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8.2 Solutions to Exercises =il 2008 |

2 (a) Theorem 8.2.1 can be applied with o = 1 and b = |

fi(z)/folz) < 1/2. Since fi{z)/ fo(z) = 2z,
Hyifz>1 /4.

(b) For this procedure,

2. Therefore, H, should be accepted if ]
the procedure is to accept Hy if z < 1 /4 and to reject ’

Cu(é') = Pr(Rej. Hy ffg) = £;4 fO(fE) dr = g.

and

48(5) = Pr(ACC. Ho [fl) = /;Utl 2odr = -:—6

Therefore, a(5) + 25(6) = 7/8.

4. (a) By the Neyman-Pearson lemma, Hy should be rejected if f1(z)/fo(x) = 2z > k, where k is chosen
so that Pr(2z > k| f3) =0.1. For 0 < k < 2,

Pr(2X>k|f0)=Pr(X>§-f0)=1—g.

If this value is to be equal to 0.1, then k = 1.8. Therefore, the optimal procedure is to reject Ho
if 2z > 1.8 or, equivalently, if z > 0.9.

-

" '§.. Theorem 8.2.1 can be applied with @ = b = 1. Therefore, Hp should be rejected if fUXD/ fo(X) > 1.
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If welety= Zmi, then : :

=1 : |

' |

- |

fu(X) =p{(l—p)*™* ‘
and

Fo(X) = p§(1 — po)*%. |

Hence,

A9 O] (2

But £1(X)/fo(X) > 1 if and only if log[f1(X)/fo(X)] > 0, and this inequality will be satisfied if and
only if

pl(l—po)] (l—pl)
log 1222 4 plog [ —— ] > 0.
ylog [po(l—Pl) E\T=pmo

Since p; < po and 1 —po < 1—p, the first logarithm on the left side of this relation is negative. Finally,
if we let E, = y/n, then this relation can be rewritten as follows: -

log (l_pl)
T < 1-po/
Io [Po(l"-Pl)]
p1(1 - po)

The optixﬁal procedure is to reject Hp when this inequality is satisfied.



.7. (a) By the Neyman-Pearson lemma, Hy should be rejected if J1{X)/ fo(X) > k. Here,

fo(X) = WGXP [—% > (zi — p)?

=1 .
and
A = e [ -1 S e - ]
T (ag)nizgniz OFP 6= T
Therefore, .
X)) _ 1& 2
log =—Z($-—u) + (const.).
fU(X) 12 =1 ’

i)
It follows that the likelihood ratio will be greater than a specified constant k if and only if Z(mz -
i=1
{£)? is greater than some other constant ¢. The constant ¢ is to be chosen so that

Pr {i(X3 —u?>ec

i=1

Hg] = 0.05.

(a) The p.d.f..’s fo(z) and fi(z) are as sketched in Figure S.8.3. Under H, it is impossible to obtain
a value of X greater than 1, but such values are possible under H). Therefore, if a test procedure
rejects Hyg only if z > 1, then it is impossible to make an error of type 1, and afd) = 0. Also,

B(6) = Pr(X < 1| Hy) = %

4 fo(x)

fi{x
12 1

0 1 2 x
Figure 5.8.3: Figure for Exercise 8 of Section 8.2.

(b} To have a(§) = 0, we can include in the critical region only a set of points having probability
under Hy. Therefore, only points £ > 1 can be considered. To minimize B(8) we should choose
this set to have maximum probability under Hy. Therefore, all points z > 1 should be used in the

_ critical region. '




11. Theorem 8.2.1 can be applied with a = b = 1. The optimal procedure is to reject Ho if f1(X Y/ fo(X) >

1. Here,

fo(X) = “@}')—172—2—75 exp[ﬁé Z(x’i + 1)2]

=1
and

fl(X) = (—2—11'_)]#’@5; exp[—% Z(Cﬂz — 1)2‘l .

i=1

d only if F, > 0. If Hy is

hat f1(X)/fo(X) > 1 if an
efore, Z = Va(Xn+1)/2

reduction, it can be shown t
_1 and variance 4/n. Ther

After some algebraic
ution with mean

true, Xr, willhave a normal distrib
will have a standard normal distribution, and

a(é):Pr(X‘n>o\Ho)=Pr(Z> %\/ﬁ) :1-@(%\/5).

X, will have a normal distribution with mean 1 and variance 4/n. Therefore,

dard normal distribution, and

B(8) = Pr(Xn < 0| H1) =Pr (z’ < —-;-\/ﬁ) ~1-9 (%\/a) .

use a table of values of ® to obtain the fo

Similarly, _1_f H, is true,
7! = /a(Xn—1)/2 will have a stan

Ylowing

Hence, a(8) + B(8) = 201 — @(v/n/2)}- We can now

results:
(a) n =1, a@d) +pE) = 2(0.3085) = 0.6170.
(b) In =4, o(f) +B8() = 9(0.1587) = 0.3174.
(c) Ifn = 16, a(8) + B(0) = 2(0.0227) = 0.0454.
(d) I n =36, &(9) + B(8) = 2(0.0013) = 0.0026.




