Math 152 — Fall 2007
Professor Hardin
Bayesian Dist of the Mean

Theorem: Let X, Xs,...X,, ~ N(u,1/7) and suppose you have priors on p|7 and 7,

plr ~ N(po, 1/(Xo7))
T ~ Gamma(ao, ()

Then, the posteriors on p|r and 7 are,

plr ~ N(p1, 1/ (A7)
T ~ Gamma(ay, ;)
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where 1, = ’\0/(‘00#, AL = Xo+n,  ap = agty, B = ﬁo—i—% Z?:l(xi—f)%—%.
Proof:
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Note, p and 7 are not independent, and h(u, 7) = hq(p|7) ha(T)
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As seen in class, we can add and subtract T inside (z; — p)? to get:
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Y(wi—p)? = D (2 —7)° +n(T - p) (2)
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By adding and subtracting p;:

n(T — )+ Xo(p — o) = (Mo +n)(p—pm)*+ W (3)
Combining (2) and (3) we get:
é(mi — )%+ Aol = p10)> = (Ao +n) (= ) + z:(x _ )t W )
By plugging (4) into (1) we get: -
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e(p,tlz) = (T, z)pa(T|2) (6)



Theorem: Let X, Xs,... X, ~ N(u,1/7) and suppose you have priors on p|r and 7,

plr ~ N(po, 1/(Xo7))
7 ~  Gamma(ayg, fy)

Then, the marginal posterior distribution of y can be written as:
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where p1, A1, aq, and 3; are given in the previous theorem.

Proof:

First, let

z o= ()P — ) = u(p)
po= 2(1) 7V = w(z)

We know (from the previous theorem):

pp,7lz) = ei(ulr,z) @o(rlz) (7)
So, p(z,7la) = r(w(2)lr,2) (20D gy(ra) )
= @i(z(M7) 7Vl ) [(ar) VP pa(rlz) (9)
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Which gives us:
Zlx ~ N(0,1) 7|z ~Gamma(a, ) (Independent!)
Let Y = 267 — Y|z ~ Gamma(ay, 1/2) = x3,,
So, creating a t random variable:
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Which gives:
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