Math 151 - Probability Theory - Homework 6
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[4] DeGroot, section 3.4 Suppose that X and Y have a continuous joint distribution for which the joint p.d.f.
is:

ﬂxm_{WQOngzogygl
’ 0 otherwise
Determine
1. the value of the constant, c;
2. the Pr{X +Y > 2};
3. Pr{Y <1/2};
4. Pr{X <1},
5. Pr{X =3Y}
[5] DeGroot, section 3.4 Suppose that the joint pdf of two random variables X and Y is as follows:

c(z? + 0<y<1—2a?
o) = (@ +y) y
0 else

Determine
(a) the value of the constant ¢
(b) P(0< X <1/2)
(c) PY <X +1)
(d) P(Y = X?)

[7] DeGroot, section 3.4 Suppose that a point (X,Y") is to be chosen from the square S in the zy—plane
containing all points (x,y) such that 0 <2 <1 and 0 <y < 1. Suppose that the probability that the chosen
point will be in the corner (0,0) is 0.1, the probability that it will be the corner (1,0) is 0.2, the probability
that it will be the corner (0,1) is 0.4, and the probability that it will be the corner (1,1) is 0.1. Suppose also
that if the chosen point is not one of the four corners of the square, then it will be an interior point of the
square and will be chosen according to a constant pdf over the interior of the square. Determine

(a) P(X <1/4)
(b) P(X+Y < 1)

[10] DeGroot, section 3.4 Let Y be the rate (calls per hour) at which calls arrive at a switchboard. Let X be
the number of calls during a two-hour period. A popular choice of joint pf/pdf for (X,Y’) in this example
would be one like

(2;’,)me_3y ify>0,2=0,1,2,...
flz,y) = ' .
0 otherwise

1. Verify that f is a joint pf/pdf. *Hint:* First, sum over the x values using the well-known formula for
the power series expansion of e2V.



2. Find Pr{X = 0}.

[11] DeGroot, section 3.4 Consider the clinical trial of depression drugs in example 2.1.4. Suppose that
a patient is selected at random from the 150 patients in that study and we record Y, an indicator of the
treatment group for that patient, and X, an indicator of whether or not the patient relapsed. Table 3.3
contains the joint pf of X and Y.

a. Calculate the probability that a patient selected at random from this study used Lithium (either alone
or in combination with Imipramine) and did not relapse.

b. Calculate the probability that the patient had a relapse (without regard to the treatment group).

[13] DeGroot, section 3.11 Suppose that the joint distribution of X and Y is uniform over a set A in the
zy-plane. For which of the following sets A are X and Y independent?

1. A circle with a radius of 1 and with its center at the origin.

2. A circle with a radius of 1 and with its center at the point (3, 5).

3. A square with vertices at the four points (1,1), (1,-1), (—1,-1), (—1,1).
4. A rectangle with vertices at the four points (0, 0), (0, 3), (1, 3), and (1,0).
5. A square with vertices at the four points (0,0), (1,1),(0,2), and (—1,1).

[AP1] Additional Problem 1 Two points are selected randomly on a line of length L so as to be on opposite
sides of the midpoint of the line. [In other words, the two points X and Y are independent random variables
such that X is uniformly distributed over (0, L/2) and Y is uniformly distributed over (L/2,1).] Find the
probability that the distance between the two points is greater than L/3.

[AP2] Additional Problem 2 In the previous problem, find the probability that the 3 line segments from 0 to
X, from X to Y, and from Y to L could be made to form the three sides of a triangle. (Note that three line
segments can be made to form a triangle if the length of each of them is less than the sum of the lengths of
the others.)



