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Solutions to Assignment #3

1. Consider two events A and B such that Pr(A) = 1/3 and Pr(B) = 1/2. Deter-
mine the value of Pr(B N A€) for each of the following conditions:

(a) A and B are disjoint;
(b) AC B;
(c) Pr(AnB) =1/8.

Solution:

(a) If A and B are disjoint, then BN A° = B. Thus,

Pr(BNA°) =Pr(B)=1/2. O
(b) If A C B, then
Pr(BNA®) = Pr(B\A) = Pr(B)—Pr(A) =1/2—-1/3 = 1/6. O

(¢) From B = (BN A) U (BN A°), where the sets BN A and BN
A€ are disjoint, we get that Pr(B) = Pr(B N A) + Pr(B N A°).
Consequently,

Pr(BNA°) =Pr(B) - Pr(ANnB)=1/2—-1/8=13/8.
0J

2. Consider two events A and B with Pr(A) = 0.4 and Pr(B) = 0.7. Determine
the maximum and minimum possible values for Pr(A N B) and the conditions
under which each of these values is attained.

Solution: If A C B then, AN B = A and
Pr(An B) =Pr(A) =04.
On the other hand, from
Pr(AuU B) = Pr(A) + Pr(B) — Pr(AN B),

and the fact that the largest value that Pr(A U B) can have is 1 we
obtain that the smallest value that Pr(A N B) can have is

Pr(ANn B) =Pr(A) 4+ Pr(B) - Pr(AUB) =04+40.7—1=0.1.

Thus,
0.1 <Pr(AnB) <04.

The largest value occurs when A C B, and the smallest value occurs
when Pr(AU B) = 1. O
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3. Prove that for every two events A and B, the probability that exactly one of
the two events will occur is given by the expression

Pr(A) + Pr(B) — 2Pr(AnN B.

Proof. Here we are talking about the event (AU B) \ (A N B); that is, either A
or B will occur, but not both simultaneously.

Since AN B C AU B, we have that
Pr((AUB)\(ANB)) = Pr(AUuB)—-Pr(ANB)

Pr(A) 4+ Pr(B) — Pr(An B) — Pr(AN B)
= Pr(A)+Pr(B) — 2Pr(AN B).

]

4. Let A and B be elements in a o—field B on a sample space C, and let Pr denote
a probability function defined on B. Recall that A\ B = {z € A | = € B}.
Prove that if B C A, then

Pr(A\ B) = Pr(A) — Pr(B).
Proof. Write A= BN (A\ B), where B and A\ B are disjoint. Then,
Pr(A) = Pr(B) + Pr(A\ B),
from which we get that
Pr(A\ B) = Pr(A) — Pr(B).
[

5. Let (C, B, Pr) denote a probability space, and B an event in B with Pr(B) > 0.
Let
Bg={DcCC|D=FEnNB forsome E € B}.

We have already seen that Bp is a o—field.

Pr(A
Let P,: Bg — R be defined by P,(A) = PEEB; for all A € Bp. Verify

that (B, Bg, P,) is a probability space; that is, show that P,: Bg — R is a
probability function.
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Solution: First, observe that if A € Bg, then A = E'N B for some
E € B, then, since EN B C B,

Pr(E N B) < Pr(B).

It then follows that Pr(A) < Pr(B), from which we get that

Pr(A)
<1
Pr(B)
It then follows that
PBi BB — [0, 1]
Pr(B
Next, note that P,(B) = PiEB; =
Finally, if Dy, Do, D3, ... is a sequence of mutually disjoint sets in Bp,

then
Pr <U Dk> = Pr(Dy),
k=1 k=1

since Pr is a probability function. It then follows that

o0 1 o0
i (H D’“) O (H D’“)

1 o
= Pr(B) ;Pr(Dk)

—~

=, Pr(D
= 2 Pr(Bk)

~—

- iPB(Dk).

It then follows that P, is indeed a probability function on Bp. O



