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Special Distributions (Part II)

(I) Discrete Distributions

(1) The Bernoulli Distribution

𝑋 ∼ Bernoulli(𝑝) for 0 < 𝑝 < 1

pmf: 𝑝
𝑋
(𝑥) = 𝑝𝑥(1− 𝑝)1−𝑥 for 𝑥 = 0, 1

Expected value: 𝐸(𝑋) = 𝑝

Variance: Var(𝑋) = 𝑝(1− 𝑝)

mgf: 𝜓𝑋 (𝑡) = 𝑝𝑒𝑡 + 1− 𝑝 for 𝑡 ∈ R

(2) The Binomial Distribution

𝑋 ∼ Binomial(𝑛, 𝑝) for 0 < 𝑝 < 1, 𝑛 = 2, 3, 4, . . .

pmf: 𝑝
𝑋
(𝑥) =

(
𝑛

𝑥

)
𝑝𝑥(1− 𝑝)𝑛−𝑥 for 𝑥 = 0, 1, 2, . . . , 𝑛

Expected value: 𝐸(𝑋) = 𝑛𝑝

Variance: Var(𝑋) = 𝑛𝑝(1− 𝑝)

mgf: 𝜓
𝑋
(𝑡) = (𝑝𝑒𝑡 + 1− 𝑝)𝑛 for 𝑡 ∈ R

(3) The Geometric Distribution

𝑋 ∼ Geometric(𝑝) for 0 < 𝑝 < 1

pmf: 𝑝𝑋 (𝑥) = 𝑝(1− 𝑝)𝑥−1 for 𝑥 = 1, 2, 3, . . .

Expected value: 𝐸(𝑋) =
1

𝑝

Variance: Var(𝑋) =
1− 𝑝

𝑝2

mgf: 𝜓𝑋 (𝑡) =
𝑝

𝑒−𝑡 + 𝑝− 1
for 𝑡 < ln

(
1

1− 𝑝

)
(4) The Discrete Uniform Distribution

𝑋 ∼ Discrete Uniform(𝑁) for 𝑁 = 1, 2, 3, . . .

pmf: 𝑝
𝑋
(𝑥) =

1

𝑁
for 𝑥 = 1, 2, . . . , 𝑁

Expected value: 𝐸(𝑋) = (𝑁 + 1)/2

Variance: Var(𝑋) = (𝑁 + 1)(𝑁 − 1)/12

mgf: 𝜓
𝑋
(𝑡) =

1

𝑁

𝑁∑
𝑖=1

𝑒𝑖𝑡 for 𝑡 ∈ R



Math 151. Probability–Rumbos Spring 2012

(5) The Hypergeometric Distribution

𝑋 ∼ Hypergeometric(𝑁,𝑀,𝐾) for 𝑁,𝑀,𝐾 > 0 with 𝐾 < 𝑀 and 𝑀 < 𝑁 .

pmf: 𝑝𝑋 (𝑥) =

(
𝑀
𝑥

)(
𝑁−𝑀
𝐾−𝑥

)(
𝑁
𝐾

) for 𝑥 = 0, 1, 2, . . . ,𝐾

Expected value: 𝐸(𝑋) =
𝐾𝑀

𝑁

Variance: Var(𝑋) =
𝐾𝑀

𝑁

(𝑁 −𝑀)(𝑁 −𝐾)

𝑁(𝑁 − 1)

(6) The Poisson Distribution

𝑋 ∼ Poisson(𝜆) for 𝜆 > 0

pmf: 𝑝𝑋 (𝑥) =
𝜆𝑥

𝑥!
𝑒−𝜆 for 𝑥 = 0, 1, 2, 3, . . .

Expected value: 𝐸(𝑋) = 𝜆

Variance: Var(𝑋) = 𝜆

mgf: 𝜓
𝑋
(𝑡) = 𝑒𝜆(𝑒

𝑡−1) for 𝑡 ∈ R

(II) Continuous Distributions

(1) The Uniform Distribution

𝑋 ∼ Uniform(𝑎, 𝑏) for 𝑎 < 𝑏

pdf: 𝑓𝑋 (𝑥) =
1

𝑏− 𝑎
for 𝑎 ≤ 𝑥 ≤ 𝑏 and 0 elsewhere

Expected value: 𝐸(𝑋) =
𝑎+ 𝑏

2

Variance: Var(𝑋) =
(𝑏− 𝑎)2

12

mgf: 𝜓𝑋 (𝑡) =
𝑒𝑏𝑡 − 𝑒𝑎𝑡

(𝑏− 𝑎)𝑡
for 𝑡 ∕= 0 and 𝜓𝑋 (0) = 1

(2) The Exponential Distribution

𝑋 ∼ Exponential(𝛽) for 𝛽 > 0

pdf: 𝑓𝑋 (𝑥) =
1

𝛽
𝑒−𝑥/𝛽 for 0 ≤ 𝑥 <∞ and 0 elsewhere

Expected value: 𝐸(𝑋) = 𝛽

Variance: Var(𝑋) = 𝛽2

mgf: 𝜓
𝑋
(𝑡) =

1

1− 𝛽𝑡
for 𝑡 <

1

𝛽
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(3) The Normal Distribution

𝑋 ∼ Normal(𝜇, 𝜎2) for −∞ < 𝜇 <∞ and 𝜎 > 0.

pdf: 𝑓
𝑋
(𝑥) =

1√
2𝜋 𝜎

⋅ 𝑒−(𝑥−𝜇)2/(2𝜎2) for −∞ < 𝑥 < +∞

Expected value: 𝐸(𝑋) = 𝜇

Variance: Var(𝑋) = 𝜎2

mgf: 𝜓
𝑋
(𝑡) = 𝑒𝜇𝑡+𝜎2𝑡2/2 for 𝑡 ∈ R

(4) The Gamma Distribution

𝑋 ∼ Gamma(𝛼, 𝛽), for 𝛼, 𝛽 > 0

pdf: 𝑓
𝑋
(𝑥) =

1

Γ(𝛼)𝛽𝛼
𝑥𝛼−1𝑒−𝑥/𝛽 for 0 < 𝑥 <∞

and zero elsewhere,

where Γ is the gamma function defined by

Γ(𝑧) =

∫ ∞

0

𝑡𝑧−1𝑒−𝑡d𝑡 for all real values of 𝑧 except 0,−1,−2,−3, . . .

Expected value: 𝐸(𝑋) = 𝛼𝛽

Variance: Var(𝑋) = 𝛼𝛽2

mgf: 𝜓
𝑋
(𝑡) =

(
1

1− 𝛽𝑡

)𝛼

for 𝑡 <
1

𝛽

(5) The Chi Squared Distribution

𝑋 ∼ 𝜒2(𝑝) for 𝑝 = 1, 2, 3, . . .

pdf: 𝑓
𝑋
(𝑥) =

1

Γ(𝑝/2)2𝑝/2
𝑥(𝑝/2)−1𝑒−𝑥/2 for 0 < 𝑥 <∞

and zero elsewhere

Expected value: 𝐸(𝑋) = 𝑝

Variance: Var(𝑋) = 2𝑝

mgf: 𝜓
𝑋
(𝑡) =

(
1

1− 2𝑡

)𝑝/2

for 𝑡 <
1

2


