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ABSTRACT. We discuss the application of antilinear symmetries (conju-
gation operators) to problems connected to the compressed shift on the
spaces H? © pH? where ¢ denotes a nonconstant inner function. For
example, we discuss an explicit parameterization of the noncyclic func-
tions for the backward shift operator and show that compressed shifts
and their associated Clark operators [10] belong to the class of complex
symmetric operators [23, 24]|. Furthermore, we show that the partial
isometry in the polar decomposition of an (invertible) compressed shift
is a certain Clark unitary operator. Moreover, we are able to compute
certain preferred orthonormal bases for the spaces H? © pH? (where ¢
denotes a nonconstant inner function) that respect the underlying sym-
metry. This is a self-contained exposition of several results of the author
and others contained in the papers [19, 21, 23, 24, 25].

1. Introduction

The operators of our present interest (namely compressed shifts and their
associated Clark perturbations) belong to a surprisingly large class of oper-
ators, known collectively as complex symmetric operators. Although there
are several different characterizations of such operators, the simplest is in
terms of matrix representations: A bounded operator on a Hilbert space is
complex symmetric if it has a symmetric matrix representation with respect
to some orthonormal basis. At the outset, it is not obvious that compressed
shifts should have such matrix representations, nor is it obvious how to go
about finding such a preferred orthonormal basis. These problems roughly
constitute the topic of this note.
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There are many concrete examples (besides compressed shifts) of com-
plex symmetric operators and the classical roots of the theory are deep. This
surprisingly large class includes all normal operators, all Hankel operators,
all finite Toeplitz matrices, and the Volterra operator (see below). Section 2
contains some basic background material on complex symmetric operators,
beginning with a brief discussion of the classical theory of complex sym-
metric matrices (Subsection 2.1). In particular, we highlight a few places
where such matrices appear in function theory and function-related operator
theory.

From an operator theoretic viewpoint, we prefer things to be coordinate-
free. Indeed, we are more interested in operators themselves rather than
their matrix representations and therefore a more intrinsic definition of the
transpose is necessary. By exploiting the symmetry of a finite Toeplitz ma-
trix with respect to the second diagonal (Subsection 2.2), we motivate a
coordinate-free approach to the transpose symmetry 7 = T enjoyed by a
complex symmetric matrix. This entails the consideration of certain anti-
linear symmetries which are analogous to complex conjugation (Subsection
2.3). To be specific, we say that an antilinear linear operator C' on a com-
plex Hilbert space H is a conjugation operator (or simply a conjugation) if
C? =TI and (Cf,Cg) = (g, f) for all f,gin H. The standard example of a
conjugation operator is complex conjugation on a Lebesgue space L?(X, i),
where no explicit reference is made to an orthonormal basis.

For a fixed conjugation operator C, we define the transpose of an op-
erator by the formula T = CT*C (Subsection 2.4) and we say that T is
C-symmetric if T = CT*C. Furthermore, we say that T' is complex symmet-
ric if there exists a conjugation C' such that T is C-symmetric (Subsection
2.5). A straightforward computation (see Lemma 2.7) shows that an op-
erator T is complex symmetric if and only if it has a symmetric matrix
representation with respect to some orthonormal basis.

The model spaces H?> © pH? (where ¢ denotes a nonconstant inner func-
tion) possess their own natural conjugation operators. In Section 3, we study
function theoretic aspects of the conjugation operator

Cf=fzp

on H?S pH?. We first review several basic definitions (Subsection 3.1)
before examining the connection with the theory of pseudocontinuations.
It turns out that conjugation on H? & ¢H? and pseudocontinuations are
closely related concepts and that they represent two different ways of looking
at the same underlying phenomenon (Subsection 3.2).

Since each space H? & ¢H? is a reproducing kernel Hilbert space, it is
natural to investigate the relationship between its reproducing kernel Ky
and C. This leads naturally to the conjugate kernel C'K) which reproduces
the values of [C'f](A) via the formula [Cf](A) = (CK}, f) (Subsection 3.3).
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Specifically, these functions are given by the formulas

1 —p(Ne(2) e(z) — p(A)
KA(Z) - 1 XZ ’ [CKA](Z) - 2\ )
where A and z belong to the open unit disk ID. They play a major role in
our computations involving the compressed shift and its associated Clark
perturbations.

Our first application of this approach is in the explicit function theoretic
parameterization of the space H? & pH? (Subsection 3.4), thereby obtain-
ing a characterization of noncyclic functions for the backward shift on H?2.
In light of a famous theorem of Douglas, Shapiro, and Shields ([13, Thm.
2.2.1]), this also yields a description of H? functions which are pseudocon-
tinuable of bounded type.

Unlike many standard Hilbert spaces, the model spaces do not come
equipped with “convenient” orthonormal bases (Subsection 3.5). In light
of the conjugation operator C'; we wish to construct orthonormal bases for
the spaces H? © ¢H? which are also fixed by C. We refer to such bases as
C'-real orthonormal bases and the remaining sections of this note are con-
cerned with various aspects of this construction.

Section 4 is essentially an extended example in which we explicitly con-
struct an infinite family of C-real bases for the space H? © pH? correspond-
ing to the atomic inner function

¢(z) = exp (jfi) :

Our main tool is a certain integral transform W : L2[0,1] — H? & pH?
which arose in Sarason’s solution [42] to the Gelfand problem [26] (i.e. char-
acterize the invariant subspace lattice for the Volterra integration operator

V() = /O oL

on L%[0,1]). Specifically, WW provides a unitary equivalence between the
Cayley transform (I—V)(I+V)~! of the Volterra operator and its functional
model, the compressed shift on H2 © pH? (Subsection 4.1).

As we mentioned earlier, the Volterra operator is a complex symmetric
operator. Indeed, it is C-symmetric with respect to the conjugation operator

[CAl(z) = f(1 —x)

on L?[0,1]. By following this symmetry through to the compressed shift
on H? & pH?, we deduce that the compressed shift is C-symmetric where
C = WCW* turns out to be the conjugation operator C'f = fzp that we
have already mentioned.

By first solving the corresponding problem in L?[0, 1], we obtain an ex-
plicit description of certain natural C-real bases for H? © ¢ H? (Subsection
4.2). By studying this particular example, we are able to conjecture what a
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more general solution might look like (Subsection 4.3).

Section 5 concerns Toeplitz operators on H? and their compressions to
the spaces H? © ¢H?. After reviewing some basic definitions (Subsection
5.1) and discussing a simple example (Subsection 5.2), we show that the com-
pression of any Toeplitz operator to a subspace of the form H? © ¢H? is C-
symmetric with respect to the natural conjugation operator C' on H? & pH?
(Subsection 5.3).

In particular, the compressed shift Sf = P,(zf) (where P, denotes the
orthogonal projection from H? onto H? © pH?) is a C-symmetric opera-
tor. This observation allows us to employ several general results on complex
symmetric operators to problems concerning the compressed shift and (ul-
timately) its Clark perturbations.

In Section 6, we discuss a variant of the classical polar decomposition (for
complex symmetric operators) which generalizes an elegant result of Godic¢
and Lucenko [29]. Their theorem asserts that every unitary operator U
decomposes as the product U = C'J of two conjugations C' and J (Subsection
6.1). This generalizes the simple geometric fact that any planar rotation can
be written as the product of two reflections.

For a C-symmetric operator T', there is a related decomposition. For in-
stance, if T' is C-symmetric, then we can write T' = C'J|T'| where J is an aux-
iliary conjugation operator which commutes with the modulus |T'| = VT*T
and with its spectral projections (Subsection 6.2). This result (from [24])
is the main tool with which we attack compressed shifts and their Clark
perturbations.

In Section 7, we compute the decomposition described above for the
compressed shift. More generally, we actually consider the compressions
Sxf = P,(bxrf) of Toeplitz operators whose symbols are the disk automor-
phisms

z—A
oa(2) 1— Xz
vanishing at points A in ID. The compressed shift corresponds to the special
case A = 0. After collecting some preliminary notation (Subsection 7.1), we
compute the modulus |Sy| (Subsection 7.2), and the auxiliary conjugation
Jx (Subsection 7.3) in the decomposition

Sy = CJx|SA|

If S happens to be invertible, then the partial isometry Uy in the polar
decomposition of S) is actually unitary and has the Godi¢-Lucenko decom-
position Uy = C'Jy (Subsection 7.4). Moreover, U turns out to be a Clark-
type unitary operator, namely a rank-one perturbation of the compressed
shift.
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The appearance of Clark perturbations in the polar decomposition of
compressed shifts motivates us to consider these perturbations from the
complex symmetric perspective. In Section 8, we develop a slight general-
ization of Clark’s theory to produce C-real bases for the spaces H? & ¢pH?
(subject to some function theoretic restrictions).

Using the explicit Godi¢-Lucenko decomposition Uy o = C'J)y o, we com-
pute the eigenvalues and eigenvectors (if any exist) of Uy o (Subsection 8.1).
These computations proceed along entirely different lines than Clark’s orig-
inal computations and provide an alternate approach to the calculation of
the eigenstructure of Clark operators. Under certain circumstances, it is
possible to obtain a C-real orthonormal basis for H> © ¢ H? by this method
(Subsection 8.2).

Acknowledgments. The author wishes to thank D. Sarason (co-author
of [25] and advisor) for his numerous comments and suggestions regarding
this note. The author is also grateful to M. Putinar, coauthor of [22, 23, 24|
and general mentor. Moreover, we are indebted to D.Z. Arov, J.A. Cima,
J.W. Helton, D. Khavinson, S. Richter, H.S. Shapiro, and C. Sundberg for
their constructive comments during the writing of [23] and/or [24]. The
author would especially like to thank G. Karaali for reading a preliminary
version of this note.

2. Complex Symmetric Operators

As we have mentioned in the introduction, we will make extensive use
of complex symmetric operators in our discussion of problems related to
compressed shifts and Clark operators. In this section, we discuss the basic
properties of this class of operators and provide a few simple examples.
Much of the material in this section comes from [23].

2.1. Complex symmetric matrices. Before proceeding to discuss
complex symmetric operators in full generality, it is useful to reflect for
a moment on the classical theory of complex symmetric matrices (see the
texts [18, 32]). In this context, we can motivate our results and see the
connection between symmetric matrices and Toeplitz operators.

We say that a square matrix T' (with complex entries) is complex symmet-
ric if T coincides with its transpose T¢. Obvious examples of such matrices
include real symmetric matrices and complex Hankel matrices.

A notable early contribution to the subject was made by Takagi [47,
Thm. II], who established a useful decomposition (reproved by Hua [33],
Jacobson [36], Schur [43], and Siegel [46], among others) for complex sym-
metric matrices and used it to provide an elegant proof of a holomorphic
interpolation theorem of Carathéodory and Fejér [7].

Specifically, this theorem states that if ag, a1, ..., a,_1 are complex num-
bers, then there exists an analytic function f on the open unit disk D sat-
isfying || f]leo < 1 and whose first n nonnegative Fourier coefficients are
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precisely ag,aq,...,a,_1 if and only if the associated n x n Hankel matrix
Gpn—1 QAan-2 - Ap
p—2 ap-3 -+ 0
ao 0O --- 0

has operator norm less than or equal to one. In the course of his proof
of the Carathéodory and Fejér theorem, Takagi showed that any complex
symmetric matrix can be written in the form U DU where D is a nonnegative
diagonal matrix and U is unitary. This elegant decomposition has many
applications in matrix theory and linear algebra, some of which are detailed
in [32].

In the theory of univalent functions, the Goluzin inequality (see [15,
Cor. 9, p.128]) can be phrased in terms of complex symmetric matrices.
Specifically, recall that a holomorphic function f on D is univalent if it is
injective and normalized if it satisfies f(0) = 0 and f/(0) = 1. A normalized
univalent function is called schlicht.

It turns out that f is schlicht if and only if for any n distinct complex
numbers z1, 2o, ..., zn, the inequality

" wewe] zizk  f(z) — f(Zk)) ST
j;l wjwg log (f(Zj)f(Zk) P—— < j;l w; Wy log — =

holds for all choices of wy,ws, ..., wy,. In terms of matrices, this represents
the majorization

[(Aw, w)| < (Bw, w),
for any w = (w1, ws,...,w,) in C", of the complex symmetric matrix

o zize  f(z) - f(%))
(Al = log (f(z»fm) 2 —
by the positive matrix .

More information on such hermitian-symmetric inequalities can be found in
(16, 17].

In physical applications, complex symmetric matrices also appear in the
theory of wave propagation in continuous media [45] and in the study of
certain chemical reaction problems [5]. Perhaps the ubiquity of complex
symmetric matrices can best be seen from the fact that any square complex
matrix is similar to a complex symmetric one. We will sketch a proof of this
result in our discussion below.

Since our interest in this note lies closer to operator theory than lin-
ear algebra, we will develop a coordinate free approach. If C' denotes the
operation of complex conjugation of a vector in C™:

C(z1,22,..-,2n) = (Z1,22,- - -, Zn), (2.1)
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then the transpose symmetry T = T of a complex symmetric matrix T
is equivalent to the algebraic condition T' = CT*C, where T™ denotes the
adjoint matrix of T'. We will take this equation as our starting point.

2.2. Toeplitz matrices. The algebraic condition T' = CT*C satisfied
by a complex symmetric matrix is readily extended to the more general set-
ting of bounded operators on a Hilbert space. One advantage to generalizing
the transpose symmetry 7' = T in this way is that the adjoint operation
T — T* is intrinsic to a given Hilbert space and does not require a preferred
orthonormal basis to begin with.

The simple example of a finite Toeplitz matrix described below illus-
trates that even in finite dimensions, it may not be immediately evident
that an operator has a symmetric matrix representation with respect to
some orthonormal basis.

Let T denote a Toeplitz matriz

ag al a9 N o o |
a_q aq al e Ap_—2
T = a—9 a—1 ag .. QAp-3 (2.2)
a_(n-1) 0—(n-2) G—(n-3) --- ao

and observe the symmetry of 7" with respect to the second diagonal. Al-
though the Toeplitz matrix 7' is not in general symmetric, it does satisfy
the algebraic condition T'= CT*C where C denotes the antilinear operator

C(zo,zl,...,znfl) = (anl,znfg,...,%) (2.3)

on C". Clearly C shares many of the fundamental properties of complex
conjugation. Indeed, we easily see that C' is involutive, meaning that

c?=1
and that C is isometric in the sense that

(Cf,Cg) =g, f)

for any vectors f,g in C™. Moreover, it is not hard to find orthonormal
bases of C™ with respect to which C can be represented simply as complex
conjugation.

ExAMPLE 2.1. In the case n = 4, the vectors

ep = 7(1001)
es = T(ZOO i)
ez = %(0110)
e = 75(0,i,-4,0)
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form an orthonormal basis of C* which is fixed by the antilinear involution
C(Zo, 21, 22, Z3) = (%, Z9,21, 70) Thus

C(arer + azez + azes + aseq) = are; + Ggea + azes + aaeq

for any complex constants ay, as, a3, aq and hence C' is unitarily equivalent
to complex conjugation with respect to the standard basis of C*. The reader
will not have difficulty generalizing this procedure for other values of n.

With respect to such a basis, one can show that the matrix represen-
tation of any Toeplitz matrix 7" is symmetric (see Lemma 2.7 below). In
particular, this implies that any (finite) Toeplitz matrix is unitarily equiv-
alent to a complex symmetric matrix. While this result is classical (see
[18, 32| for background), it is not necessarily well-known outside of linear
algebra and matrix analysis circles.

A simple, yet important, example of a finite Toeplitz matrix is an n x n
Jordan block (with eigenvalue 0):

EXAMPLE 2.2. Let T denote the matrix

01
01
0

01
0

Since T is a finite Toeplitz matrix, it satisfies T = CT*C where C is the
antilinear operator defined by (2.3).

In particular, the preceding example indicates that every Jordan block
is unitarily equivalent to a symmetric matrix. This runs somewhat counter
to our intuition since Jordan blocks were specifically designed to cope with
situations in linear algebra where symmetry (in a somewhat vague sense) is
lacking. Moreover, by considering direct sums of Jordan blocks, one easily
obtains the following theorem:

THEOREM 2.3. Every square matrix is similar to a complex symmetric
matrizx.

Along these lines, symmetric canonical forms for arbitrary square ma-
trices have been investigated by several authors, the earliest (1930) perhaps
being Wellstein [49] (see also [11, 44] and the texts [18, 32]). We also re-
mark that, since a real symmetric matrix must be self-adjoint, the preceding
theorem generally requires the use of complex similarity transformations and
complex symmetric matrices. Moreover, Theorem 2.3 implies that there are
no restrictions on the Jordan canonical form of a complex symmetric matrix.
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The connection between complex symmetric matrices and operator re-
lated function theory begins to reveal itself when one observes that

01 ag al
0 1 ay a
0 as as
01 an—2 an—1
0 Ap—1 0

and hence an n x n Jordan block (with eigenvalue 0) represents a “part”
of the backward shift operator. We will discuss the connections between
complex symmetric matrices, shift operators, and function theory in a later
section. First, we must generalize some of these simple observations to the
setting of operators on an arbitrary Hilbert space.

2.3. Conjugation operators. In our consideration of finite Toeplitz
matrices, the antilinear operator (2.3) arose. With this C, we recognized
that the symmetry of a Toeplitz matrix with respect to the second diagonal
can be represented by the simple algebraic formula T = CT*C. We now
wish to consider such antilinear symmetries in a more general setting.

If ‘H is a Hilbert space, then we say that C is a conjugation operator on
‘H if the following conditions hold:

(a) C'is antilinear:
Clarfi +azf2) =aChi +a2Cf,
for all a1,as € C and fi, fo € H.
(b) C is isometric:
(CF,Cg) =9, )
for all f,g € H.
(c) C is involutive: C? = 1.
The astute reader will note that these are not the “minimal” axioms
which will yield the same effect. For instance, condition (a) follows easily

from (b) and (c). Nevertheless, we prefer to be more explicit than necessary
for the sake of clarity.

EXAMPLE 2.4. The most obvious (and trivial) example of a conjugation
operator is simply complex conjugation on the one-dimensional complex
Hilbert space C. Indeed, this is exactly the notion that we are attempting
to generalize. Other obvious examples are complex conjugation with respect
to the standard basis in C™ (2.1) and the conjugation operator (2.3) that
arose in our consideration of finite Toeplitz matrices.

EXAMPLE 2.5. Another simple example is given by pointwise conjuga-

tion [Cf](x) = f(z) on a Lebesgue space L?(X, u). If our measure space
(X, p) has some symmetry, then we might take that into account as well.
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For example, we will see that the conjugation operator [Cf](x) = f(1 — x)
on L2[0,1] arises in the consideration of the Volterra integration operator
(see Lemma 4.1).

Despite a multitude of different manifestations, conjugation operators
are actually quite simple objects. As the following easy lemma shows, any
conjugation operator can be represented as complex conjugation with re-
spect to a certain orthonormal basis:

LeEMMA 2.6. If C is a conjugation operator on 'H, then there exists an
orthonormal basis (en)ﬁ:‘r‘lH of H such that Ce, = e, for all n.

We refer to such a basis as a C-real orthonormal basis for H. The im-
portance of such a basis lies in the fact that the action of a possibly abstract
conjugation operator C' can be represented simply as complex conjugation
with respect to the basis (en)%i:mlH. In other words, any conjugation oper-
ator is unitarily equivalent to complex conjugation on an % space of the
appropriate dimension.

2.4. The transpose of an operator. For a fixed conjugation operator
C on a Hilbert space H, we define the transpose T* of a bounded linear
operator T : H — H to be the linear operator

Tt = CT*C.

It is important to note that the definition is coordinate free since it depends
only upon the conjugation operator C' and not on a particular choice of
basis for H. Indeed, one frequently considers function theoretic conjugation
operators which are not a priori defined in terms of complex conjugation
with respect to an orthonormal basis.

In terms of matrix representations, the following lemma shows that the
definition T* = CT*C for the transpose of an operator is justified:

LEMMA 2.7. If (e,)3m™ s a C-real orthonormal basis for H and [T);y
denotes the jk-th entry of the matrixz representation for T with respect to

the basis (€)M, then [T, = [T)k; for all j,k=1,2,...,dimH.
PROOF. The proof is a straightforward computation based on the defi-
nition 7% = CT*C and the isometric property (b) of conjugation:
[T = (T'ej en)

Thus the matrix for 7" with respect to the basis (e,)2; is simply the matrix

transpose of the matrix for 7" with respect to the same basis. O
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2.5. Complex symmetric operators. Suppose now that H is a Hilbert
space equipped with a conjugation operator C. We say that a bounded op-
erator T is C-symmetric if T = T. In other words, T is a C-symmetric
operator if and only if T' = CT*C. More generally, we will say that T is
complex symmetric if there exists a conjugation operator C' such that T is
C-symmetric.

There are many examples of complex symmetric operators. In fact, they
are more common than one might initially imagine.

ExAMPLE 2.8. All normal operators are complex symmetric. Indeed, one
need only produce a conjugation C' commuting with the spectral measure
of the given normal operator. In finite dimensions, this amounts to nothing
more than the observation that a normal operator can be represented by a
diagonal (and hence symmetric) matrix with respect to a certain orthonor-
mal basis. In this case, C' can simply be taken to be complex conjugation
with respect to that basis.

In general, it suffices to show that the operator M, of multiplication by
the independent variable on a Lebesgue space L?(u) (where p is a compactly
supported Borel measure on C) is complex symmetric. In this case, one can
immediately verify the equation M, = CM;C where C' denotes complex
conjugation on L?(p).

EXAMPLE 2.9. Since a Hankel matrix is symmetric, any (finite or infi-
nite) Hankel matrix defines a complex symmetric operator on its associated
12 space.

EXAMPLE 2.10. Another family of examples is furnished by considering

integral operators whose kernels possess certain functional symmetries. For
example, (bounded) integral operators of the form

T/)(z) = /X K (2, 9) (4)duly)

whose kernels K (z,y) are symmetric (in the sense that K(z,y) = K(y,z)
for all z,y in X) are C-symmetric with respect to complex conjugation
[Cf](z) = f(x) on the corresponding Lebesgue space L*(X, p1).

ExAaMPLE 2.11. One can also combine complex conjugation on a Lebesgue
space L2(X, ;1) with a measure-preserving geometric symmetry of the under-
lying measure space (X, ). For example, the Volterra integration operator

V(@) = /0 " f

defined on L2[0, 1], is C-symmetric with respect to the conjugation [C'f](x) =
f(1 —x) (see Lemma 4.1). We will discuss this example and its relationship
to compressed shifts in greater detail in Section 4.

EXAMPLE 2.12. All compressed Toeplitz operators (with which the re-
mainder of this note is concerned) are complex symmetric operators. The
details and definitions are postponed until Section 5.
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Although we will not do so in this note, one can also consider unbounded
complex symmetric operators as well. More information and references on
the unbounded theory can be found in [22, 24].

It is natural to ask, for a fixed C', what operations preserve the class of
C-symmetric operators. Multiplication, for instance, does not. Indeed, it
is not hard to find examples of 2 X 2 symmetric matrices whose product is
not symmetric. The following lemma (whose proof is omitted) provides one
important method for constructing new complex symmetric operators from
old ones:

LEMMA 2.13. If T is a C-symmetric operator, then p(T') is C-symmetric
for any polynomial p(z).

By applying the lemma to the polynomial p(z) = z — A\, we see that if
T is a C-symmetric operator, then ) is an eigenvalue of T if and only if A
is an eigenvalue for T*. Moreover, it is not hard to see that C' provides an
antilinear isometric bijection between ker(T — AI)™ and ker(T* — I )™ for all
Ain C and all n. This is an example of the “spectral symmetry principle”,
satisfied by any complex symmetric operator. Loosely put, if T is a complex
symmetric operator, then 7" and 7™ are mirror images in every way and
their spectral structures correspond under complex conjugation.

In the finite dimensional setting, the preceding comments do not amount
to much. In infinite dimensions, however, we can easily exclude a wide
variety of operators from the complex symmetric class.

EXAMPLE 2.14. The unilateral shift M, on H? is not complex symmetric.
Indeed, M, has no eigenvalues while M} (the backward shift) has many
[8, 30]. Here is another straightforward proof. If there were a conjugation
operator C on H? such that M, was C-symmetric, then the equation CM, =
M7 C would imply that

[ = MM, = (M:C)(CM,) = CM,M:C

and hence M, M} = I. This is absurd since M, M} is the orthogonal pro-
jection onto the subspace zH?.

More generally, one can show that T*1T and TT™* are unitarily equivalent
whenever T' is complex symmetric [24].
3. Conjugation on Model Spaces

The conjugation operator that we are most concerned with in this note
resides on the so-called model spaces, which we briefly describe.

3.1. Model spaces. A famous theorem of Beurling characterizes the
invariant subspaces of the unilateral shift operator M, on H?. It asserts that
the proper, nontrivial invariant subspaces for M, are precisely the subspaces

oH? = {of : f € H?}
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where ¢ is a nonconstant inner function, a bounded analytic function on
the unit disk D with nontangential limiting values of unit modulus a.e. on
OD. Since inner functions and Beurling’s theorem are well-understood, we
refer the reader to the standard texts [14, 35].

It follows from Beurling’s theorem that the proper, nontrivial invariant
subspaces for the backward shift operator M} are precisely the subspaces
H? © pH?, where ¢ is a nonconstant inner function. We refer to these
subspaces as model spaces in light of an important theorem of Sz.-Nagy and
Foaig which roughly states that any Hilbert space contraction 1" such that
T™ tends strongly to 0 is unitarily equivalent to a suitable vector-valued
analogue of the compressed shift (also called a model or Jordan operator)
S:H?0 pH? — H? S @pH? defined by

Sf=Po(zf) (3.1)

where P, denotes the orthogonal projection from H 2 onto H? © pH?. We
remark also that the hypothesis that T tends strongly to zero is not restric-
tive and is meant to exclude the possibility of a unitary direct summand.
For further details, the reader may consult the recent text [38].

The following lemma shows that each model space carries a natural
conjugation operator:

LEMMA 3.1. If ¢ is a nonconstant inner function, then

Cf=fzp (3.2)
defines a conjugation operator on H* © @H? which preserves outer factors.

PROOF. Let f be an arbitrary function in H 26 @H? and consider the
function fze in L%(0D). Although it appears at first that this is not the
boundary function of an analytic function on I, the short computation

(fzp,zh) = (ph, [) =0

shows that fzy is orthogonal to  every anti-analytic function which vanishes
at the origin. This implies that fzy, despite its appearance, belongs to H?2.
The similar computation

(fzp,0h) = (zh, [) =0

shows that fzy is also orthogonal to @H?. In other words, the antilinear
operator C' defined by (3.2) maps H? © pH? to itself. Since |p| = 1 a.e.
on JD, it is not hard to verify conditions (b) and (c) in the definition of a
conjugation operator. To see that C also preserves outer factors, observe
that |Cf| = |f| a.e. on OD. O

Although the conjugation (3.2) is defined in terms of boundary functions,
in the case where ¢ is a finite Blaschke product, the conjugation can be quite
explicitly realized.
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EXAMPLE 3.2. Let ¢ denote a finite Blaschke product

o(z) = Hﬂ

i L= e

with n (not necessarily distinct) zeros Ag. It is not hard to show that each
function f in H? © pH? is of the form
ap+ a1z + -+ ap—12""

S I S ST R w

and that the conjugate function is given simply by

1

Un—1+an_22z+ - - +apz""!

(1= A2) - (1— An2)

In particular, the conjugation operator (2.3) we considered in our discussion
of Toeplitz matrices corresponds (under a suitable interpretation) to the
special case ¢ = 2z". Further details about the conjugation operator on
finite dimensional model spaces can be found in [20, 23].

[C1(2) =

In the case of a general inner function, the computations are not quite as
simple. However, we will see in Subsection 3.4 that the conjugation operator
(3.2) can be used to obtain an explicit function theoretic representation for
the space H? © o H?.

3.2. Conjugation and pseudocontinuation. In this subsection, we
discuss the relationship between the concept of pseudocontinuation, non-
cyclicity for the backward shift M}, and our conjugation operator (3.2) on
the model space H? © pH?.

Due to the fact that each space H? © ¢H? is invariant under the back-
ward shift M}, one says that a function f belonging to one of the spaces
H? © oH? is noncyclic since the closed linear span of its iterates under M}
fails to be all of H2. On the other hand, one says that a function f is cyclic
if it does not belong to a subspace of the form H? © ¢H?. Equivalently, f
is cyclic if and only if the closed linear span of its iterates under M} is H?.

A remarkable characterization of noncyclic functions is provided by a
theorem of Douglas, Shapiro, and Shields. Their theorem requires a bit of
explanation. Let D, denote the complement of the closed unit disk in the
extended complex plane. If f and f are meromorphic functions on D and
De, respectively, with nontangential limiting values that agree almost every-
where on 8D, then f and f are called pseudocontinuations of one another.
A meromorphic function on D, is of bounded type if it is the quotient of
bounded analytic functions on D.. The following theorem from [13, Thm.
2.2.1] relates pseudocontinuations to the backward shift operator:

THEOREM 3.3 (Douglas, Shapiro, Shields). A function f € H? is non-
cyclic for the backward shift operator if and only if f has a pseudocontinua-
tion to D, which is of bounded type.
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Letting PCBT denote the class of H? functions which have pseudo-
continuations to D, which are of bounded type, we see that there exists
a nonconstant inner function ¢ such that f belongs to H? © @H? if and
only if f belongs to PC'BT. The reader is invited to consult the recent
books [8, 40| for a more detailed discussion of the preceding theorem and
its generalizations to other function spaces. In particular, [40, Sect. 6.2,
6.3] contains numerous instructive examples.

The simplest nontrivial examples of pseudocontinuable functions are in-
ner functions:

ExXAMPLE 3.4. If ¢ is an inner function, then

¢(z) = 1/¢(1/z)
is a pseudocontinuation of ¢ to D, which is of bounded type.

ExAMPLE 3.5. Functions with isolated branch points on dD, such as
v 1+ z, do not possess pseudocontinuations at all and are therefore cyclic
vectors for the backward shift (see [40, Ex. 6.2.3] for a thorough explana-
tion).

To see how Theorem 3.3 fits in the context of conjugation operators, note
that a function f belongs to H? © ¢H? if and only if there exists a function
g in H? such that f = gZ¢ holds almost everywhere on dD. Indeed, the
proof of this fact is essentially contained in our proof of Lemma 3.1. If f is
orthogonal to ¢H?, then

0= (f,0h) = (@f, 1)

for all A in H?. This implies that @ f is orthogonal to H? and hence @ f = gz
for some ¢ in H2.

Letting ¢* denote the function g*(z) = g(Z) obtained by conjugating the
Taylor coefficients of g, we can interpret the equation f = gz as saying that
the functions f(z)/¢(z) on D and 1¢*(1) on D, have matching nontangential
limits almost everywhere on dD.

The approach that we take here is to think of the complementary func-
tion g as C'f, a function belonging to H? © ¢H? and hence with domain I,
as opposed to a function on D.. Indeed, the definition (3.2) of C indicates
that

f=(Cf)zp.
In some sense, we see that Lemma 3.1 (on the existence of C') is a reinter-
pretation of the Douglas, Shapiro, and Shields result (Theorem 3.3). We
will say considerably more about noncyclic functions in Subsection 3.4.

3.3. Conjugation and the reproducing kernel. In this subsection,
we investigate the relationship between the conjugation operator (3.2) on a
model space H? © ¢H? and the reproducing kernel Hilbert space structure
of H> © ¢ H?.
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Recall that the reproducing kernel for H? is the Szegd kernel

1
ENZ) = ——, 3.3
\E) = = (3.3
where A, z belong to ID. These functions have the property that
fFA) = (fex) (3.4)

for every f in H? and all A in D. In fact, the preceding equation follows
directly from the Cauchy integral formula or by considering the Taylor ex-
pansions of f and ey. It is not hard to derive from (3.4) and the definition
of H? © pH? that the equation

fFQA) = (f, Kx) (3.5)
holds for every f in H? © ¢H?. Here K denotes the reproducing kernel

K(z) = L= PNe(z) (3.6)
1— )Xz
for H? © pH?.

Since the model space H? © ¢H? is a reproducing kernel Hilbert space,
it is natural to investigate the relationship between the reproducing kernel
(3.6) and the conjugation operator (3.2). The reproducing property (3.5) of
K, and the isometric property of C' imply that

[CfIN) = (Cf, K\) = (CK), f)
for all fin H? © pH? and X in D. In other words, the conjugate kernel func-
tion C'K reproduces the values of C'f via the formula [C'f](A\) = (CK), f).
Indeed, the existence of such a conjugate kernel could have been deduced
from the Riesz representation theorem since the map f — [Cf](\) is a
bounded linear functional for every |A| < 1.
Using the definition (3.2) of C, we can give an explicit formula for the

conjugate kernel function C'K). We need only keep in mind that our com-
putations take place on 0D, where ¢ is unimodular almost everywhere:

CKA(z) = (“”W>w<z>

1— Az
_ 1-oWe(2) | e(2)
1-Xz z
_p(2) = (V)
—_— ﬁ. (3.7)

Thus the conjugation kernel function C K for H? © ¢H? is none other than
the difference quotient (3.7).

The last statement of Lemma 3.1 asserts that C' preserves outer factors.
In particular, this applies to the functions K,, and CK,,. This is an impor-
tant fact which we verify directly. For each ), the reproducing kernel K is
an outer function, being the quotient of the two outer functions 1 —@(\)p(z)
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and 1—\z. Since C preserves outer factors, it follows that the corresponding
conjugate function C' K is the product of K with an inner function. This
is indeed the case:
p(z) — p(A)
CK = -~ -
CKS(2) L
e(z) —p(A) 1=z 1—9(A)e(z)

1—oNp(z) 22— A 11—z
by (0(2))
p(M)\¥P
= " K)\(2).
NO) A(2)
Here b, denotes the disk automorphism
z—a
bo(2) =
(2) 1—-az

where a belongs to . In particular, we observe that the inner factor of C' K,
is the inner function b,y (¢(2))/bA(2).

A remarkable thing happens as |A| — 1. Let ¢ be a point on 0D such
that ¢ has a nontangential limiting value at ¢ of unit modulus and suppose
that the limit function K formally obtained by substituting ¢ for A in (3.6)
belongs to H? (and hence H? © pH?). Since ¢ and ¢(¢) are unimodular, we
see that

e(z) —»(C)
CK = -
CK)(2) —
e(Q) 1= p(Q)p(2)
¢ 1-(z
= Co(Q)K(2).
Thus, the functions K and CK¢ corresponding to a point ¢ on JD differ

only by the unimodular constant ((¢). Selecting any branch of the square
root function, it follows from the antilinearity of C' that the functions

= 1
(Ce(€))2 K¢
are fixed by C' (whenever they belong to H?). This is an idea that we will
return to several times in this note.

3.4. Description of noncyclic functions. Using the conjugation op-
erator (3.2), we can obtain an explicit function theoretic characterization
of the functions in H? © ¢H?. The construction that we pursue in this
subsection can be found in [19].

Since C? = I, we can split a given function f in H? © pH? into C-real
and C-imaginary parts. Each f in H? © ¢H? decomposes as

f=5(f+Cf) +ig(f - Cf)

where the terms %(f + Cf) and %(f — Cf) are both fixed by C. This
motivates us to find the fixed points for C.
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Suppose that f is fixed by C. In other words, f satisfies
f="Ffzp (3.8)

almost everywhere on 0. Now select a point { on 0D where ¢ has a
nontangential limiting value of unit modulus. Since ¢ is an inner function,
almost every ¢ will have this property. We may, without loss of generality,
assume that ¢({) = ¢ since this may be obtained by multiplying ¢ by a
suitable unimodular constant.

The boundary kernel function

1 50e(2)
1-(z

obtained from (3.6) by letting A — ¢ nontangentially yields a function in the
Smirnov class N (see [8, 14] for more information). Although K might
not belong to H?, it is the quotient of two bounded analytic functions and
hence belongs to N 7.

The appearance of the term Zy in (3.8) is fortuitous as the following
calculation will justify. Using the fact that ¢({) = ¢ we see that

K(?)

Ke(z)/Ke(z) = &2

(/K o T

 1-pQlx) 1-C
L=o(Qp(z) 1-¢z
N e ro A
“@(”<)1—¢@w@) (=)
= ¢@(Q)zp(2)
= Zp(2)
and thus (3.8) can be written in the symmetric form
FIK:=J/Kc.

This shows that the function f/K, belongs to NT and is real almost every-
where on 0. Thus each f in H? © pH? can be written in the form

f(2) = la(2) +ib(2)] K¢ (2)

where a and b are functions in N which are real a.e. on 9D.

A function f belonging to the Smirnov class N7 is called a real Smirnov
function if its boundary function is real valued a.e. on OD. The set RT
of all real Smirnov functions is a real subalgebra of Nt that was explicitly
described by Helson [31]. He showed that if ¢); and 19 are relatively prime
inner functions such that ¥, — % is outer, then the function

e
fz) = "y — s

(3.9)
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is a real Smirnov function and every real Smirnov function arises this way.
Although elegant, the representation (3.9) has its limitations. For example,
the inner functions 11 and 9 are often difficult to identify and there are
no general criteria describing when the difference of inner functions is outer.
A simple proof of Helson’s formula (3.9) can be based on linear fractional
transformations and the factorization theory for N* [25, Sec. 3].

In [25], Sarason and the author proved that any outer function F' be-
longing to R™ can be represented as a locally uniformly convergent product

P = 17O T 722

where T denotes the linear fractional transformation
T() =it o,
1412
and the inner functions ¢, and ¢, are naturally associated with the bound-
ary values of arg F' on 0ID. The proof of this fact is somewhat technical and
relies heavily on the Cauchy A-integral (see [4] and the recent book [9]),
due to the fact that arg F', unlike log |F’|, might not be integrable on OD.

By using the Koebe function k(z) = z/(1 — 2)? (see [15]), we can reduce
the description of functions in RT to the preceding case of so-called real
outer functions. If 1) is a nonconstant inner function, then k() belongs to
R™. Since the inner factor of k(¢) is precisely 1, the construction of the
general function in RT can be reduced to the product (3.4). A more detailed
description of this reduction can be found in [21].

In short, real Smirnov functions can be described explicitly and reason-
ably constructively in terms of inner functions. In light of Example 3.4, these
computations explain the theorem of Douglas, Shapiro, and Shields (Theo-
rem 3.3). Specifically, pseudocontinuations of bounded type arise from inner
functions.

Similar considerations lead to the following parameterization of the in-
variant subspaces for the backward shift on H? (for 1 < p < 00):

HP N zH? = {[a(z) +ib(2)|K((2) : a,b € R} N HP.

Even further, one can use the same method to parametrize the kernels of
Toeplitz operators on HP for 1 < p < oo [19].

3.5. C-real bases for model spaces. One of our main concerns in
this note is to produce C-real (fixed by C') orthonormal bases for the model
spaces H? © ¢H?. Our interest in this problem stems not only from the de-
sire to understand the function theoretic aspects of the conjugation operator
(3.2), but also to understand its operator theoretic implications.

Unfortunately, an explicit description of C-real bases for model spaces is
not always readily apparent. Indeed, finding explicit orthonormal bases for
model spaces is nontrivial. The Malmquist-Walsh lemma [48] (see also [37,
Lec. V.]) for instance, applies only in the case where ¢ is a Blaschke product.
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Moreover, as the reader may check, this procedure does not produce a C-real
basis for H? © ¢ H?.

Instead, we parallel and generalize the method of Clark [10] which, it
turns out, often produces C-real bases for model spaces. Those familiar
with this method will recognize that there is no mention of the conjugation
operator (3.2) in [10]. Indeed, that article was concerned with producing
only orthonormal bases for the model spaces. A more detailed study of
complex symmetric operators and their properties will ultimately explain
exactly why Clark’s method often succeeds in producing C-real bases.

4. Conjugation and the Volterra Operator

In this section, we consider the specific problem of constructing C-real
bases for the model space H? © @H? where ¢ denotes the singular inner

function
(2) = e z+1
z) = ex
2 p o

arising from a unit point mass at z = 1. In other words, we wish to find an
orthonormal basis for H? © pH? that is fixed by the conjugation operator
Cf = fzp. Finding such a basis is natural from the viewpoint of complex
symmetric operators, for the matrix representation of the compression of a
Toeplitz operator to H? © pH? will be symmetric with respect to such a
basis.

Although we will shortly develop a much more general approach to this
problem, a careful analysis of this special case will be instructive. Indeed,
this simple case will illustrate some of our main points and highlight the
relationship between our approach and several well-known and classical re-
sults.

We now consider the relationship between our basis problem and Sara-
son’s solution to the Gelfand problem.

4.1. The Gelfand problem. In 1938, I.M. Gelfand raised the question
of characterizing the invariant subspace lattice of the Volterra integration
operator

V() = /0 oL

on L?[0,1] [26]. It is clear that for any a in [0,1], the subspace x] 4 L?[0, 1]
is an invariant subspace for V. Here x|g 4] denotes the characteristic function
of the closed interval [0, a].

It turns out that these are the only invariant subspaces for the Volterra
operator and hence Lat V' is linearly ordered, or unicellular. This result was
proved first in 1949 by Agmon [1] and later by Sakhnovich [41], Brodskii
[6], Donoghue [12], Kalisch [34], and Sarason [42]. We are interested here
not in the Gelfand problem itself, but rather in a clever technique used by
Sarason, which was later generalized by Ahern and Clark [3] (see also [37,
Lec. 5]).
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What Sarason noted was that the lattice of invariant subspaces for the
Volterra operator corresponds, under a certain integral transform, to the
lattice of invariant subspaces for the compressed shift on the model space
H? & ¢H? corresponding to the atomic inner function

¢(z) = exp (ifi) :

Once this is proved, the unicellularity of Lat V' follows immediately from
Beurling’s theorem. Indeed, the inner functions dividing ¢ are precisely the
functions ¢! for 0 < ¢ < 1 where ¢! is unambiguously defined by the formula

()] = exp (t“) |

The integral transform

i
wal(e) = 220 [ gtoeta @)

is a unitary map from L?[0, 1] to H? © pH?. Indeed, this is simply a unimod-
ular constant multiple of the transformation appearing in the introduction
to Clark’s original paper [10] on compressed shifts. Although at first the
formula (4.1) might appear a little mysterious, it is easy to motivate once
one observes that the integrand g(t)!(z) (as a function of z) belongs to
H? © oH? for all t in [0,1]. In fact, the operator W yields the unitary
equivalence of the characteristic function of the Cayley transform

I-V)I+V)!
of the Volterra operator V with its functional model, the compressed shift
S on H? © @H? (for full details, see [38] and [37, Lec. 5]). In other words,
the operators S and V are related by the formula
S=WI[I-V)IT+V)qw*.

The desired solution to the Gelfand problem then follows from a simple
resolvent lemma (see [38, Lem 2.1.10]) which shows that

LatV = Lat(I — V)(I + V) ™!

and hence Lat V is isomorphic to the linearly ordered lattice for the com-
pressed shift.

The unitary operator W : L?[0,1] — H? & pH? is therefore useful in
passing between properties of the Volterra operator V' and the compressed
shift S. We will use this unitary transformation to investigate the complex
symmetric properties of the compressed shift using known properties of the
Volterra operator. For instance, a straightforward computation based on
the fact that

1
V* f](x) = / F(t) dt

shows that the Volterra operator is complex symmetric:
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LEMMA 4.1. The Volterra integration operator V : L?[0,1] — L?[0,1]
is C-symmetric with respect to the conjugation operator [Cf](z) = f(1 — x)
on L2[0,1].

As noted in [24], the equation CV = V*C ultimately reflects the func-
tional symmetry K(z,y) = K(1 —y,1 — z) of the Volterra kernel K(z,y),
the characteristic function of the triangle

{(z,y):0<y<a <1}
Equivalently, one might say that the C-symmetry of V arises from the geo-
metric symmetry of the triangle.

Since V' is a C-symmetric operator, it follows (by passing to the limit
in Lemma 2.13) that the Cayley transform (I — V)(I + V)=t of V is also
C-symmetric. Since this operator is unitarily equivalent (via W) to the
compressed shift S, it follows that S is a complex symmetric operator with
respect to the conjugation operator WCW* on H? © ¢H?. Remarkably,
the corresponding conjugation on H? © pH? is precisely the conjugation
Cf = fzyp discussed in the preceding pages.

LEMMA 4.2. The conjugation operator
[Cql(z) = g(1 — =)
on L2[0,1] and the conjugation operator
Cf=fzp
on H?> © ¢H? are related by the unitary operator W:
C = WCW-*.

ProOOF. We prove the lemma by establishing that WC = CW. For any
g in L?[0, 1], the integrands of the following integrals are all dominated by
max{|g(t)|,|g(1 — t)|} and it follows that

il
weal) = 22 [eaolee)ar
= [
V2i

z—1

= a2

1
/ 9(5)p(2)]#ds
T 0

= [Wyl(2)z¢(2)
for almost every z on OD. O

1
- / o)) ds
0

Using the unitary transformation W : L?[0,1] — H?© pH?, we can
now transform C-real bases in L?[0, 1] into C-real bases in the model space
H? o pH?.
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4.2. Constructing C-real bases. As we have noted before, one of
the primary difficulties in working with model spaces is the lack of conve-
nient orthonormal bases. On the other hand, the space L?[0,1] has many
natural orthonormal bases, the most obvious being the exponential basis
(e2™n®) 7. Since the Sarason transform (4.1) is a unitary operator from
L?[0,1] onto H? © pH?, it follows that the image of any orthonormal basis
in L2[0,1] will be an orthonormal basis for H? © ¢H?2. Moreover, Lemma
4.2 guarantees that the image under W of a C-real basis of L]0, 1] will be
C-real in H? © ¢H?. In particular, this will provide “natural” C-real bases
for the model space H? © pH? with respect to which the compressed shift
can be represented as a complex symmetric matrix.

We will now construct a continuous family (indexed by a parameter «)
of C-real bases for H? © ¢H? by transforming the C-real bases of L?[0,1]
provided by the following lemma:

LEMMA 4.3. For each fized o in [0,27), the vectors (en)nez defined by
en(z) = expli(a + 2mn) (z — 3)] (4.2)
form a C-real basis of L*[0,1].

PRrROOF. A direct computation shows that each e, is fixed by C.

[Cen](z) = gilat2mn)((1—z)~3)

_ efi(a+27m)(%f:r)

_ ei(a+27rn)(:c—%)

= en(z).
To see that (e, )nez is an orthonormal basis for L2[0, 1], simply observe the
identity

ei(ax+27rnx7 5—mn)

(_1)n€—%aeiazei2ﬂnx

ei(a+27rn) (z— %) —

and note that multiplication by €*® is a unitary operator on L%[0,1]. O

For each a in [0,27), we obtain an orthonormal basis (e, ),z of L?[0, 1]
that is fixed by C. In particular, for each a we obtain a natural basis of
L?[0,1] with respect to which C-symmetric operators, such as the Volterra
operator and its Cayley transform, have symmetric matrix representations.
We now wish to compute the image of this basis in H? © pH? under the
unitary transformation WW.

Writing each basis vector e, in the form

en(x) — efi(a+27rn)/2€i(a+27rn)x7 (43)

we see that it suffices to compute e~“/2We'* for real v. Once this is done,
we need only substitute v = a4+ 27n to find the corresponding basis for our
model space. Since this computation is somewhat lengthy, we will present
it through a sequence of lemmas.



24 STEPHAN RAMON GARCIA

The following lemma already shows that for a particular «, the image
of the basis (en)nez in H? © pH? will be a family of reproducing kernels
corresponding to a sequence of points on the unit circle. Since g is analyti-
cally continuable across any arc of the unit circle 0D not containing z = 1,
the reproducing kernel corresponding to any boundary point ¢ £ 1 in 9D is
well-defined and belongs to H? © ¢ H?.

LEMMA 4.4. If v is real, then

: (1-9)
We*|(z) = K/ (2),
We(e) = o Kl
where K¢(z) is the reproducing kernel (3.6) for H*> © ¢H? corresponding to
the point ¢ on 0D defined by
v+

¢= .
v —1

In particular, we have (¢) = e~ .

PRrROOF. Fixing 7 in R and using the definition (4.1) of YW we find that

: 2 (1, 1
We'™|(z) = V2i / e exp (tz—{_1> dt
0 =

z—1

2 (! 1
= V2i / exp [t <z”y+z+ ﬂ dt
z—1Jg z—1

V2i . z
= 2_21-2.7_::?% (exp[<zﬂy+zi_1>]_1>
V2i "
- W(Z—l)i(z—i—l) (e70(2) = 1)
—/2i o
- T ares (1-eTe)

=iy 14 {22

1 ef%(z)) . (4.4)

Seeking to construct a scalar multiple of a reproducing kernel from (4.4), we
wish to write e = (() for some (. Defining ¢ by

(+1 v+
V=i ¢ o (4.5)
we see that ¢ lies on the unit circle 9D, ¢(¢) = e, and that
- 143
(= 0 v
— iy
Substituting these values into (4.4) shows that
. /2 1-—

L =iy 1—(z
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—\/ii

= @KC(Z)
—V2i(¢ - 1)

= Tonrcrn e

O —=V2i(¢-1)

= TKC(Z)

. (1=0)

= " K¢(z), (4.6)

where K¢ (z) denotes the reproducing kernel (3.6) evaluated at the boundary
point . This proves the desired formula. O

It is important to note that in Clark’s paper [10], it is simply noted that
W maps the exponential functions e onto constant multiples of reproduc-
ing kernels corresponding to certain points on dD. We emphasize here that
the exact constants that appear are the key to the complex symmetry. By
keeping careful track of the constants that appear in the following compu-
tations, we will ultimately be able to follow the symmetry through from
L?[0,1] to H? © ¢ H?.

Since W is a unitary transformation, the image of We!'* in H? & pH?
must be a unit vector. This suggests that we must simplify the expression
(4.6) further and examine the constant appearing there more carefully.

LEMMA 4.5. If v is real, then

[We*](z) = mkc(Z%

where k¢(2) is the normalized reproducing kernel for H? © pH? correspond-
ing to C.

PROOF. Since v # oo, we have ¢ # 1 and the norm of the function
K¢ can be explicitly computed in terms of ¢. In fact, if z approaches ¢
nontangentially we have

IK? = lim (K. K)

z
. 2
Lo lee)
z—( 1-— ’2‘2

1—Je(2)] 1+ lp(2)]

= lim
—¢ 1 —|z| 1+ 2|
1—
1 lee)

z—(¢ 11— ’Z‘

= ¥ QI
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The interested reader may consult [39] for further details. A straightforward
computation using the definition of ¢ shows that

V2
1Bl = 75—

1—=d

With this computation in mind, we continue from (4.6) and find that

: (1-¢) 1—¢d
We*|(z) = . Kq(z
(1-¢)
—k¢(2),
1—qici ¥
where k¢ denotes the normalized kernel function corresponding to ¢. This
proves the desired formula. O

Although it is evident from the preceding lemma that We™'® is a unit
vector in H? © @H?, this was not our primary objective. Indeed, recall that
we wanted to show that for any real 7, the function e ¥/2WWe"* is fixed by
C. It turns out that the apparently unwieldy constant

(1-¢)
1 —¢]ci
in preceding formulas appears there for exactly this reason.
The square of (4.7) equals

(4.7)

_(1 B C )i — Z
(1-001—¢)¢?

and hence the constant (4.7) is simply one of the square roots of (. The par-

ticular branch of the square root of ¢ represented by (4.7) is not particularly

important for our purposes (although it is easily computable for a given )

and we henceforth denote the constant (4.7) by I

What we have shown so far is that for any real ~,

We)(2) = ¢ ke (2),

where the unimodular constant ¢ satisfies ©(¢) = e=*. To complete the
evaluation of e="/2Wet | we simply use (4.5) to describe the value of the
constant e~™/2 in terms of the inner function ¢:
; 1c+1 1

e 12 = e = [p(0))5.
As before, we are not concerned with the particular branch of the square root
that appears in the preceding formula. We summarize our computations in
the following lemma:

LEMMA 4.6. If v is real, then

eI (2) = [Co(Q)] Zhe(2) (4.8)
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where k¢(2) is the normalized reproducing kernel for H? & ¢H? correspond-
ing to the point C. Each function (4.8) is fized by the conjugation operator
Cf=fzp on H>© pH?.

ProOF. The first portion of the lemma is simply a summary of the

preceding computations. Only the last statement requires proof. If |z| = 1
and z # 1, then

1 —o(Q)¢(2) 1-¢z
KG)RE) = T
_ 1-9(Qpz) 1-¢2
L= o(Qplz) 1-Cz
— e(Qp(z) -1\ _(¢z—1
- P00) (1 . SOW(ZJ =($=)
= (p(Q)zo(2)
since p(z) is unimodular. This identity, along with a short calculation, shows
that the function [ng(C)]ékg(z) is fixed by C. O

4.3. Summary. Putting this all together, for each fixed « in [0, 27) we
obtain an orthonormal basis (e, )nez of L?[0,1] defined by (4.2):
en(z) = expli(a + 2mn)(z — 1)),

which is fixed by the conjugation operator

[Cfi(x) = f(1 —=)
on L?0,1]. In light of (4.8), the image of this basis in H? © ¢ H? under the
Sarason transform

e

1
Wal(z) = 225 [ afetet a

is given by
Wenl(z) = [Gp(Ga)] ke, (2)
= G e, (2),

where k¢, denotes the normalized reproducing kernel corresponding (via
(4.5)) to the point

¢ = (o +2mn) + i
" (a4 2mn) —i
on the unit circle. The functions We,, are fixed by the conjugation operator
Cf=Ffzp

on H? © ¢H? and hence the matrix representation of any compressed Toeplitz
operator (including the compressed shift) on H? © ¢H? with respect to the
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basis (Wep)nez will be complex symmetric. Finally, the points ¢, can be
characterized as the inverse image of e™*“ under ¢:

©(Cn) = e

for all n in Z.

In short, we have constructed a continuous (indexed by the parameter o)
family of C-real bases for the model space H? © ¢H?. Each such basis natu-
rally corresponds to a “level set” ((,,)nez of the original inner function. The
members of our bases are unimodular scalar multiples of the corresponding
normalized reproducing kernels ke, .

Our computations in this special case illustrate a more general phenom-
enon, namely that one can often obtain a continuous family of C-real bases
for a model space by looking at appropriate level sets of the associated inner
function. The key to the present construction was the integral transform W,
which mapped L?[0, 1] unitarily onto the model space H? © pH?2. Although
generalizations of this integral transform exist for general inner functions
(see [3]), the details of our construction quickly become too cumbersome.
Indeed, the lengthy algebraic manipulations in the case of our simple atomic
inner function should be enough to convince the reader that a different ap-
proach is necessary.

To develop a more general procedure to construct C-real bases for model
spaces, we will need to appeal to several structure theorems for complex
symmetric operators.

5. Compressed Toeplitz Operators

In this section, we recall some of the elementary properties of Toeplitz
operators and their compressions to model spaces. The most important
result of this section is Theorem 5.1, which shows that compressed Toeplitz
operators are complex symmetric.

5.1. Toeplitz operators. For each u in L>°(9D), the Toeplitz operator
with symbol u is the operator T), : H?> — H? defined by T}, f = P(uf) where
P denotes the orthogonal projection from L? onto H2. Note that if u belongs
to H*°, then T,, is simply the operator M, of multiplication by u. It is not
hard to show that the adjoint of a Toeplitz operator is given by the simple
formula T} = T5.

The most important examples of Toeplitz operators arise from the func-
tion u(z) = z. In this case, T, and T are simply the unilateral shift operator
M, and the backward shift operator M}, respectively. Indeed, a straight-
forward computation shows that T, f = zf shifts the Taylor coefficients (at
the origin) of f to the right, while

f(z) = £(0)

z

[TZ f1(2) =
shifts them to the left.
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A compressed Toeplitz operator is an operator of the form P,T;, P, where
T, is a standard Toeplitz operator and P, denotes the orthogonal projection
from H? onto a model space H?2 © pH?. With a slight abuse of notation,
we regard compressed Toeplitz operators as operators acting on the space
H? & pH?, rather than on H? itself.

5.2. The Backward Shift. Recall (from Example 2.14) that the back-
ward shift M7 is not a complex symmetric operator. That is, there does not
exist a conjugation C' with respect to which M} is C-symmetric. Indeed,
this operator is about as far from complex symmetric as possible, for it vi-
olates almost any necessary criterion for being complex symmetric that one
can devise.

With respect to the orthonormal basis ("), for H 2 we can represent
M} as an infinite matrix:

01 0j0 O - a ai
0 0 1(]0 0 - al a9
00 01 0 - a9 as
00 O0j0 1 - as | = | as
00 0j0 O - a4 as

For the sake of illustration, we have isolated the upper-left 3 x 3 block of
the matrix above. We immediately recognize this corner as the Jordan block
(with A =0)

010
0 01
000
which is a complex symmetric operator (see Example 2.2). Indeed, this is
a finite Toeplitz matriz and we have already noted that all finite Toeplitz
matrices are complex symmetric operators.
In terms of function theory, this Jordan block represents the compression
of M} to the M}-invariant subspace H? © z3H?. The symmetry of this
Toeplitz matrix with respect to the second diagonal corresponds to the map

Clag + a1z + agz?) = a3 + a2 + apz”
on H? 6 z2H?. In terms of boundary functions, this is simply
Cf=Ff2*=Ffzp

where ¢ = 2° is our original inner function.

Similar computations, focused on the upper left n xn block of our infinite
Toeplitz matrix, suggest that the compression of the backward shift M} to
the M}-invariant subspaces H? © @H? are complex symmetric operators.
The remarkable thing is that this is true in complete generality.

3



30 STEPHAN RAMON GARCIA

5.3. C-symmetry of compressed Toeplitz operators. It turns out
that compressed Toeplitz operators are complex symmetric operators with
respect to the conjugation operator (3.2) on H? © @H?. To be explicit, we
recall the following theorem from [23]:

THEOREM 5.1. If ¢ is a nonconstant inner function, u belongs to L*°(0D),
and P, denotes the orthogonal projection from H? onto H>© @H?, then
the compression P,T, P, of the Toeplitz operator T, to H? o ¢pH? is C-
symmetric with respect to the conjugation operator (3.2).

Proor. Let T'= P,T, P, denote the compressed Toeplitz operator and
let P denote the orthogonal projection from L? onto H2. If f and ¢ belong
to H? © pH?, then

(CTfg9) = (Cg,Tf)=(Cg PTuP,f)
= (P,Cy, Tuf) = (Cg, P(uf))
= <P097Uf) (Cg,uf)
= (gzp,uf) = (f2p, ug)
= <Cf,ug> (PP,C f,ug)
= <P cf, ug> <nyP<pTngog>
= (Cf,Tg)=(T"Cf,qg).

Thus CT = T*C and T is C-symmetric. O

In light of Theorem 5.1, every compressed Toeplitz operator (including
the compression of the unilateral shift) is a complex symmetric operator. In
other words:

COROLLARY. If ¢ is a nonconstant inner function, then the model oper-
ator Sf = P,(zf) is C-symmetric with respect to the conjugation operator
(3.2).

Moreover, we have:

COROLLARY. If ¢ is a monconstant inner function, then there ezists

an orthonormal basis of H*> © ¢H? with respect to which every compressed
Toeplitz operator P,T, P, has a symmetric matrix representation.

ProOF. The corollary follows from Theorem 5.1 along with Lemmas 2.6
and 2.7. 0

This again suggests the problem of finding and computing such bases.
The remainder of this note concerns the solution to this problem. In the
next section we examine a nontrivial example in detail.

6. Polar Decomposition of C-symmetric Operators

In order to generalize our construction of C-real bases for the model
spaces H? © pH? (where ¢ denotes a nonconstant inner function), we first
require some background material on the polar decomposition of C-symmetric
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operators. It turns out that the polar decompositions of complex symmetric
operators have many special properties.

Our interest in this subject stems from the fact that compressed shifts
are complex symmetric operators (Theorem 5.1). Much of the material in
section appears in [24].

6.1. A theorem of Godi¢ and Lucenko. The first result we require
is not a statement about polar decompositions, but rather a statement about
the structure of unitary operators themselves. The following old theorem
of Godi¢ and Lucenko [29] generalizes the simple geometric notion that a
planar rotation can be expressed as the product of two reflections:

THEOREM 6.1 (Godi¢-Lucenko). If U is a unitary operator on a Hilbert

space ‘H, then there exist conjugation operators C' and J on H such that
U=0CJ.

This theorem is remarkable for, among other things, stating that all
unitary operators (on a fixed Hilbert space H) can be constructed using es-
sentially a single antilinear operator. Indeed, we know from Lemma 2.6 that
any conjugation on H can be represented as complex conjugation with re-
spect to a certain orthonormal basis. In this sense, C' and J are structurally
identical objects and the fine structure of the unitary U arises entirely in
how two copies of the same object are put together. Of course, one can
also say that since C' and J are unitarily equivalent objects, the theorem of
Godi¢ and Lucenko is quite natural.

The following easy example of such a factorization is somewhat instruc-
tive:

EXAMPLE 6.2. Let U : C" — C™ be a unitary operator. Suppose that U
has n (necessarily unimodular) eigenvalues A1, Ag, . .., A, with corresponding
orthonormal eigenvectors eq, eo, ..., e,. One may define conjugation opera-
tors C' and J on C" by setting

Cep = A\peg, Jep = e

for k = 1,2,...,n and extending this definition antilinearly to all of C".
It is clear from this construction that U = C'J. By introducing offsetting
unimodular parameters in the definitions of C' and J, one can see that the
decomposition of U as the product of conjugation operators is not uniquely
determined. For instance, if we desired more symmetry we could select a
branch of the square root and use

—1/2
Cep, = )\;1€/2€k7 Jep = Mg / ek
instead.

This simple finite dimensional example suggests the method of proof for
Theorem 6.1. The conjugation J was chosen to commute with the spec-
tral projections of U and hence one suspects that the spectral theorem is
ultimately involved. Indeed, by the spectral theorem it suffices to prove
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Theorem 6.1 in the special case where U is the operator of multiplication
by € on a Lebesgue space L?(0D, 1) where 1 is a finitely supported Borel
measure on 9.

EXAMPLE 6.3. If U denotes the unitary operator [U f](e?) = €% f(e?)
on L?(0D, u), then U = CJ where

[C1(e?) = 27 f(e), [Tf](e?) = e 27 f(ci)
for all f in L?(0D, p).

The more determined reader may wish to consider the Godi¢-Lucenko
decomposition of the Fourier-Plancherel transform on L?(—oc, 00) as well as
those of other well-known unitary operators (see [24] and the original paper
[29)).

The converse of Theorem 6.1 is also true:

LEMMA 6.4. If C' and J are conjugation operators on a Hilbert space H,
then U = CJ is a unitary operator. Moreover, U is both C-symmetric and
J-symmetric.

Proor. If U = CJ, then (by the isometric property of C' and J) it
follows that

(f,U"g) =(Uf,9) =(CJIf,g)=(Cg,Jf)=(f,JCg)
for all f,¢g in H. Thus U* = JC from which CU = U*C and JU = U*J
both follow. O

Although we will frequently refer to Godi¢-Lucenko theorem, we do not
actually require it. In fact, we will explicitly construct the Godié-Lucenko
decomposition for Clark operators and then use the decomposition to obtain
information about their spectral decompositions.

Before proceeding to discuss the structure of Clark operators, we first
need to investigate the complexr symmetric structure of compressed shifts.
To do this, we will need a generalization of Theorem 6.1 to the class of all
C-symmetric operators.

6.2. The partial isometry is C-symmetric. Recall that the polar
decomposition T' = U|T| of an operator T expresses T' uniquely as the
product of a positive operator |T'| = VT*T (the modulus) and a partial
isometry U (the argument) which satisfies ker U = ker T' and maps the initial
space (ker T')" onto the final space cl(ranT) (the closure of the range of T).
Moreover, recall that the modulus satisfies ker |T'| = ker T" and cl(ran |T'|) =
cl(ran 7).

The following theorem states that the partial isometry appearing in the
polar decomposition of a C-symmetric operator is also C-symmetric (with
respect to the same C):

THEOREM 6.5. If T'= U|T| is the polar decomposition of a C-symmetric
operator T, then the partial isometry U is also C-symmetric: CU = U*C.
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The proof of the general assertion can be found in [24] and the reader
will have no difficulty proving it in the case that T is invertible. Indeed, if
T is invertible then we have the obvious explicit formula U = T(T*T) 2
for the partial isometry. A standard argument shows that U is the limit
of polynomials of the form Tp(T*T) where the polynomial p(z) has real
coefficients. It is not hard to see (by first considering terms of the form
T(T*T)™) that any operator of the form Tp(T*T) is also C-symmetric.

The preceding theorem places severe restrictions on the class of partial
isometries that can occur in the polar decomposition of a C-symmetric op-
erator. For instance, Example 2.14 shows that the unilateral shift cannot
appear in this context.

6.3. Refined polar decomposition. Theorem 6.5 is the key observa-
tion that allows us to relate the partial isometry U in the polar decomposi-
tion of a C-symmetric operator 7" to the modulus |T| and the conjugation
C itself.

We first consider the special case of invertible C-symmetric operators
before considering the general situation.

LEMMA 6.6. If T is an invertible C'-symmetric operator with polar de-
composition T = U|T|, then the antilinear operator J = CU is a conjugation
operator which commutes with the spectral projections of |T|.

PRrROOF. Since T is invertible, the partial isometry U is unitary. By
Theorem 6.5, U is C-symmetric and it follows that

J=CU=U"C
which shows that U* = JC. Since U is unitary, it follows that
JP=Je)yCc))=UU=1
and
(Jf.,Jg) =(CUf,CUg) = {Ug,Uf) =g, [)

for all f,gin H and thus J is a conjugation operator. Moreover, the equation
CT =T*C is equivalent to

cU|T| = |T|U*C,

which is equivalent to J|T'| = |T'|J. This implies that J also commutes with
p(|T'|) for any polynomial p(x) with real coefficients and hence with every
spectral projection of |T|. O

For invertible C-symmetric operators, the factorization described above
leads to a substantial refinement of the polar decomposition. Specifically, we
may write 7' = CJ|T'| where J is a conjugation operator which commutes
with |T'|. This can be viewed as a generalization of Theorem 6.1 since the
unitary operator U in the polar decomposition T' = U|T| is the product of
two conjugation operators.
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A similar construction holds for general C-symmetric operators, al-
though some minor difficulties arise. The fundamental problem is that the
partial isometry U in the polar decomposition T' = U|T| of an arbitrary
C-symmetric operator need not be unitary and it becomes necessary to con-
sider so-called partial conjugations. The details, which essentially reduce to
glorified bookkeeping of initial spaces and final spaces, can be found in [24].
Fortunately, these issues do not present a major obstacle and one can obtain
the following broad generalization of the theorem (Theorem 6.1) of Godi¢
and Lucenko:

THEOREM 6.7. If T is a C-symmetric operator, then T = CJ|T| where

J is a conjugation operator which commutes with the spectral projections of
7.

By insisting that J is supported on all of H (rather than cl(ran|T),
where the partial isometry U is supported), one in general can no longer
assert that U is given by the formula U = C'J. Indeed, if C' and J were
conjugation operators, then U would be unitary, which is not always the
case. For our purposes, however, these sacrifices are not significant and
Theorem 6.7 will be sufficient.

7. Polar decomposition of compressed shifts

In this section we compute the polar decomposition of the compression
of the unilateral shift to the subspace H? © ¢H? corresponding to a noncon-
stant inner function . Furthermore, we also compute the decomposition
guaranteed by Theorem 6.7. In fact, we also are able to consider a slight
generalization of the compressed shift with little additional effort. Namely,
we will examine the compression of the operator of multiplication by a disk
automorphism to H? © ¢ H?2.

The most interesting aspect of these computations is the involvement of
Clark-type unitary operators, for which we obtain an explicit Godi¢-Lucenko
decomposition (see Theorem 6.1). In Section 8, we will study generalized
Clark operators and the following computations will be necessary to consider
the eigenstructures of these operators.

7.1. Preliminaries. Since the computations in this section and the
next will be quite involved, let us collect some of the notational conventions
we have adopted earlier in this note.

For each X in the open unit disk D, we let by denote the disk automor-

phism vanishing at A:
z—A
ba(z) = —. 7.1
Ao = (71)
We also require the reproducing kernels Ky and the corresponding conjugate
kernels CK for H?> & oH?:

Ky(z) = LD o)) = SRS )
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Furthermore, we will frequently refer to the normalized kernel functions
kx = Ko/ Ex |, Chy = CEy /|| K|l
For each A in D, we consider the compression

Sxf = Bo(brf) (7.3)

of the operator of multiplication by by to H? © @H?. Here, as before, P,
denotes the orthogonal projection from H? onto H? © pH?. The opera-
tors .S are therefore straightforward generalizations of the compressed shift
operator

SOf = Pcp(zf)7

otherwise known as the model or Jordan operator.

We can also say that S) is the compression of the analytic Toeplitz
operator Tj, to the M}-invariant subspace H 2o @H?. Since Tb’; = TH’ the
adjoint of S) is given by

SXS = Pp(brf).
As a special case of Theorem 5.1, it follows that the operators Sy are all

C-symmetric with respect to the conjugation operator (3.2) on H? © ¢ H?.
In other words, we have

CSy = S;C

for every A in DD.
Our aim in this section is to explicitly compute the factors in the refined
polar decomposition (guaranteed by Theorem 6.7)

Sy = CJy|S)]

for each of these operators. Throughout our computations, we will require
a simple computational lemma, which generalizes [10, Lem. 2.1].

LEMMA 7.1. For each X in D, the following statements hold:

(1) Sxf =0baf if and only if f is orthogonal to Cky.
(2) S3f = f/bx if and only if f is orthogonal to ky.

PRrROOF. Clearly S5f = f/by if and only if f/by belongs to H2. This
happens if and only if f(A) = 0, or equivalently, if and only if (f, k\) = 0. By
the preceding, S;C'f = (Cf)/by if and only if (Cf, k) = 0, or equivalently,
if and only if f is orthogonal to Cky. Since C'S) = SYC, this implies that
Sxf =CI[Cf/by] = byf if and only if f is orthogonal to Ckj. O

The preceding lemma stresses the importance of the normalized conju-
gate kernel Cky in our discussion of the operator S). Lemma 7.1 essen-
tially states that on the orthocomplement of the one-dimensional subspace
spanned by Ckjy, the operator Sy acts isometrically (since || byf || = || f || for

all f).
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7.2. The modulus |S)|. To find the modulus

[SA] = /5354
of Sy, we need only compute the positive operator Sy5). By Lemma 7.1, it
follows that if f is orthogonal to Cky (in other words if C'f(\) = 0), then

SO = Sx(0af)
Hence |S,| restricts to the identity operator on the orthocomplement of
the one-dimensional subspace spanned by the function Cky. This tells us,
among other things, that |S)| must map the function Ck) onto a nonnegative

constant multiple of itself. Using the following lemma, we will ultimately be
able to compute this constant and hence obtain an explicit formula for S}.

LEMMA 7.2. S\Ck) = —QO(/\)k)\.

PROOF. Since multiplication by a positive real constant will not affect
the desired formulas, it suffices to prove them with K in place of k). Using
(7.2) and letting ey = (1 — Az)~! denote the Szegd kernel we find that

— (A
S\CKy = Sy ("’Z_“’(A)>

)

= —QO()\ K)\.
Hence S\Cky = —p(N)ky as claimed. O

For vectors w,v in H?> © pH?, we will let © ® v denote the rank-one
operator

(u ® ’U)f = <f7 U>U.
In particular, note that such an operator is an orthogonal projection if and

only if u = v and ||u| = 1. Using Lemma 7.2 and the C-symmetry of the
operator S), we are now in a position to compute its modulus:

THEOREM 7.3. The modulus |Sy| of Sy is given by the formula
ISy = (I — Cky ® Cky) + |p(N)|(Cky @ Cky). (7.4)

The first term represents the orthogonal projection onto the orthocomplement
of the one-dimensional subspace spanned by Ck.
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PRrROOF. We already noted (in the discussion prior to Lemma 7.2) that
|Sy| restricts to the identity operator on the orthocomplement of the one-
dimensional subspace spanned by Ck) and therefore it suffices to consider
the action of |Sy| on Cky. Applying Lemma 7.2 twice and using the anti-
linearity of C' we see that

(SAC)kx = [p(N)]ka.

However, since the operator Sy is C-symmetric, it satisfies the equation
CST = S,C and hence

CS S\Cky = S)\CS\Cky

= (S)\0)%ky

= [eN)]kx.
Applying C again we obtain S5 S\Cky = |¢(A\)|Cky which implies the desired
result. O

In light of (7.4) and Lemma 7.1, we will henceforth assume that p(\) # 0,
since otherwise the polar decomposition of Sy is already evident. Indeed, if
©(A) = 0, then ker Sy equals the one-dimensional subspace spanned by Ck)y
and S acts isometrically (multiplication by b)) on the orthocomplement of
this subspace. In this case, one sees from (7.4) that |Sy| is not invertible.
Rather, |S)| reduces to the orthogonal projection onto the orthocomplement
of the one-dimensional space spanned by Ck). The difficulties incurred by
this situation are not significant and involve only keeping track of initial
and final spaces. Moreover, the partial isometry in the polar decomposition
of Sy then decomposes as the product CJy where J) is a so-called partial
conjugation (see [24]).

The condition ¢(\) # 0 actually makes our job slightly more difficult,
but more interesting. By insisting that ¢(\) # 0, we ensure that Sy is
invertible. The partial isometry U, appearing in the polar decomposition
Sy = US| is therefore unitary and hence decomposes as the product CJy
of two conjugation operators (by Theorem 6.7).

7.3. The conjugation Jy. By Theorem 6.7, we may write
Sy = CJ,y|S)|

where .Jy, is a conjugation operator on H? © ¢H? which commutes with the
spectral projections of |Sy|. Thus Jy preserves the spectral subspaces of |Sy|,
namely the one-dimensional span of Ck)y and its orthocomplement. We can
verify this assertions rather explicitly.

THEOREM 7.4. The conjugation operator Jy in the refined polar decom-
position Sy = CJy|S\| is given by the explicit formula
C( 1 Ck
5 = { (brf) L Chi

7.5
aCky f = Cky ( )
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where the unimodular constant o is given by a = —@(A)/|@(N)].
Proor. To find Jy, we simply write
JA|Sx] = CSx (7.6)

and compute the action of J) on the two spectral subspaces of |Sy|. If
f L Cky, then |Sy\|f = f by (7.4) and hence

Inf = JxlSAf =CSxf =C(brf)

by (7.6) and Lemma 7.1. Since ¢(A) # 0 (by our nontriviality assumption)
we have

(N[ (Cky) = J[SA|(Ckn)

= C(S\Ck))

= —p(N)Ckj,
the two equalities following from (7.6) and Lemma 7.2, respectively. Putting
these calculations together yields the desired explicit formula for J). U

7.4. The unitary U,. We can now compute the partial isometry
Uy =CJ,

in the polar decomposition Sy = U,|Sy| of Sy using (7.5). We note that Uy
is actually unitary since both C and Jy are conjugation operators on all of
H? © @H? (recall that we are assuming that ¢()\) # 0 so that (7.4) does not
reduce to a projection).

Applying C to (7.5) yields the piecewise formula

b 1 Ck
Urf = PV by
Ozk)\ f =C k)\
where a once again denotes the unimodular constant a = —p(\)/|@(N)|. It
turns out that U is actually a rank-one unitary perturbation of the original

operator Sy, although this is not immediately obvious. The following lemma
is the key:
LEMMA 7.5. Uy 1is given by the formula
Uy = S\(I — Cky) ® Cky) + a(ky @ Cky). (7.7)
ProoF. It suffices to verify the formula in the two cases f 1L Ck) and
f = Cky. If f L Cky, then the operator defined by the right hand side of
(7.7) applied to f clearly yields S)f = byf (using Lemma 7.1). This agrees
with Uy for such f. On the other hand, the operator defined by the right

hand side of (7.7) applied to Ck) obviously yields aky, which again agrees
with Uy. This establishes the desired formula for Uy. O

Another formula for Uy is provided by the following lemma:

LEMMA 7.6. Uy is given by the formula
Uy ZS)\—I—(OC—FQO(/\))(I@\@C/C)\). (7.8)
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PRrOOF. Using (7.7) and the fact that S\Cky = —p(A\)Ck) (Lemma 7.2),
it follows that

Uy = S,\—(S)\Ck)\@)Ck‘)\)-l-Oé(k)\@Ck)\
= S+ (a+9\) (k@ Cky)
which is the desired formula. O

We remark at this point that U, is a rank-one, unitary perturbation
of S). Moreover, it is C-symmetric. Although Theorem 6.5 and Lemma
6.4 assert that U, is automatically C'-symmetric, this can be seen directly.
Indeed, we already know that Sy is C-symmetric (by Theorem 5.1) and it
is easy to verify that the rank-one perturbing operator a(ky ® Ck)) is also
C-symmetric. In fact, it is not hard to show that a rank one operator u ® v
is C-symmetric if and only if it is a constant multiple of u ® Cu.

We summarize our results in the following theorem:

THEOREM 7.7. Let ¢ denote a nonconstant inner function, let P, denote
the orthogonal projection from H? onto H?> © @H?, and let X be a point in
D such that ¢(A) # 0. The polar decomposition of the compressed Toeplitz
operator

S)\f = Pap(lz})\zf)

is given by Sy = Ux|S\| where Uy is the rank-one, unitary, C-symmetric
perturbation of Sy given by (7.8) and |S\| is given by (7.4). Moreover,
Uy = CJy where the auxiliary conjugation operator Jy is given by (7.5).

As we mentioned before, one can treat the case ¢(\) = 0 similarly,
although U, will not longer be unitary and Jy will then be only a partial
conjugation [24].

8. Generalized Clark Operators

The operator Uy defined by (7.8) is not the only rank-one C-symmetric
unitary perturbation of Sy. Indeed, for any unimodular constant «, the
operator

Una = Sx + (a4 (V) (kx @ Cky) (8.1)
is C-symmetric (since Sy and k) ® Ck) are both C-symmetric) and unitary,
regardless of whether the inner function ¢ vanishes at A\. That U, is
unitary can be seen by writing U , in a form analogous to (7.7) and using
the lemmas of the preceding section.

We refer to operators of the form (8.1) as generalized Clark operators
due to their similarity to the operators considered by Clark in [10]. The
most significant departure from the approach taken there, however, comes
in our frequent use of antilinear operators. For instance:

THEOREM 8.1. Fach generalized Clark operator Uy . factors as the prod-
uct of two conjugation operators:

Ura =CJra (8.2)
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where the conjugation operator Jy o is given by

_JCMaf) fLCky
Phal = {aCk,\ f = Cky. (8:3)

PRrROOF. The proof is almost identical to the proof of Theorem 7.4. [J

8.1. Eigenstructure of generalized Clark operators. In the tra-
ditional approach to the Godi¢-Lucenko decomposition (Theorem 6.1), one
first applies the spectral theorem to a given unitary operator to obtain a
representation of that unitary as the product of two conjugations. In the
present situation, things are reversed. Theorem 8.1 already provides us with
the decomposition Uy o = CJ) o of any generalized Clark operator. We can
actually use this representation to explore the eigenstructure of the opera-
tors U q.

THEOREM 8.2. If a function f in H? is a constant multiple of the func-

tion
| ate(N)
(71 +Wa> p(2)

_ [ E+X
1 <1+X£>Z

then f belongs to H?> © @H? and is an eigenvector of the generalized Clark
operator Uy o corresponding to the eigenvalue . Moreover, all eigenvec-
tors are simple and are of the above form. A necessary (but not sufficient)
condition for the function (8.4) to belong to H? is that

(§+)\> _ ate)
1+X/) 14+ p(Na

holds in the sense of nontangential limiting values.

fe(z) =

(8.4)

PRrOOF. A function f is an eigenvector of the generalized Clark operator
Uj,a = CJ) o corresponding to the (necessarily unimodular) eigenvalue & if
and only if

Inaf =ECT. (8.5)
In light of the explicit formula (8.3) for J) o, we take the orthogonal decom-
position of f with respect to the one-dimensional subspace spanned by Ck).

After possibly multiplying through by a constant, we may assume that f is
of the form

f=9+CK),
where g 1 CK). Substituting this into (8.5) we deduce that

Inalg + CKy) = E(Cg + K)).
By (8.3), this can be rewritten

C(brg) + aCKy = £Cg + €Ky,
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Applying C' to the equation above gives us
brg + o\ = g + ECK).
Solving for g we find that
fC’KA — aKA
by —¢
We can now solve for the eigenvector f:
f = g+ CK/\
K —ak
by —¢
ECKy) —aKy+b\CK)y) —ECK)
by —¢
b)\CK)\ — OJK)\
bh—§¢
Using the formulas (7.2) for K and CK) we find that

=X =) | 1me(Ve

-z z—A 1-)\z
fo= 12 —
T vl
S N
1-\z a 1-)z
2—A—E+ENz
1-Xz
p—p(N) —a+ap(Ne
z2—A—E+EXN2
p(L+ W) = (a+¢(N)
2L+ X)) —(A+€)
1+@a
_ (aﬂp(k)) 1= (awu) ) v
- A\ + 14AE
(5
and hence f is a constant multiple of the function f¢ defined by (8.4). Con-
versely, we see that if { is a unimodular constant such that f¢ belongs to
H?, then f¢ is an eigenvector of Uy, corresponding to the eigenvalue &.

Moreover, the computation above shows that the eigenspaces of Uy, are
one-dimensional. ([

A necessary condition for a function of the form (8.4) to belong to H? is
that ¢ have the nontangential limiting value b_,()(a) at the point b_(§).
In other words, the condition

90(£+)\> _ate(y)

1+X/)  1+pWNa (8:6)
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is necessary for f¢ to be an eigenvector of U) , corresponding to the eigen-
value . In general, this condition is not sufficient and we must examine the
angular derivative (either directly or via the local Dirichlet integral [39])
of ¢ at the point b_»(§). We do not wish to pursue the function theoretic
details here and simply remark that (8.6) completely generalizes the original
result of Clark [10, Thm. 3.2].

8.2. (C-real bases for model spaces. We have seen that many natural
operators associated with the model spaces are C-symmetric. Indeed, we
have noted that all compressed Toeplitz operators (including the compressed
shift) and all generalized Clark operators (defined by equation (8.1)) are C-
symmetric.

In general, the spaces H? © ¢H? do not come equipped with “natural”
orthonormal bases and hence we must construct them. Recall that we wish
to find C-real orthonormal bases (those whose vectors are fixed by C') since,
among other things, the matrix representation of a C'-symmetric operator
with respect to a C-real basis is symmetric (Lemma 2.7).

From this point of view, our interest in the generalized Clark operators
U\ lies in the fact that they are unitary. Under certain circumstances, the
eigenvectors of U) o, might furnish a C-real orthonormal basis for H 20 H?.

We have already computed the Godi¢-Lucenko decomposition Uy, =
CJ,o (Theorem 8.1) for these operators and used it to compute their eigen-
values and eigenvectors (Theorem 8.2). Since the eigenvectors of any gen-
eralized Clark operator are simple and pairwise mutually orthogonal, we
need only address the question of whether a given U) , has a complete set
of eigenvectors and whether the associated one-dimensional eigenspaces are
fixed by C.

The first question is essentially a function theoretic one and can be
discussed in terms of the analytic properties of the inner function ¢. Several
practical conditions guaranteeing that a standard Clark operator has pure
point spectrum can be found in [10]. We do not wish to go into further
detail here, although we do point out that we are now free to vary the
parameter A throughout D (as well as a on dD) and we only need a single
generalized Clark operator Uy, to have pure point spectrum in order to
produce a complete set of eigenvectors.

The following general lemma addresses the second question. Namely,
it shows that we may select a unit vector, fixed by C, from each of the
(necessarily one-dimensional) eigenspaces of U) :

LEMMA 8.3. If T is a normal C-symmetric operator, then the eigenspaces
of T are fized by C.

_ PROOF. Since T is normal, the equation T'f = Af implies that 7" f =
Af. Applying C to the preceding equation implies that T'(C'f) = A(Cf) and
hence the eigenspaces of T' are invariant under C. (|
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Thus, if A and « are values (in D and on 9D, respectively) such that
the generalized Clark operator U , has pure point spectrum, then we can
construct a C-real orthonormal basis of H? © pH?2. Indeed, let (¢,)™™ be
an enumeration of the points on 0D such that

a+p(A)

1+ 9N
(as nontangential limiting values) and such that the normalized reproducing
kernels k¢, belong to H? (and hence H? & pH?).

In this case, the numbers

1- Xgn
will be simple eigenvalues for Uy o, and corresponding unit eigenvectors are
given by the formula

&n

1
— « A) ) 2
en(z) = (CnHt,%)L) e

The particular branch of the square root used does not matter and the fact
that Ce, = e, for all n follows from a computation similar to that in the
proof of Lemma, 4.6.
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