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Assignment #5

Due on Friday, February 10, 2017

Read Section 4.1.3 on Non–Diagonalizable Systems in the class lecture notes at
http://pages.pomona.edu/~ajr04747/

Read Section 4.1.4 on Non–Diagonalizable Systems with One Eigenvalue in the class
lecture notes at http://pages.pomona.edu/~ajr04747/

Read Section 3.3 on Phase Portraits of Linear Systems with Real Eigenvalues in
Blanchard, Devaney and Hall.

Do the following problems

1. Give the equations for the solution curves and sketch the phase portrait of the

system

{
ẋ = −y;
ẏ = x− 2y.

2. Let a : J → R denote a continuous function defined in a open interval J . Use
separation of variables to find a formula for the solutions of the first order

differential equation
dy

dt
= a(t)y, for t ∈ J.

3. Let a be as in Problem 2 and let b : J → R be also a continuous function defined
in J . Consider the first order differential equation

dy

dt
= a(t)y + b(t), for t ∈ J. (1)

(a) Explain why, in general, the method of separation of variables does not
apply to the differential equation in (1). State conditions under which
separation of variables can be applied to solve the equation.

(b) Let to be a point in J and define A(t) =

∫ t

to

a(τ) dτ for all t ∈ J ; that is,

A is an antiderivative of a. Put µ(t) = e−A(t), for all t ∈ J , and verify
that the equation (1) can be written as

d

dt
[µ(t)y] = µ(t)b(t), for t ∈ J. (2)

(c) The equation in (2) can be integrated and solved for µy. Use this procedure
to obtain a formula for solutions of the equation in (1).
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4. Use the procedure outlined in Problem 3 to obtain solutions to the first–order
differential equation

dy

dt
= −1

t
y + 1, for t > 0.

Take to = 1.

5. In this problem we come up with solutions of the system
dx

dt
= αx− βy;

dy

dt
= βx+ αy,

(3)

where α2 + β2 6= 0 and β 6= 0.

(a) Make the change of variables x = r cos θ and y = r sin θ, and verify that

ṙ = ẋ cos θ + ẏ sin θ,

θ̇ =
ẏ

r
cos θ − ẋ

r
sin θ.

(4)

(b) Use the result in (4) to transform the system (3) into a system involving
r and θ. Solve the system for r and θ.

(c) Based on your solution to part (b), give the general solution of the system
(3).

(d) Sketch the phase portrait of the system in (3) for α = 0 and β = 1.


