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Assignment #3
Due on Friday, February 9, 2018

Read Section 5.1.2 on Fourier Series Fxpansions in the class lecture notes at
http://pages.pomona.edu/ ajr04747/

Background and Definitions
Assume that f: R — R is a bounded, periodic function of period 2L, where L > 0.
Assume also that f is integrable over [—L, L]; so that,

L
| 1@ ds <, 0
-L

where the integral in (1) denotes the Riemann integral.

Fourier Coefficients of f. The Fourier coefficients of f are defined to be

1 L
o 2L/_Lf($) dx; (2)
a —l/Lf(x)COS<@> dr, forn=1,23,...; (3)
n—L 7L L 9 - ) ) LR )
and I
1
b":Z/_Lf(I)Sm<$> de, forn=1,23,.... (4)

Fourier Series Expansion of f. The Fourier series expansion of f is the trigono-
metric series

nm

a, + g [an cos <n_7;x) + b, sin (Tx)} , forxze[-L, L] (5)

Do the following problems

1. Let f: R — R be a bounded, 2L—periodic function that is integrable over
—L,L].

(a) Show that, for any real number r,

/T j fla) dz = /_ i f(z) do.

Deduce therefore that, for any real numbers ¢ and d such that d > ¢ and

d—c=2L, d )
/C f(z) do = /_L f(z) da.
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(b) Show that the Fourier coefficients of f are also given by

1 2L
ay = ﬁ/o f(x) dz;

1 2L
anzz/o f(x) cos (?) dr, forn=1,2,3,...;
and .
1
bn:Z/o f(x)sin(n—7> dr, forn=1,23,...

2. Assume that f: R — R is bounded, 2L—periodic, and integrable over [—L, L].
Assume also that f is even.

(a) Show that the Fourier coefficients of f are given by

L
aoz%/o f(z) du;

nmtx

o L
anzz/o f(z)cos<T> dr, forn=1,23,...;

and
b,=0, forn=1,2,3,...

(b) Give the Fourier series expansion for f in this case.

3. Assume that f: R — R is bounded, 2L—periodic, and integrable over [—L, L].
Assume also that f is odd.

(a) Show that the Fourier coefficients of f are given by
a, =0, forn=0,1,2,3,...

and .
2
bn:z/o f(x)sin(?) de, forn=1,23,....

(b) Give the Fourier series expansion for f in this case.
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4. The Riemann—Lebesgue Lemma. Assume that f: R — R is bounded and
2L—periodic. Assume also that f is square integrable over [—L, L]; that is,

/_L F(2)[2 dz < oo.

L

(a) Use the Cauchy—Schwarz inequality to show that f is also integrable over
[—L, L]

(b) Let a,, forn=20,1,2,3,..., and b,, for n = 1,2,3,..., denote the Fourier
coefficients of f. The Riemann-Lebesgue Lemma states that

lim a, =0 and lim b, = 0.
n—oo n—oo

Use integration by parts to prove the Riemann—Lebesgue Lemma for the
special case in which f € C'(R,R).

5. Let f: [0, L] — R be defined by

2

= if0< 2 <

I

SIS

fx) =

L
Z(L—:L’), if§<x<L.

a) Sketch the odd, periodic extension of f over the interval [-2L,2L].

(a)
(b)
)
)

Compute the Fourier coefficients of f.

(c

(d) Use graphing software to sketch the approximations

Give the Fourier series expansion for f.

N
Sy(z) = an sin (?) , forxze[-L, L]
n=1

for N equal to 1, 3 and 5. You may take L = 7 in your sketch.



