3 3 + ¢y a1=10 (11)
0 1 3 —2 0
This leads to the system
261 +c3+ ¢y =0
201—CQ+263—C4 = 0
601 + 303 + 304 =0 (12)
Co + 3c3 — 2¢4 = 0.

Observe that the first and third equation in (12) are really the same
equation since the third is just the first equation times 3. Solve for ¢4
in the first equation in (12) and substitute into the second and fourth
equations to get the system of two equations

{401—02+303 =0

461 +co + 503 = 0. (13)
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Next, solve the first equation in (13) for 4¢; and substitute into the
second equation to obtain

{401—CQ+3C3 =0

202 + 203 = 0. (14)

Solve for ¢y in the second equation in (14) and substitute into the
first to get that
{ C1 + C3 = 0

Co+c3 = 0. (15)

We can then solve for ¢; and ¢y in terms of ¢3 to obtain from (15)
that
i = —C3
{ Cy = —Cs. (16)

Setting c3 = ¢, where t is an arbitrary parameter, we obtain from (16)

that
cT = —t
Cop = —t ( 17)
C3 —= t

Since t is arbitrary, we see that the system (12) has infinitely many
solutions given by

cT = —t

Cop = —t

C3 — t (18)
Cy = t.

In particular, we then see that the vector equation (11) has a nontriv-

2 0 1 1
) ) 2 -1 2 -1
ial solution and therefore the set 6| e 3| 3
0 1 3 -2

is a linearly dependent subset of R*. Call the vectors in the set v,
v, v3 and vy, respectively. Taking t = 1 in (18) we then get from the
vector equation in (11) that

—’U1—02+U3+’U4:0.
We can therefore solve for v, in terms of vy, vy and vs:

Uy = U1 + Uy — Us.
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We now show that the vectors vy, v9 and vs are linearly independent.
To do this, consider the equation

2 0 1 0
2 -1 2 0
C1 6 + Co 0 +c3 3 = 0 (19)
0 1 3 0
This leads to the system
261 +c3 =0
2C1 —Co + 203 =0
661 + 303 = 0 (20)
Co + 303 = 0.

Observe that the third equation in (20) is 3 times first; thus, the
system (20) reduces to

201 +c3 = 0
201 — Co + 203 = 0 (21)
co + 3c3 = 0.

Solving for ¢y in the third equation in (21) and substituting for cy
into the second equation leads to the two equations

201 —|— C3 = 0
2c1 4+ 5cs = 0.
Solving this system yields

01:0
03:0.

It then follows from the third equation in (21) that ¢; = 0. Conse-
quently, equation (19) has only the trivial solution ¢; = ¢; = ¢35 = 0.

2 0 1

2 -1 2 .
We therefore conclude that the set E ol 3 is

0 1 3

linearly independent. 0



