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Abstract. We discuss several algebraic and analytic aspects of the eigenstruc-
ture (i.e. eigenvalues, eigenvectors, and generalized eigenvectors) of complex
symmetric operators. In particular, we examine the relationship between the
bilinear form [x, y] = 〈x, Cy〉 induced by a conjugation C on a complex Hilbert
spaceH and the eigenstructure of a bounded linear operator T : H → H which
is C-symmetric (T = CT ∗C).
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1. Introduction

In this note, we discuss several algebraic and analytic aspects of the eigenstructure
(i.e. eigenvalues, eigenvectors, and generalized eigenvectors) of complex symmetric
operators, a particular class of Hilbert space operators discussed in [3, 5, 6, 7].
Before proceeding, let us recall a few definitions.

A conjugation on a complex Hilbert spaceH is an antilinear operator C : H →
H that is involutive (C2 = I) and isometric, meaning that 〈x, y〉 = 〈Cy, Cx〉 for all
x, y in H (we assume that H is separable and that our operators are bounded, un-
less otherwise stated). We say that a linear operator T : H → H is C-symmetric if
T = CT ∗C and complex symmetric if it is C-symmetric with respect to some con-
jugation C. For a fixed conjugation C, there exists an orthonormal basis (en)dimH

n=1

of H such that Cen = en for all n [6, Lem. 1]. We refer to such a basis as a C-real
orthonormal basis and note that the matrix representation of a C-symmetric op-
erator with respect to such a basis is symmetric (see [6, Prop. 2] or [5, Sect. 2.4]).
In particular, an operator T is complex symmetric if and only if it is unitarily
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equivalent to a symmetric matrix with complex entries, considered as an operator
on an l2 space of the appropriate dimension.

The class of complex symmetric operators includes all normal operators, op-
erators defined by (finite or infinite) Hankel matrices, compressed Toeplitz oper-
ators (including the compressed shift), and the Volterra integration operator (see
[3, 5, 6, 7]). Since we are more concerned here with eigenvectors and generalized
eigenvectors of operators rather than with the operators which produce them,
we could certainly consider unbounded complex symmetric operators as well (see
[6, 7, 10] for details and references).

When dealing with C-symmetric operators, it turns out that the bilinear form

[x, y] = 〈x, Cy〉 (1)

induced by C is almost as important as the standard sesquilinear form 〈 · , · 〉.
We will say that two vectors x and y are C-orthogonal if [x, y] = 0 (denoted by
x ⊥C y). We shall also say that two subspaces E1 and E2 are C-orthogonal (denoted
E1 ⊥C E2) if [x1, x2] = 0 for every x1 in E1 and x2 in E2. It is not hard to see that
the bilinear form (1) is nondegenerate, in the sense that [x, y] = 0 for all y in H if
and only if x = 0. Unlike the sesquilinear form 〈 · , · 〉, however, the bilinear form
[ · , · ] is not positive since [eiθ/2x, eiθ/2x] = eiθ[x, x] for any θ.

With respect to [ · , · ], C-symmetric operators somewhat resemble selfadjoint
operators. For instance, an operator T is C-symmetric if and only if [Tx, y] =
[x, Ty] for all x, y in H. As another example, the eigenvectors of a C-symmetric
operator corresponding to distinct eigenvalues are orthogonal with respect to
[ · , · ], even though they are not necessarily orthogonal with respect to the original
sesquilinear form 〈 · , · 〉.

Lemma 1. The eigenvectors of a C-symmetric operator T corresponding to distinct
eigenvalues are orthogonal with respect to the bilinear form [ · , · ].

Proof. The proof is essentially identical to the corresponding proof for selfadjoint
operators. If λ1 6= λ2, Tx1 = λ1x1, and Tx2 = λ2x2, then

λ1[x1, x2] = [λ1x1, x2] = [Tx1, x2] = [x1, Tx2] = [x1, λ2x2] = λ2[x1, x2].

Since λ1 6= λ2, it follows that [x1, x2] = 0. �

There are some obvious differences between selfadjoint and complex sym-
metric operators. For instance, a complex symmetric matrix can have any possible
Jordan canonical form (see [5, 6] and the references therein) while a selfadjoint
matrix must be unitarily diagonalizable. Nevertheless, we will see in Section 2
that the generalized eigenspaces of an arbitrary C-symmetric operator are always
C-orthogonal.

Another somewhat superficial resemblance between complex symmetric and
selfadjoint operators concerns the relationship between the kernel and range. If T is
a C-symmetric operator, then the subspaces kerT and cl(ranT ) are C-orthogonal
subspaces. Indeed, this follows immediately from the definition of C-symmetry and
the fact that kerT = (ranT ∗)⊥. In this respect, C-symmetric operators resemble



The Eigenstructure of Complex Symmetric Operators 3

selfadjoint operators since the kernel and range of a selfadjoint operator are always
orthogonal to each other. On the other hand, it turns out that kerT ∩ cl(ranT )
may be nontrivial for arbitrary complex symmetric operators. The vectors x in
this intersection are isotropic, meaning that [x, x] = 0. The simplest example of
this phenomenon occurs in two dimensions:

Example 1. If T : C2 → C2 denotes the operator induced by a nilpotent 2 × 2
Jordan block, then T is C-symmetric with respect to C(z1, z2) = (z2, z1) (see
[5, 6]). It is clear that kerT = ranT = span{

(
1
0

)
} and that [

(
1
0

)
,
(
1
0

)
] = 0.

As we will see in Section 4, isotropic eigenvectors of complex symmetric oper-
ators play an important role. To be specific, the existence of isotropic eigenvectors
is directly related to the multiplicity of the corresponding eigenvalue.

Diagonalizable complex symmetric operators are naturally quite tractable
objects of study. We discuss several aspects of the diagonalization of complex
symmetric operators in Section 5. We conclude this note with a few basic remarks
on Riesz bases of eigenvectors in Section 6.

Acknowledgments: The author would like to thank M. Putinar and D. Sarason
for their helpful comments. Some of this work was conducted at the University of
California, Santa Barbara.

2. Generalized eigenspaces

In this section, we show that the generalized eigenspaces of a complex symmetric
operator (when they exist) are always mutually C-orthogonal. Thus although we
do not necessarily have orthogonality with respect to the original hermitian form
〈 · , · 〉, we are able to separate the generalized eigenspaces via the bilinear form
[ · , · ]. Our first proof is purely algebraic. A somewhat less general, but slicker and
more sophisticated approach based on the Riesz functional calculus (which suffices
for most cases of interest) is discussed later.

Theorem 1. If T is a C-symmetric operator and λ1 6= λ2, then

ker(T − λ1I)m1 ⊥C ker(T − λ2I)m2

for all m1,m2 ≥ 0. In particular, generalized eigenspaces of a C-symmetric oper-
ator corresponding to distinct eigenvalues are mutually C-orthogonal.

Proof. Note that the case m1 = m2 = 1 is handled via Lemma 1. By subtracting
a multiple of the identity from T , we may assume that λ1 = 0 and that λ2 = λ is
nonzero. Moreover, it suffices to show that any two subspaces of the form

E1 = span{x, Tx, T 2x, . . . , Tm1x}
E2 = span{y, (T − λI)y, (T − λI)2y, . . . , (T − λI)m2y},

where Tm1x 6= 0, (T − λI)m2y 6= 0, and Tm1+1x = (T − λI)m2+1y = 0, are
mutually C-orthogonal.
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Step 1: We first prove that the eigenvector (T −λI)m2y is C-orthogonal to E1 by
showing that [T jx, (T − λI)m2y] = 0 for 0 ≤ j ≤ m1. Indeed, we have

λm1+1−j [T jx, (T − λI)m2y] = [T jx, λm1+1−j(T − λI)m2y]

= [T jx, Tm1+1−j(T − λI)m2y]
= [Tm1+1x, (T − λI)m2y]
= 0.

Since λ 6= 0, it follows that [T jx, (T − λI)m2y] = 0 for all 0 ≤ j ≤ m1 as claimed.

Step 2: Suppose now that we have proved [T jx, (T − λI)m2−kg] = 0 for all 0 ≤
j ≤ m1 and some 0 ≤ k ≤ m2 − 1. Under this assumption we have:

λ[T jx, (T − λI)m2−k−1y] = [T jx, λ(T − λI)m2−k−1y + (T − λI)m2−ky]

= [T jx, (λI + (T − λI))(T − λI)m2−k−1y]

= [T jx, T (T − λI)m2−k−1y]

= [T j+1x, (T − λI)m2−k−1y].

Iteration ultimately yields

λm1+1−j [T jx, (T − λI)m2−k−1y] = [Tm1+1x, (T − λI)m2−k−1y] = 0

whence [T jx, (T−λI)m2−k−1y] = 0 for all 0 ≤ j ≤ m1. Thus the theorem is proved
by induction. �

A slight modification of this argument shows that generalized eigenspaces
can be separated from the “quasinilpotent vectors” as well (see Section 3).

Example 2. If x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) are generalized eigen-
vectors which correspond to distinct eigenvalues of a complex symmetric matrix
acting on Cn, then

∑n
i=1 xiyi = [x,y] = 0.

Example 3. If x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) are generalized eigen-
vectors which correspond to distinct eigenvalues of an n×n Toeplitz matrix, then
[x,y] =

∑n
i=1 xiyn−i = 0 (see [5, 6] for details).

One of the classic techniques of spectral theory for dealing with generalized
eigenspaces is the use of contour integrals involving the resolvent. Recall that the
resolvent set ρ(T ) of a bounded linear operator T is the set of complex numbers z
for which the resolvent R(z, T ) = (zI − T )−1 exists as a bounded operator. The
spectrum σ(T ) of T is simply the complement of ρ(T ) in C and the resolvent is
an analytic operator valued function on the open set ρ(T ).

If T is a bounded linear operator and f is a holomorphic function on a (not
necessarily connected) neighborhood Ω of σ(T ), then the Riesz functional calculus
allows us to define an operator f(T ) via the Cauchy-type integral formula

f(T ) =
1

2πi

∫
Γ

f(z)R(z, T ) dz (2)
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where Γ denotes a finite system of rectifiable Jordan curves, oriented in the positive
sense, lying in Ω [4, p.568]. The integral in (2) is to be interpreted in the sense of
Riemann and hence f(T ) is approximable by Riemann sums involving the operator
R(z, T ).

For each clopen (relatively open and closed) subset ∆ of σ(T ), there exists a
natural idempotent P (∆) defined by the formula

P (∆) =
1

2πi

∫
Γ

R(z, T ) dz (3)

where Γ is any rectifiable Jordan curve such that ∆ is contained in the interior
int(Γ) of Γ and σ(T )\∆ does not intersect int(Γ). We refer to this idempotent as
the Riesz idempotent corresponding to ∆.

If the spectrum of an operator T decomposes as the disjoint union of two
clopen sets, then the corresponding Riesz idempotents are usually neither self-
adjoint (i.e. they are not necessarily orthogonal projections), nor are their ranges
necessarily orthogonal to each other. Indeed, any diagonalizable but non-normal
operator on C2 shows that this is not the case. Nevertheless, the Riesz idempotents
that arise from complex symmetric operators have some nice features.

Theorem 2. Let T be a C-symmetric operator. If σ(T ) decomposes as the disjoint
union σ(T ) = ∆1∪∆2 of two clopen sets, then the corresponding Riesz idempotents
P1 = P (∆1) and P2 = P (∆2) (defined by (3)) are

(i) C-symmetric: Pi = CP ∗i C for i = 1, 2,

(ii) C-orthogonal, in the sense that ranP1 ⊥C ranP2 (i.e. P1P2 = P2P1 = 0).

Proof. For each z in ρ(T ), it is easy to see that the resolvent R(z, T ) = (zI−T )−1

of T is also C-symmetric. Indeed, it can be uniformly approximated by polynomials
in T and such polynomials are clearly C-symmetric. Since the Riesz idempotents
P1 and P2 corresponding to ∆1 and ∆2, respectively, are approximated by Rie-
mann sums, it follows that P1 and P2 are C-symmetric. In particular, the Riesz
idempotents P1 and P2 are C-symmetric and satisfy P1P2 = P2P1 = 0, whence
their ranges are C-orthogonal. �

We will refer to a C-symmetric idempotent as a C-projection. In other words,
a bounded linear operator P is a C-projection if and only if P = CP ∗C and
P 2 = P . It is not hard to see that if P is a C-projection, then ‖P ‖ ≥ 1 and ranP
is closed. Moreover, for any C-projection, we have kerP ∩ ranP = {0}. This is not
true for all C-symmetric operators, as Example 1 shows.

Example 4. If u is a nonisotropic vector, normalized so that [u, u] = 1, then
Pux = [x, u]u is the C-projection onto span{u}. On the other hand, if u is isotropic,
then there can be no C-projection onto the subspace spanned by u. Indeed, such
an operator would have to be of the form Px = 〈x, v〉u for some v. If P = CP ∗C,
then it would follow that u and Cv are multiples of each other and hence Pu = 0,
a contradiction.
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If P is a C-projection, then kerP and ranP are disjoint C-orthogonal sub-
spaces and hence I = P + (I − P ) gives a C-orthogonal decomposition of H (the
C-orthogonality of kerP and ranP follows from Lemma 1).

A classical theorem of spectral theory [4, p.579] states that if T is a com-
pact operator, then every nonzero point λ in σ(T ) is an eigenvalue of finite order
m = m(λ). For each such λ, the corresponding Riesz idempotent has a nonzero
finite dimensional range given by ranPλ = ker(T − λI)m. In particular, the
nonzero elements of the spectrum of a compact operator correspond to generalized
eigenspaces. Using Riesz idempotents, it is possible to give a much shorter proof
of Theorem 1 if the complex symmetric operator T is assumed to be compact.

Theorem 3. The generalized eigenspaces of a compact C-symmetric operator are
C-orthogonal.

Proof. It follows immediately from Theorem 2 and the preceding remarks that
the generalized eigenspaces corresponding to nonzero eigenvalues of a compact
C-symmetric operator T are mutually C-orthogonal. Since 0 is the only possible
accumulation point of the eigenvalues of T , it follows that a generalized eigenvector
corresponding to a nonzero eigenvalue is C-orthogonal to any vector in the range
of

Pε =
1

2πi

∫
|z|=ε

R(z, T ) dz

if ε > 0 is taken sufficiently small. In particular, ranPε contains the generalized
eigenvectors for the eigenvalue 0 (if any exist). �

3. Quasinilpotent Vectors

Recall that a bounded linear operator T : H → H is called quasinilpotent if

lim
n→∞

‖Tn ‖ 1
n = 0.

In particular, any nilpotent operator is quasinilpotent and the spectral radius
formula implies that a bounded operator is quasinilpotent if and only if σ(T ) = 0.

There are many examples of quasinilpotent complex symmetric operators. For
instance, quasinilpotent Hankel operators can be constructed using certain symbols
with lacunary Fourier series [9, Section 10.3, p.443-449]. A familiar example of a
quasinilpotent complex symmetric operator is the Volterra integration operator
[6, 7]. Moreover, the Fredholm alternative indicates that any Volterra operator is
quasinilpotent [8, Pr. 187] and hence quasinilpotent complex symmetric operators
are quite easy to produce.

We say that a vector q in H is a quasinilpotent vector (for T ) if

lim
n→∞

‖Tnq ‖ 1
n = 0.

If T is compact, then it is not hard to show that the set Q of quasinilpotent
vectors coincides with the orthogonal complement of the span of the generalized
eigenspaces of T ∗.
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Theorem 4. Q ⊥C ker(T − λI)m for all m ≥ 0 and λ 6= 0. In other words,
every quasinilpotent vector is C-orthogonal to the generalized eigenspaces of T
corresponding to nonzero eigenvalues.

Proof. We proceed by induction on m. The case m = 0 is trivial. Now suppose
that we have shown that Q ⊥C ker(T−λI)m for some m. Let q denote an arbitrary
quasinilpotent vector for T and let x be a unit vector in ker(T −λI)m+1. It follows
that the vector y = (T − λI)x belongs to ker(T − λI)m and hence

λ[q, x] = [q, λx] = [q, Tx]− [q, y] = [Tq, x]

by the inductive hypothesis. Iteration of the preceding yields λn[q, x] = [Tnq, x]
from which it follows that

|λ|n|[q, x]| = |[q, λnx]| = |[q, Tnx]| = |[Tnq, x]| ≤ ‖Tnq ‖

holds for every n ≥ 0. Taking nth roots shows that |λ||[q, x]| 1n ≤ ‖Tnq ‖ 1
n , which

tends to 0. Since λ 6= 0, it follows that [q, x] = 0 and hence q is C-orthogonal to
ker(T − λI). �

4. Isotropic eigenvectors and multiplicity

We say that a vector x is isotropic if [x, x] = 0. Although 0 is clearly an isotropic
vector, it turns out that nonzero isotropic vectors are nearly unavoidable (see
Lemma 2 below). However, isotropic eigenvectors are not mere algebraic incon-
veniences, for they often have meaningful interpretations. For example, isotropic
eigenvectors of complex symmetric matrices are considered in [12] in the context
of elastic wave propagation. In that theory, isotropic eigenvectors correspond to
circularly polarized waves.

The following simple lemma implies that any subspace of dimension ≥ 2 con-
tains isotropic vectors (see [2, Lem. 2]). In particular, this suggests the relationship
between isotropy and multiplicity that we will explore in this section.

Lemma 2. If C is a conjugation on a complex Hilbert space H, then every subspace
of dimension ≥ 2 contains isotropic vectors for the bilinear form [x, y] = 〈x,Cy〉.

Proof. Let dimH ≥ 2 and consider the span of two linearly independent vectors
x1 and x2. If either x1 or x2 is isotropic, then we are done. If neither x1 nor x2

is isotropic, then we easily obtain C-orthogonal vectors y1 and y2 with the same
span as x1 and x2:

y1 = x1, y2 = x2 −
[x2, x1]
[x1, x1]

x1.

In this case, either y2 is isotropic (and hence we are done) or neither y1 nor y2 is
isotropic. If this happens, then we may assume that y1 and y2 are normalized so
that [y1, y1] = [y2, y2] = 1. It is then easily verified that the vectors y1 ± iy2 are
both isotropic. �
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The following lemma shows that the existence of an isotropic eigenvector for
an isolated eigenvalue is completely determined by the multiplicity of the corre-
sponding eigenvalue.

Theorem 5. If T is a C-symmetric operator, then an isolated eigenvalue λ of T is
simple if and only if T has no isotropic eigenvectors for λ.

Proof. If λ is an isolated eigenvalue of T , then the Riesz idempotent P corre-
sponding to λ is a C-projection. If λ is a simple eigenvalue, then the eigenspace
corresponding to λ is spanned by a single unit vector x. If x is isotropic, then it
is C-orthogonal to all of H since x is C-orthogonal to the range of the comple-
mentary C-projection I − P . This would imply that x is C-orthogonal to all of H
and hence x = 0, a contradiction. Conversely, if λ is not a simple eigenvalue, then
there are two cases to consider:
Case 1: If dim ker(T−λI) > 1, then by Lemma 2, ker(T−λI) contains an isotropic
vector. Thus T has an isotropic eigenvector corresponding to the eigenvalue λ.
Case 2: If dim ker(T − λI) = 1, then ker(T − λI) = span{x} for some x 6= 0 and
dim ker(T − λI)2 > 1 since λ is not a simple eigenvalue. We can therefore find a
nonzero generalized eigenvector y for λ such that x = (T − λI)y. Thus

[x, x] = [x, (T − λI)y] = [(T − λI)x, y] = 0

and hence x is an isotropic eigenvector. �

We remark that the hypothesis that the eigenvalue λ is isolated is crucial.
Indeed, S⊕S∗ (where S is the unilateral shift on l2) is complex symmetric (see [7])
and has each point in the open unit disk as a simple eigenvalue. The corresponding
eigenvectors are all isotropic.

Example 5. If λ is an isolated eigenvalue of multiplicity ≥ 2 for a Hankel matrix
(possibly infinite), then there exists an eigenvector x corresponding to λ so that∑dimH

i=1 x2
i = [x,x] = 0. Here xi denotes the ith entry of the vector x.

Example 6. If λ is an eigenvalue of multiplicity ≥ 2 for an n× n Toeplitz matrix,
then there exists an eigenvector x = (x1, x2, . . . , xn) corresponding to λ so that∑n

i=1 xixn−i = [x,x] = 0.

Example 7. Let H2 denote the Hardy space of the open unit disk and let ϕ denote
a nonconstant inner function. If λ is an eigenvalue of multiplicity ≥ 2 for the
compression of a Toeplitz operator to H2	ϕH2, then there exists an eigenfunction
f in H2 	 ϕH2 so that

1
2πi

∫
∂D

f2(z)
ϕ(z)

dz = 0,

where ∂D denotes the unit circle (oriented in the counter-clockwise sense). See
[3, 5, 6, 7] for further details and various special cases.

Having seen that isotropic eigenvectors are related to the multiplicity of eigen-
values, we can go a bit further into the decomposition of generalized eigenspaces:
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Theorem 6. If T is a C-symmetric operator, then for each complex number λ there
exists an increasing sequence of subspaces K(λ)

n such that

ker(T − λI)n = [ker(T − λI)n ∩ cl(ran(T − λI)n)]⊕K(λ)
n

is both an orthogonal and C-orthogonal direct sum. Furthermore, the subspaces
ker(T − λI)n ∩ cl(ran(T − λI)n) consist entirely of isotropic vectors.

Proof. It suffices to consider the case λ = 0. For each n, there exists a subspace
Kn = K(0)

n of ker Tn (possibly the zero subspace) such that

ker Tn = [kerTn ∩ cl(ranTn)]⊕Kn, (4)

where ⊕ denotes the usual orthogonal direct sum. Since kerTn is C-orthogonal
to cl(ranTn) and Kn ⊆ ker Tn, it follows that (4) is also a C-orthogonal de-
composition. In particular, every vector in kerTn ∩ cl(ranTn) is isotropic. That
the sequence Kn is increasing is clear from the fact that kerTn ⊆ ker Tn+1 and
ranTn+1 ⊆ ranTn. �

Example 8. Consider the operator T : C5 → C5 induced by a 5 × 5 nilpotent
Jordan block and let {e1, e2, e3, e4, e5} denote the standard orthonormal basis for
C5. The relevant subspaces K(0)

n of the preceding theorem are readily exhibited:

n ker Tn ranTn ker Tn ∩ ranTn K(0)
n

0 {0} C5 {0} C5

1 span{e1} span{e1, e2, e3, e4} span{e1} {0}
2 span{e1, e2} span{e1, e2, e3} span{e1, e2} {0}
3 span{e1, e2, e3} span{e1, e2} span{e1, e2} {e3}
4 span{e1, e2, e3, e4} span{e1} span{e1} {e2, e3, e4}
5 C5 {0} {0} C5

5. Diagonalization of Complex Symmetric Operators

Suppose that T is a complex symmetric operator which has a complete system of
(nonzero) eigenvectors (un)∞n=1. By complete, we mean that the closed linear span
of the un is all of H. Implicitly, we will assume that dimH = ∞ since the finite
dimensional case is somewhat trivial in comparison.

If the corresponding eigenvalues λn are distinct, then Lemma 1 tells us that
the (un)∞n=1 are mutually C-orthogonal. We may therefore assume that the system
(un)∞n=1 is C-orthonormal : [uj , uk] = δjk, where δjk denotes the Kronecker δ-
function. Indeed, if [un, un] = 0 for some n, then [un, x] = 0 would hold for all x
since the system (un)∞n=1 is complete, whence un = 0.

We consider here the linear extension of the map un 7→ Cun. Since the un

are not necessarily orthonormal with respect to the usual hermitian inner prod-
uct 〈 · , · 〉, this map does not immediately extend (as a bounded linear operator)
further than the dense linear submanifold spanned by finite linear combinations
of the un. To be specific, we say that a vector f in H is finitely supported if
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it is a finite linear combination of the un and we denote the linear manifold of
finitely supported vectors by F . Due to the C-orthonormality of the un, it follows
immediately that each such f can be recovered via the skew Fourier expansion

f =
∞∑

n=1

[f, un]un, (5)

where all but finitely many of the skew Fourier coefficients [f, un] are nonzero.
We will let A0 : F → H denote the linear extension of the map A0un = Cun to
F . Since F is a dense linear submanifold of H, it follows that if A0 : F → H is
bounded on F , then A0 has a unique bounded extension (which we denote by A)
to all of H.

It turns out that the presence of the conjugation C ensures that the exten-
sion A will have several desirable algebraic properties. In particular, the following
lemma shows that if A is bounded, then it is C-orthogonal. Specifically, we say that
an operator U : H → H is C-orthogonal if CU∗CU = I. The terminology comes
from the fact that, when represented with respect to a C-real orthonormal basis,
the corresponding matrix will be complex orthogonal (i.e. U tU = I as matrices).

The importance of C-orthogonal operators lies in the fact that they preserve
the bilinear form induced by C. To be specific, U is a C-orthogonal operator if and
only if [Ux, Uy] = [x, y] for all x, y in H. Unlike unitary operators, C-orthogonal
operators can have arbitrarily large norms. In fact, unbounded C-orthogonal op-
erators are considered in [11], where they are called J-unitary operators.

Lemma 3. If A0 is bounded, then its extension A : H → H is positive and C-
orthogonal. If this is the case, then A is invertible with A−1 = CAC ≥ 0 and the
operator B =

√
A is also C-orthogonal.

Proof. By (5), it follows that 〈A0f, f〉 =
∑∞

n=1 |[f, un]|2 ≥ 0 for all f in F . If A0

is bounded, then it follows by continuity that A will be positive. The fact that
A is C-orthogonal (hence invertible) follows from the fact that (CA∗C)Aun =
(CA)2un = un for all n. Since (CBC)(CBC) = CAC = A−1 and CBC ≥ 0,
it follows that CBC is a positive square root of A−1. By the uniqueness of the
positive square root of a positive operator, we see that CBC = B−1 and hence B
is also C-orthogonal. �

We remark that Lemma 3 shows that if the map un 7→ Cun is bounded,
then its linear extension A : H → H is necessarily invertible. This property dis-
tinguishes C-orthonormal systems (un)∞n=1 and their duals (Cun)∞n=1 from general
biorthogonal systems (which do not necessarily arise from conjugations on H).
Among other things, Lemma 3 also shows that if A0 is bounded, then the skew
conjugation J (

∑∞
n=1 cnun) =

∑∞
n=1 cnun (defined initially on F) is given by

J = CA = CBB = B−1CB.

In other words, the skew conjugation J is similar to our original conjugation C
via the operator B =

√
A. Another consequence of the boundedness of A0 is the

existence of a natural orthonormal basis for H:
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Lemma 4. If A0 is bounded, then the vectors (sn)∞n=1 defined by sn = Bun (where
B =

√
A) satisfy the following:

(i) (sn)∞n=1 is orthonormal: 〈sj , sk〉 = δjk for all j, k,

(ii) (sn)∞n=1 is C-orthonormal: [sj , sk] = δjk for all j, k,

(iii) Csn = sn for all n.

Furthermore, (sn)∞n=1 is an orthonormal basis for H.

Proof. Conditions (i), (ii), and (iii) follow from direct computations:

〈sj , sk〉 = 〈Buj , Buk〉 = 〈uj , Auk〉 = 〈uj , Cuk〉 = [uj , uk] = δjk,

[sj , sk] = 〈sj , Csk〉 = 〈Buj , CBuk〉 = 〈Buj , B
−1Cuk〉 = 〈uj , Cuk〉 = δjk,

Csj = CBuj = B−1Cuj = B−1B2uj = Buj = sj .

We now show that the system (sn)∞n=1 is complete. If f is orthogonal to each sj ,
then 〈Bf, uj〉 = 〈f,Buj〉 = 〈f, sj〉 = 0 for all j. Since B is invertible, it follows
that f = 0 since (un)∞n=1 is complete. �

If the operator A0 is bounded, then its extension A is a positive, invertible
operator whose spectrum is bounded away from zero. Thus Θ = −i log A can
be defined using the functional calculus for A and the principal branch of the
logarithm. Since A is self-adjoint and the principal branch of the logarithm is real
on (0,∞), it follows that Θ is skew-Hermitian: Θ∗ = −Θ. Moreover, since A is
a C-orthogonal operator, it follows that Θ is a C-real operator: Θ = Θ, where
Θ = CΘC.

Returning to our original C-symmetric operator T , we see that if A0 is
bounded, then T is similar to the diagonal operator D : H → H defined by
Dsn = λnsn since T = B−1DB. Writing this in terms of the exponential repre-
sentation A = exp(iΘ) and inserting a parameter t ∈ [0, 1], we obtain a family of
operators

Tt = e−
it
2 ΘDe

it
2 Θ

which satisfies T0 = D and T1 = T . This provides a continuous deformation of
T to its diagonal model D. We also remark that the fact that Θ is C-real and
skew-Hermitian implies that the operators exp(± it

2 Θ) are C-orthogonal for all t.
From here, it is easy to show that each intermediate operator Tt is C-symmetric
and that the path t 7→ Tt from [0, 1] to B(H) is norm continuous.

In particular, this framework applies to complex symmetric matrices (e.g.
Hankel matrices) or to finite Toeplitz matrices. Moreover, the compressed shift
corresponding to an interpolating Blaschke product produces exactly such a sys-
tem (un)∞n=1 (consisting of certain scalar multiples of reproducing kernels, see [6]
for details and references). The boundedness of A0 is guaranteed by Carleson’s
interpolation theorem. It would be interesting to concretely identify the operators
A, B, and Θ in such an example.
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6. Riesz Bases of Eigenvectors

Recall that an arbitrary sequence of vectors (un)∞n=1 is called a Bessel sequence if
there exists a constant M > 0 (called a Bessel bound) such that

∞∑
n=1

|〈x, un〉|2 ≤ M‖x ‖2

for all x in H. Also recall that a sequence (un)∞n=1 is called a Riesz basis if it is the
image of an orthonormal basis of H under a bounded, invertible linear operator
R. It is well-known (see [1, Prop. 3.6.4]) that (un)∞n=1 is a Riesz basis if and only
if there exist there exist constants M1,M2 > 0 such that

M2
1 ‖x ‖2 ≤

∞∑
n=1

|〈x, un〉|2 ≤ M2
2 ‖x ‖2.

Furthermore, the optimal constants are M1 = ‖R−1 ‖−1 and M2 = ‖R ‖2.
Our final theorem consists of a number of equivalent statements concerning

C-orthonormal systems. Our interest in such systems stems from the fact that
they often arise as eigenvectors of C-symmetric operators.

Theorem 7. If (un)∞n=1 is a complete C-orthonormal system in H, then the follow-
ing are equivalent:

(i) (un)∞n=1 is a Bessel sequence with Bessel bound M ,

(ii) (un)∞n=1 is a Riesz basis with lower and upper bounds M−1 and M ,

(iii) The assignment A0un = Cun extends to a bounded linear operator A : H → H
satisfying ‖A ‖ ≤ M ,

(iv) There exists M > 0 satisfying:

‖
m∑

n=1

cnun ‖ ≤ M‖
m∑

n=1

cnun ‖, (6)

for every finite sequence c1, c2, . . . , cm.

(v) The Gram matrix (〈uj , uk〉)∞j,k=1, acting on finitely supported sequences, dom-
inates its transpose:(

M2〈uj , uk〉 − 〈uk, uj〉
)∞
j,k=1

≥ 0 (7)

for some M > 0.

(vi) The Gram matrix G = (〈uj , uk〉)∞j,k=1 is bounded on l2(N). Furthermore,
‖G ‖ ≤ M and G is orthogonal (GtG = I as matrices).

(vii) For each f in H, the skew Fourier expansion
∑∞

n=1 [f, un]un converges to f
in norm and

1
M
‖ f ‖2 ≤

∞∑
n=1

|[f, un]|2 ≤ M‖ f ‖2. (8)

In all cases, the infimum over all such M equals the norm of A0.
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Proof. The proof consists of a number of parts. We first prove the implications
(i) ⇒ (iii) ⇒ (ii) ⇒ (i) and then establish the equivalences (iii) ⇔ (iv) ⇔ (v),
(iii) ⇔ (vi), and (ii) ⇔ (vii).

(i) ⇒ (iii) If (un)∞n=1 is a Bessel sequence with Bessel bound M , then
∞∑

n=1

|[f, un]|2 =
∞∑

n=1

|〈Cf, un〉|2 ≤ M‖Cf ‖2 = M‖ f ‖2

holds for all f . It follows that the coordinate map Lf = ([f, un])∞n=1 is a bounded
linear operator from H into l2(N) whose norm satisfies ‖L ‖ ≤

√
M . Since [f, un] =

〈f, Cun〉, it is not hard to see that L∗Lun = Cun = A0un and thus L∗L agrees
with A0 on the dense submanifold F . This implies that A0 extends to a bounded
linear operator A satisfying ‖A ‖ = ‖L∗L ‖ ≤ M .

(iii) ⇒ (ii) (un)∞n=1 is the image of the orthonormal basis (sn)∞n=1 under the
bounded, bijective operator B−1 (see the preceding section for terminology). The
bounds follow from [1, Prop. 3.6.4].

(ii) ⇒ (i) This follows from the well-known fact that a Riesz basis is always a
Bessel sequence (See [1, Prop. 3.6.4]).

(iii) ⇔ (iv) This follows directly from the fact that the antilinear operator J =
CA0 fixes each un. Since A0 = CJ on F and C is isometric, the desired result
follows.

(iv) ⇔ (v) Upon squaring both sides of (6) and simplifying, one sees that (6) holds
if and only if a (7) holds (with the same M).

(iii) ⇔ (vi) If A0 is bounded, then A0 extends to a bounded, invertible oper-
ator A : H → H. Indeed, A−1 = CAC since these two operators agree on
the complete system (Cun)∞n=1. The entries in the Gram matrix G are given by
〈uj , uk〉 = 〈B−1sj , B

−1sk〉 = 〈A−1sj , sk〉. Hence G is simply the matrix represen-
tation for the bounded operator A−1 with respect to the C-real basis (sn)∞n=1.
In particular, this implies that G is bounded as an operator on l2(N). Since
〈Asj , sk〉 = 〈Bsj , Bsk〉 = 〈Cuj , Cuk〉 = 〈uk, uj〉 for all j, k, it follows that Gt

is simply the matrix representation for A and hence GtG = I. Conversely, if G is
bounded, then a straightforward computation shows that A0 is bounded.

(ii) ⇔ (vii) Condition (ii) holds if and only if

1
M
‖ f ‖2 ≤

∞∑
n=1

|〈f, un〉|2 ≤ M‖ f ‖2

for every f in H. Upon substituting Cf for f and noting that [f, un] = 〈f, Cun〉 =
〈Cf, un〉, these inequalities assume the form required by (vii). Once (8) is estab-
lished, it is clear that each f in H can be represented as a norm-convergent skew
Fourier series. �

We conclude this article with a simple, but illustrative, example:
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Example 9. Let w = α+ iβ where α and β are real constants and consider L2[0, 1],
endowed with the conjugation [Cf ](x) = f(1− x). A short computation shows
that if w is not an integer multiple of 2π, then the vectors

un(x) = exp[i(w + 2πn)(x− 1
2 )], n ∈ Z,

are eigenfunctions of the C-symmetric operator

[Tf ](x) = eiw/2

∫ x

0

f(y) dy + e−iw/2

∫ 1

x

f(y) dy

(i.e. T = eiw/2V + e−iw/2V ∗ where V denotes the Volterra operator) and that the
system (un)∞n=1 is complete and C-orthonormal. One the other hand, one might
also say that the un are eigenfunctions of the derivative operator with boundary
condition f(1) = eiwf(0).

We also see that the map un 7→ Cun extends to a bounded operator on all
of L2[0, 1]. Indeed, this extension is simply the multiplication operator [Af ](x) =
e2β(x−1/2)f(x) whence B =

√
A is given by

[Bf ](x) = eβ(x−1/2)f(x).

As expected, the positive operators A and B are both C-orthogonal and the system
(un)∞n=1 forms a Riesz basis for L2[0, 1]. In fact, (un)∞n=1 is the image of the C-
real orthonormal basis (sn)∞n=1, defined by sn = Bun, under the bounded and
invertible operator B−1. The sn are given by

sn(x) = exp[i(α + 2πn)(x− 1
2 )]

and they are easily seen to be both orthonormal and C-real (see [5, Lem. 4.3]).
Such bases and their relationship to the C-symmetric properties of the Volterra
operator and the “compressed shift” corresponding to the atomic inner function
ϕ(z) = exp[(z + 1)/(z − 1)] are discussed in [5].
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