FLAG MANIFOLDS AND TORIC GEOMETRY

GIZEM KARAALI

1. INTRODUCTION

1.1. Flag Manifolds. One of the best understood examples of alge-
braic varieties is the flag manifold. One is first interested in flag vari-
eties as they are well-defined examples for many basic concepts. Besides
this, however, one can find that they deserve individual attention, for
they naturally arise in many circumstances, e.g. in the theory of char-
acteristic classes of vector bundles, mirror symmetry, representation
theory, etc.

A flag is a sequence of nested subspaces:
0=WcV,cV,Cc---CV, =V,=C"

where dimV,,, = n;. For each sequence of integers ni, ng, -, ng(=n),
the set of all such flags is a manifold called the flag manifold F,, ., ... n-
The flags corresponding to the sequence 1,2, --- ,n are called complete

flags, and F} 5. , the full flag manifold. This has complex dimension
n(n—1)
5

When a Lie group G acts transitively on a manifold M, and H
is the stabilizer of a point x € M, there is a well-defined bijection
G/H — M sending gH to gx. One can see that the Lie groups
GL,, SL,, and SU,, all act transitively on F} .. ,, and thus we get
diffeomorphisms

Fig.n=GLy/B=SL,/P=SU,/K

where B, P, K are the stabilizers of any point under the respective
actions of GL,,, SL,, and SU,. Fis.. , inherits a complex structure
from SL,, compactness from SU,, and one can show by using these
identifications that F} o ..., can be realized as a closed orbit in projec-
tive space and thus is a (projective) algebraic variety (which justifies

the term “flag variety”).
1
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For a very basic introduction to flag manifolds one can easily check
[1] (the online version is somehow incomplete but still helpful). More
can be found in [2].

1.2. Toric Geometry. A toric variety over C' is an n-dimensional
normal variety X containing 7' = (C*)™ as a Zariski open dense subset
in such a way that the natural action of 7' on itself extends to an
action of 7" on the whole of X. Toric varieties are very useful and
easy to understand examples in algebraic geometry, and due to their
underlying combinatorial structure, the study of toric geometry has
been very fruitful. For a thorough treatment of the subject see [3]. For
a survey of recent developments see [4].

1.3. Flag Manifolds and Toric Geometry. As was noted above,
one is interested in knowing more about flag varieties. In particular
one might wish to know some invariants (e.g. the Hilbert polynomial),
which are not always very easy to calculate in the general case. One
method that works in such cases is: We try to deform the initial variety
we want to know more about, so that we get another variety which is
easier to work with. If the deformation was one that preserved the
invariants that we are interested in, then we do our calculations with
respect to the new variety and get what we want in a much easier
way. In particular flat deformations of a variety to a toric variety
have been studied for a while now. The computational analogue of
this (deforming a variety to a (not necessarily normal) toric variety)
involves SAGBI basis calculations, and has been used for degenerations
of the Grassmannians and some other varieties, (for example see [5]).

In the case of flag varieties we are exactly in this situation; it is
not easy to compute interesting invariants. So the idea of deforming
these varieties to those which are nicer comes up naturally. Again we
are interested in flat deformations, as these are the ones that preserve
most of the information we need, and again we want our limits to be
toric, as these are very nice varieties indeed.

In this paper we will attempt to review one such deformation sug-
gested by Gonciulea and Lakshmibai, following their [6]. For the same
results proved via a slightly different approach, one can look at [7].
One might want to look at [8] or [9] to get an idea of what applications
these deformations might come in handy for.
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2. DEFORMING FLAG VARIETIES A LA [6]

2.1. The Setting. As we have mentioned already, in this paper we
will be mainly interested in deforming flag manifolds to toric varieties.
Gonciulea and Lakshmibai in [6] have in mind a much more general
result; their aim includes the proof of degenerations of Schubert vari-
eties, and some other special varieties along with the degeneration of
flag varieties. Therefore the setting of [6] is much more general than
one needs only for the flag manifold case. Still we will try to keep up
with the generality in [6] as far as we can.

Thus our setup for the most of the paper will be as follows, (for basic
definitions of the terminology used, one may look at [10]):

Let G be a semisimple simply connected algebraic group defined over
an algebraically closed field k. (One may always assume that k = C,
and G is a classical group). Fix a maximal torus 7 in G, a Borel
subgroup B D T. Let W be the Weyl group of G relative to T". Let
Q) O B be a parabolic subgroup of classical type.

Hence we assume that Q = N]_; P, where P, 1 < i < r, is a
maximal parabolic (automatically of classical type as we assume G is
classical). Let W(Q) be the Weyl group of Q. For w € W/W(Q),
let X(w) = BwQ (modQ) (with the canonical reduced structure of a
scheme) denote the Schubert variety in G/@Q associated to w. (See [2]
for some basics on Schubert varieties). We get the Bruhat (partial)
order > on W/W(Q), namely, wy; > wy if X (w;) O X (ws).

2.2. The Method. Next, given m = (my,...,m,) € Z, we use the
notion of “standard Young tableaux” on X (w) of type m. We then
can find an explicit basis for the space of sections of a line bundle L™,
H°(X(w), L™) (where L™ = L ® --- ® L;", Ly, being the ample
generator of Pic(G/Py,)) indexed by standard Young tableaux of type
m. (All the above terminology about tableaux and the result about
the basis can be found in [12]. The notion of standard Young tableaux
defined there coincides with the usual one when we let G = SL,, and

Q= B).

IThe terminology about subgroups of classical type is introduced in [11]. A
parabolic subgroup @ of G is of classical type if every maximal parabolic subgroup
P containing @ is of classical type. The definition of classical type for maximal
parabolics is a bit more involved, but by a remark in [11], we know that if G is a
classical group then all its maximal parabolics are of classical type.
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The aim in [6] is to use this basis for proving the degeneration of
Schubert varieties, other special varieties, and the flag variety. The
degeneration is actually carried out as follows: Let

R= EBHO G/Q, L), @HO w), L*)

The map

D ® S“H(G/Q,Li) — R

a

is surjective, and its kernel I is a multigraded ideal generated by Ujaj—21a
(for a = (a1, -+ ,a.),|a] = > a;). These give rise to straightening
relations which in turn are used to construct a flat family whose general
fiber is R, and whose special fiber is R(L), the algebra associated to a
finite distributive lattice £. (We have R(L) = k[L]/I(L) where (L)
is the ideal generated by all binomials of the form xy — (z V y)(x A y),
with x,y € L, noncomparable). Then as R(L) is a normal domain,
and prime binomial ideals are toric (see [7] for a geometric proof of this
fact), we see that the resulting deformation gives us what we want; we
end up with a toric variety, corresponding to the toric ideal I(£). [One
can actually find a proof of the fact that the ideal of a finite distributive
lattice is toric in Section 4 of [6]. The converse of this statement is also
true, so we actually have: the ideal of a finite lattice is toric if and only
if the lattice is distributive. See [13].]

2.3. The Main Theorem. The purpose of the first three sections of
6] is to review the necessary background information on Grobner bases,
distributive lattices, and toric ideals respectively. The bulk of [6] lies in
Section 5, which is titled LATTICES AND FLAT DEFORMATIONS. This
is what we look at now.

Let H be a finite lattice. Let R be a k-algebra with generators
{pal @ € H}. A monomial p,, ...ps, is standard if oy > -+ > .
Let’s assume that the standard monomials form a k-basis for R; then
the expression of any nonstandard monomial as a £*-linear combination
of standard monomials will be referred to as a straightening relation.
Let P = klz,,a € H], and consider the surjective map 7 : P — R
sending z, to p,. Let I be the kernel of . For «, € H with a > 3,
define the notation:

|8,al={y € Hla >~y > 3}

Then we can sum up the two theorems (5.2 and 5.3) to get the
following;:
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Theorem 1. Let I(H) be the ideal generated by all binomials of the
form xy — (x V y)(x A y), with z,y € H, noncomparable. Set S =
P/I(H). Suppose that I is generated as an ideal by elements of the
form x.xy — > caprars where T,¢ are noncomparable, and o > 3.
Also assume that in the straightening relation

PrPs = Y CagPaby
we have:
(1) prygprag occurs on the RHS with coefficient 1.
(2) 7,0 €]6, al for every pair (o, 3) appearing on the RHS.

(3) There ezists an embedding H — C where C = C(ny,...,nq)
for some ny,...,ng > 1 such that TU¢d = U for every pair (o, 3)
appearing on the RHS.

Then: There exists a flat deformation whose general fiber is R and
special fiber is S. Moreover, if H is a distributive lattice, then there
exists a flat deformation whose general fiber is R and special fiber is S,
which is now a normal toric algebra (i.e. the quotient of a polynomial
algebra by a toric ideal).

2.4. Degenerating the Flag Variety. In Section 6 of [6] the authors
review some (classical and modern) results on G/Q for G a semisimple
simply connected Chevalley group and @) a parabolic of GG. In Section
7 the results of Section 5 on flat deformations of lattice algebras are
used to prove degeneration of Schubert varieties in some certain G/Ps
to toric varieties. Then come sections 8,9,10 about flag manifolds.
Section 11 is about the degeneration of Kempf varieties and the last
section (Section 12) concerns determinantal varieties. As we are mainly
interested in flag varieties, we will only concentrate on Sections 8-10.

Let G = SL,, B the Borel subgroup of GG consisting of the upper
triangular matrices in G, and T' the maximal torus consisting of the
diagonal matrices. Let Py,---, P,_; be the maximal parabolics of G
containing B. Let W be the Weyl group of G' with respect to T'. For
any parabolic Q, let W(Q) = W be the Weyl group of @ and W€ the
set of minimal representatives in W of W/Wy. Denote Wp, and Wi
by W; and W respectively. The rest of the setting is as in Section 2.1.
In particular we set Q) = N;_, Py,.

At this stage in [6] one can find the definitions that we skipped in
Section 2.2 of the notion of “standard Young tableaux”. The general
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fact that these can be used to give explicit bases for H is also repeated
here.

Let X (w) be a Schubert variety in G/Q. For a = (a4,--- ,a,) € Z7,
let |a| = Y~ a;, and (Ry)a = H°(X(w), L?) , where L* = L' ®---®@ L.

Then
R, = @ H (X (w),L?)
aez’
[For X (w) = G/Q we are going to use R and R, for R, and (Ry,)a
respectively.] We then have:

Theorem 2. (1) The map

bu: @) S“H(G/Q, Ly,) — Ra
=1

15 surjective. Let I, be its kernel.

(2) Let I be the kernel of the canonical map

0: @ ®SaiHO(G/Q>Lk¢) — R,

ani =1

Then I is multigraded and generated by Iy = Ujq—214.

Next let H = UleWki. We define a partial order > on H as follows:
Given 11 = (ay,...,a,), 72 = (by,...,bs), where r,s € {ky,... , k},

m>m<=r<sanda; > b, for1 <t <r.

One can see that (H, >) is a distributive lattice with 0, and 1. Extend-
ing this to a total order, denoted by > again, we get an induced total
order on the set {p,| 7 € H}. (Picking the right conventions one ends
up with the lexicographic order on the monomials.)

Let F, be the set of all straightening relations for nonstandard mono-
mials of degree a, and let F be the union over all as of F,. Clearly
Fa C Iy and F C I. Letting F3 = Uja—2Fa, the authors in Section 9
prove that F; is the reduced Grobner basis for I with respect to the
lexicographic order.

Next let w € W% and let X(w) be the corresponding Schubert
variety. Under 7; : G/Q — G/Py,, let m(X(w)) = X (w®), where
w® € Wki. Define H,, = {r € Wk|1 <i <r, w? > 7}. Then define
the corresponding ideals I and I(w), as kernels of maps analogous
to those in THEOREM 2. Next define subsets F.', F3’ and F*, of
these ideals, corresponding to the straightening relations. Then one
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can show that F3’ is the reduced Grobner basis for I(w) with respect
to the lexicographic order.

Now let Z = Ul_; X (w;) be a union of Schubert varieties in G/Q.
Let HZ = U'_,H,,. Analogously we define Iy, FZ, FZ and FZ#, and
we see that F7 is the reduced Grobner basis for I, with respect to the
lexicographic order.

Finally we are ready for the last step; we will now show that the
flag variety SL,/Q degenerates to a toric variety. Let @Q = NI_, Py,
H =U_W* and R = ®,H°(SL,/Q,L?*). One only needs to show
that all the hypotheses of THEOREM 1 hold for R. [This is done in
detail in Section 10 of [6].]

R is generated as an algebra by {p., 7 € H}. Take the canonical
order on H. We get from THEOREM 2 that the quadratic relations
generate all the other relations. The hardest step is the following

Proposition 1. (PROPOSITION 10.4in [6]) For any straightening re-
lation

PrPy = Z CapPaPp
DrveDrng occurs on the RHS with coefficient 1.

of which there is an explicit proof provided. The other conditions are
easily shown to hold: To show “7, ¢ €], « for every pair («, 3) appear-
ing on the RHS,” one needs a lemma previously proved in Section 8.
To show “There exists an embedding H < C where C = C(nq,...,nq)
for some ny,...,ng > 1 such that 7U¢ = aUp for every pair («,3)
appearing on the RHS,” one notes that the embedding is trivial, it fol-
lows from a representation theorem in lattice theory (given in Section
4). Weight considerations finally give us the condition “TU¢ = alUfS”.

Thus following the proof of THEOREM 1, i.e. THEOREM 5.3 of [6],
we get the deformation we want. The result is

Theorem 3. (THEOREM 10.6in [6]) The flag variety SL,/Q degen-
erates to a (normal) toric variety Y. Further, the Grébner basis for
SL,/Q as constructed descends to a Grébner basis for Y.

3. THE EXAMPLE

[Here I will put some notes for the example I am going to work out in
my presentation.]
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Let G = GLy; let B be the 4 x 4 upper triangular matrices, and
T the 4 x 4 diagonal matrices. Then G/B gives the full flag variety
Fi234. We can write B = P N P, N P3 where

( (2 2 x z\ )
0 z = «x
P = 0 r = x >, G/P, = Gr(1,4)
0 z = «x
\ 7
( )
r T T T
r T T T
PQZ 00 z =z ,G/PQZGT(2,4)
0 0 =z «x
\ J
( )
r T T I
r T T T
P3: T T T T 7G/P3:GT(374>
\ 0 0 0 =« )

The Weyl group W is Sy, the symmetric group on four letters. W;,
the Weyl group of P; is a subgroup of W for each i, and in particular,
we can identify W; with the subgroup of W generated by the reflections
{(j,7+1),7 #i}. This gives us:

W, =< (23), (34) >= {1, (23), (34), (24), (234), (243)}
Wy =< (12), (34) >= {I, (12), (34), (12)(34)}
Wy =< (12), (23) >= {1, (12), (23), (13), (123), (132)}

Thus we can 1dent1fy W* with ]@4 = {(jl, ce 7]z)| 1< jl < e < ]Z <

4}, which gives us:
W ={(1).(2),3),(4)}

W2 = {(172)7<173>7(174) (273)7( ) ( )}
W? ={(1,2,3),(1,2,4),(1,3,4),(2,3,4)}

The induced order in W' is given by: 71 > 7 <= [, > j, for
1 <k <i,wherer = (l,...,0;) and 79 = (j1,...,7;). Thus we get the
lattice H = W' U W? U W?3. The noncomparable pairs are as follows:

(2),(3,4) [join = (3), meet = (2,4)]
(1),(3,4) [join = (3), meet = (1,4)
(1),(2,4) [join = (2), meet = (1,4)]
(1),(2,3) [join = (2), meet = (1,3)]
(1),(2,3,4) [join = (2), meet = (1,3,4)]
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(1,4),(2,3) [join = (2,4), meet = (1, 3)]
(1,4),(2,3,4) [join = (2,4), meet = (1,3,4)]
(1,3),(2,3,4) [join = (2,3), meet = (1,3,4)]
(1,2),(2,3,4) [join = (2,3), meet = (1,2,4)]
(1,2),(1,3,4) [join = (1,3), meet = (1,2,4)]

The ideal defining G/ B will be generated by straightenming relations

of the form
PrPy = Z CapPaPp
as the pairs (7,¢) range through all the noncomparable pairs given
above. (Note that this gives us a Grébner basis for our ideal.) In
particular our basis will be:
G = {2y — Te)Tes T TWles),

DZE4) ~ LT T TA)T(13),
DT(24) ~ T@T4) T T@DT(2),
)Z(28) ~ L@T3) T T3 )96‘(12)7
)L (

Finally we will get, via the suggested deformation, the following
Grobner basis for the toric limit:
= {2@%a1 — T@Tea; T0)TE) ~ TET);
T(1)T(24) — L(2)T(14), T(1)T(2,3) — L(2)T(13),
T1)X(2,34) — L(2)T(1,3,4), L(1,4)T(2,3) — L(2,4)L(1,3),
T(1,4)(2,3,4) — L(2,4)T(1,3,4)y L(1,3)T(2,3,4) — L(2,3)7(1,3,4);
(

T(1,2)T(2,3,4) — L(2,3)%(1,2,4)y £(1,2)T(1,3,4) — 113(1,3)$(1,2,4)}

&
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