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Abstract. We establish several conditions which are equivalent to

|[Bx, x]| ≤ 〈Ax, x〉 , ∀x ∈ H ,
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1. Introduction

This note is concerned with the structure of certain inequalities satisfied by pairs
of Hilbert space operators (Theorem 1). Along the way, we also prove a new
factorization theorem for complex symmetric operators (Theorem 2).

Throughout this note, H will denote a separable complex Hilbert space and
all operators considered will be bounded. Before describing our results, we first
require a few preliminary definitions:

Definition. A conjugation is a conjugate-linear operator C : H → H, which is both
involutive (C2 = I) and isometric (i.e., 〈Cx,Cy〉 = 〈y, x〉 for all x, y ∈ H).

Definition. A bounded linear operator T ∈ B(H) is C-symmetric if T = CT ∗C
and complex symmetric if there exists a conjugation C with respect to which T is
C-symmetric.

The class of complex symmetric operators includes all normal operators, op-
erators defined by Hankel matrices, truncated Toeplitz operators (including finite
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Toeplitz matrices and the compressed shift) [12,23], the Volterra integration oper-
ator [10], certain operators arising in the complex scaling technique for Schrödinger
operators [19], Aluthge transforms of complex symmetric operators [9], many par-
tial isometries, and all operators which are algebraic of degree two [14]. Other
recent articles concerning complex symmetric operators include [2, 15,23,25].

In what follows, it will be useful to have in mind operator analogues of the
entry-by-entry complex conjugate and the transpose of a matrix:

Definition. For a fixed conjugation C on H and an arbitrary T ∈ B(H) we define
the conjugate T and the transpose T t of T by the formulas

T := CTC , T t := CT ∗C .

When T is represented as a matrix with respect to a C-real orthonormal
basis (i.e., an orthonormal basis en such that Cen = en for all n), then the cor-
responding matrix representations for T and T t are precisely the entry-by-entry
complex conjugate and the transpose of the corresponding matrix for T (see [12,
Sect. 2.4] or [10, Prop. 2]). The reader can verify that the usual properties of the
transpose and conjugate hold for their analogues above. In particular, note that
(A)1/2 = A1/2 and At = A hold for any nonnegative operator A.

For the purposes of this note, the symmetric bilinear form

[x, y] := 〈x,Cy〉 (1)

induced by a fixed conjugation C plays an important role. Indeed, we are concerned
primarily with inequalities of the form

|[Bx, x]| ≤ 〈Ax, x〉 ∀x ∈ H (2)

where B is a C-symmetric operator and A is nonnegative. Following [7], we refer
to an inequality of the form (2) as a hermitian-symmetric inequality.

Example 1. The prototypical example of a hermitian-symmetric inequality arises
in the study of univalent functions. Specifically, the Goluzin-Grunsky inequality
[6, Cor. 9, p. 128] asserts that an analytic function f on the open unit disk D,
normalized so that f(0) = 0 and f ′(0) = 1, is injective and if and only if for any
n distinct z1, z2, . . . , zn ∈ D, the hermitian-symmetric inequality

∣
∣
∣
∣
∣
∣
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j,k=1

xjxk log
(

zjzk

f(zj)f(zk)
· f(zj) − f(zk)

zj − zk

)
∣
∣
∣
∣
∣
∣

≤
n∑

j,k=1

xjxk log
1

1 − zjzk

holds for all choices of x1, x2, . . . , xn ∈ C. This is an inequality of the form (2)
where H = C

n, x = (x1, x2, . . . , xn), C is the canonical conjugation on C
n, and

[A]jk = log
1

1 − zjzk
, [B]jk = log

(
zjzk

f(zj)f(zk)
· f(zj) − f(zk)

zj − zk

)

.

Further examples of symmetric bilinear forms arising in function theory can be
found in [5].
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For the moment, we content ourselves with studying the abstract structure
of hermitian-symmetric inequalities. Before proceeding, let observe a few basic
properties of the bilinear form (1):

(i) [ · , · ] is not nonnegative since [eiθ/2x, eiθ/2x] = eiθ[x, x] for any θ ∈ R. In
particular, the bilinear form (1) is not the difference of nonnegative sesquilin-
ear forms.

(ii) [ · , · ] is nondegenerate, in the sense that [x, y] = 0 for all y in H if and only
if x = 0.

(iii) [ · , · ] has isotropic vectors. In other words, there exist nonzero vectors x ∈ H
such that [x, x] = 0. As shown in [13], isotropic vectors arise naturally as
eigenvectors of C-symmetric operators which have repeated eigenvalues.

(iv) [ · , · ] satisfies the CSB Inequality: |[x, y]| ≤ ‖x‖‖y‖.
(v) An operator B on H is C-symmetric if and only if [Bx, y] = [x,By] for all

x, y in H.
Due to the fact that complex symmetric operators are generally non-normal

(e.g., the Volterra operator) and that the bilinear form (2) is not nonnegative, a
significant amount of cancellation can occur in the left hand side of (2). Thus the
direct relationship between the operators A and B is not immediately clear. It is
our aim in this article to clarify this relationship.

2. The structure of Hermitian-symmetric inequalities

Our first theorem, inspired in part by [7, Thm. 2.1], is the following:

Theorem 1. If A is a nonnegative operator and B is a C-symmetric operator on H,
then the following are equivalent:

(i) |[Bx, x]| ≤ 〈Ax, x〉 for all x in H.

(ii) 2|[Bx, y]| ≤ 〈Ax, x〉 + 〈Ay, y〉 for all x, y in H.

(iii) The operator
(

A B∗

B A

)

(3)

on H⊕H is nonnegative.

(iv) B = A
1/2

KA1/2 for some C-symmetric contraction K.

(v) B = T tT for some T ∈ B(H) satisfying T ∗T ≤ A.
Moreover, if A > 0 then we may add
(vi) BA−1B∗ ≤ A.

We postpone the somewhat lengthy proof of Theorem 1 until Section 4.
The implications (i) ⇒ (ii) and (ii) ⇒ (iii) are straightforward generalizations
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of [7, Thm. 2.1]. The primary difficulty lies in establishing the implications (iii) ⇒
(iv) and (iv) ⇒ (v) in the infinite dimensional case. The adaptations required to
pass to the infinite dimensional case are nontrivial. Indeed, many theorems con-
cerning complex symmetric matrices or hermitian-symmetric inequalities rely on
the singular value decomposition in the guise of the Autonne–Takagi factorization
theorem [17, Cor. 4.4.4], which is not applicable in the infinite-dimensional set-
ting. Consequently, we require several lemmas which are presented separately in
Section 3.

We also remark that conditions (iv), (v), and (vi) appear to be novel, even
in the finite-dimensional case. Furthermore, the proof of the implication (iv) ⇒
(v) requires a new factorization theorem for complex symmetric operators (Theo-
rem 2).

Remark. Condition (v) of Theorem 1 must be interpreted carefully. If B = T tT
and the hermitian-symmetric inequality (2) holds, then we cannot immediately
conclude that T ∗T ≤ A. To see this, first note that if S is a C-orthogonal op-
erator (i.e., StS = SSt = I) then clearly B = (ST )t(ST ). It is not hard to
see that C-orthogonal operators can be of arbitrarily large norm. Indeed, simply
consider elements of the complex orthogonal group O(n, C) of order n ≥ 2. More-
over, unbounded C-orthogonal operators arise in the complex scaling technique for
Schrödinger operators [22].

Remark. One might conjecture that the condition |B| =
√

B∗B ≤ A is both nec-
essary and sufficient condition for the hermitian-symmetric inequality (2) to hold.
However, this is incorrect. Although it turns out that |B| ≤ A is a sufficient condi-
tion (see the following corollary), it is not necessary (see Example 2). This reflects
the fact, remarked upon previously, that a significant amount of cancellation can
occur on the left side of the inequality (2).

Corollary 1. If B is a C-symmetric operator and |B| ≤ A, then the hermitian-
symmetric inequality (2) holds.

Proof. It suffices to prove that |[Bx, x]| ≤ 〈|B|x, x〉 holds for every x ∈ H. By [11,
Cor. 1], we may write B = CJ |B| where J is a conjugation which commutes
with |B| (and hence with |B| 12 ). Noting that K = CJ is a C-symmetric unitary
operator, we find that

|B|
1
2 K|B| 12 = (C|B| 12 C)(CJ)|B| 12 = C|B| 12 J |B| 12 = CJ |B| = B .

Applying Theorem 1 with A = |B|, the desired inequality follows. �

On the other hand, the following simple example shows that condition |B| ≤
A is not necessary for (2) to hold:

Example 2. Let λ > 0 and define

A =
(

λ 0
0 λ−1

)

, K =
(

0 1
1 0

)

.
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Since K is a C-symmetric contraction with respect to the canonical conjugation
C(x1, x2) = (x1, x2) on C

2, condition (iv) of Theorem 1 tells us that the hermitian-
symmetric inequality (2) holds where

B = A
1
2 KA

1
2 =

(
0 1
1 0

)

= K .

In this case, the inequality (2) reduces to

|2x1x2| ≤ λ|x1|2 + λ−1|x2|2 ,

which is simply a special case of the Arithmetic-Geometric Mean Inequality. Since
|B| = I, we see that |B| � A since either λ > 1 or λ−1 > 1. In particular, this
shows that the condition |B| ≤ A does not follow from the hermitian-symmetric
inequality (2). Moreover, this also demonstrates that condition (v) from Theorem 1
does not imply that |B| ≤ A.

Remark. Even if B is a nonsingular C-symmetric operator, say with bounded
inverse, the expression |[Bx, x]| vanishes for infinitely many x ∈ H. For instance,
in the simple case where B = I on C

2 and C denotes the canonical conjugation
on C

2, we find that |[x,x]| = x2
1 + x2

2, which vanishes whenever x1 = ±ix2. In
light of this, one might suspect that a hermitian-symmetric inequality (2) could
be constructed for which B is invertible and A has nontrivial kernel. The following
corollary asserts that this is not the case:

Corollary 2. If the hermitian-symmetric inequality (2) holds and B is nonsingular,
then A is also nonsingular.

Proof. This follows immediately from condition (iv) of Theorem 1. �
We conclude this section with a remark concerning a further relationship

between A and B in (2). It turns out that compact complex symmetric opera-
tors enjoy several variational principles in the spirit of Courant’s famous minimax
theorem. In particular, it was shown in [5] that if B is a compact C-symmetric
operator on H and if σ0 ≥ σ1 ≥ · · · ≥ 0 are the singular values of B (i.e., the
eigenvalues of |B| =

√
B∗B), repeated according to multiplicity, then

min
codimV=n

max
x∈V

‖x‖=1

|[Bx, x]| =

{

σ2n if 0 ≤ n < dimH
2

0 otherwise .
(4)

The notation indicates that V ranges over all subspaces of H of codimension n. This
theorem, which can be seen as a generalization of Danciger’s Minimax Principle [4],
is reminiscent of Courant’s variational principle for the eigenvalues of a compact
self-adjoint operator:

Theorem (Courant). If A is a compact, self-adjoint operator and λ0 ≥ λ1 ≥ · · ·
are the eigenvalues of A, repeated according to multiplicity, then

λn = min
codimV=n

max
x∈V

‖x‖=1

〈Ax, x〉 (5)

holds whenever 0 ≤ n < dimH.
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It follows from (4) and (5) that if the hermitian-symmetric inequality (2)
holds, then we must have

σ2n ≤ λn

for 0 ≤ n < 1
2 dimH. It would be interesting to have a complete understanding

of the relationship between the eigenvalues of A and the singular values of B
whenever the hermitian-symmetric inequality (2) is satisfied.

3. A factorization theorem

The proof of Theorem 1 requires several preliminary lemmas and a new factoriza-
tion theorem for complex symmetric operators (Theorem 2). These are discussed
below.

Lemma 1. If K ∈ B(H), then ‖K‖ ≤ 1 if and only if
(

I K
K∗ I

)

≥ 0 . (6)

Proof. Observe that ‖K‖ ≤ 1 if and only if
∥
∥
∥
∥

(
0 K

K∗ 0

)∥
∥
∥
∥
≤ 1 . (7)

It is then clear that (6) and (7) are equivalent. �

Lemma 2. If U is a unitary C-symmetric operator and if f is a bounded Borel func-
tion on the unit circle ∂D, then the operator f(U) is C-symmetric. In particular,
each spectral projection of U commutes with C.

Proof. If p is a polynomial in two noncommuting variables, then p(U,U∗) can be
reduced to a polynomial in U and U∗ which contains no cross terms since U∗U =
UU∗ = I. This implies that p(U,U∗) = p1(U) + p2(U∗) for some polynomials
p1, p2 whence p(U,U∗) is C-symmetric by [10, Prop. 1]. In terms of the spectral
decomposition

U =
∫

∂D

λ dE(λ) ,

the equation U = CU∗C then implies that
∫

∂D

p(λ, λ) dE(λ) = C

∫

∂D

p(λ, λ) dE(λ)C

=
∫

∂D

p(λ, λ) dCE(λ)C .

We therefore see that E(Δ) = CE(Δ)C for any Borel subset Δ ⊆ ∂D. This readily
implies that

f(U) =
∫

∂D

f(λ) dE(λ)

=
∫

∂D

f(λ) dCE(λ)C
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= C

[∫

∂D

f(λ) dE(λ)
]

C

= Cf(U)∗C

for any bounded Borel function f on ∂D. �

In particular, the preceding lemma asserts that each C-symmetric unitary
operator U has a C-symmetric unitary square root. However, it should be noted
that this square root is not unique. We should also remark that Lemma 2 holds in
greater generality. Indeed, if N is a C-symmetric normal operator, then the von
Neumann algebra generated by N consists of C-symmetric operators [15, Cor. 3.2].

The following factorization theorem generalizes a well-known property of
complex symmetric n × n matrices [17, Cor. 4.4.6]:

Theorem 2. B is a C-symmetric operator if and only if there exists T ∈ B(H) such
that B = T tT (i.e., B = CT ∗CT ). Moreover, T can be chosen so that T ∗T = |B|.

Proof. If B = T tT for some T , then it is clear that Bt = B whence B is C-
symmetric. On the other hand, by [11, Cor. 1] we may write B = U |B| where U
is a C-symmetric unitary operator. Furthermore, we have U = CJ where J is a
conjugation which commutes with |B| and hence with |B| 12 . By Lemma 2, there
exists a C-symmetric unitary operator W such that W 2 = U . Letting T = W |B| 12
we observe that

T tT = (W |B| 12 )t(W |B| 12 )

= |B|
1
2 W tW |B| 12

= |B|
1
2 W 2|B| 12

= |B|
1
2 U |B| 12

= C|B| 12 CU |B| 12

= C|B| 12 C(CJ)|B| 12

= C|B| 12 J |B| 12

= CJ |B| 12 |B| 12
= CJ |B|
= U |B|
= B .

It is also clear from the definition of T that T ∗T = |B|. �

Remark. In the finite dimensional setting, the preceding lemma can also be proved
by Autonne’s theorem (commonly referred to as Takagi’s Factorization – see [17,
Cor. 4.4.4] and the historical remarks in [18, p. 136]). Indeed, if B is a symmetric
matrix with complex entries, then by Autonne’s theorem we may write B = UDU t
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where D is the diagonal matrix of singular values of B and U is unitary. In this
case we may let T = D

1
2 U t and verify that T has the desired properties.

Remark. It is also worth mentioning that the operator T produced by Theorem 2
is not in general C-symmetric. Indeed, a 2 × 2 nilpotent Jordan block B is C-
symmetric with respect to the conjugation C(z1, z2) = (z2, z1) on C

2. The existence
of a C-symmetric operator T such that B = T tT = TT = T 2 would imply the
existence of a square root for B, which is easily seen to be impossible.

4. Proof of Theorem 1

We are now ready to proceed to the proof of Theorem 1. As mentioned previously,
the implications (i) ⇒ (ii) and (ii) ⇒ (iii) are generalizations of [7, Thm. 2.1] and
their brief proofs are included for the sake of completeness.

(i) ⇒ (ii) Let x, y ∈ H be given. Applying the inequality of condition (i) to
x + y and x − y, respectively, we obtain

|[Bx, x] + 2[Bx, y] + [By, y]| ≤ 〈Ax, x〉 + 2Re〈Ax, y〉 + 〈Ay, y〉 ,

| − [Bx, x] + 2[Bx, y] − [By, y]| ≤ 〈Ax, x〉 − 2Re〈Ax, y〉 + 〈Ay, y〉 .

The preceding inequality now yields

4|B[x, y]| ≤ |2[Bx, y] + [Bx, x] + [By, y]| + |2[Bx, y] − [Bx, x] − [By, y]|
≤ 2〈Ax, x〉 + 2〈Ay, y〉

from which (ii) follows.
(ii) ⇒ (iii) For any x, y ∈ H we have

〈(
A B∗

B A

)(
x

Cy

)

,

(
x

Cy

)〉

=
〈(

Ax + B∗Cy
Bx + ACy

)

,

(
x

Cy

)〉

=
〈(

Ax + CBy
Bx + CAy

)

,

(
x

Cy

)〉

= 〈Ax, x〉 + 〈CBy, x〉 + 〈Bx,Cy〉 + 〈CAy,Cy〉
= 〈Ax, x〉 + 〈B∗Cy, x〉 + [Bx, y] + 〈y,Ay〉
= 〈Ax, x〉 + 〈Cy,Bx〉 + [Bx, y] + 〈Ay, y〉
= 〈Ax, x〉 + [Bx, y] + [Bx, y] + 〈Ay, y〉
= 〈Ax, x〉 + 2Re[Bx, y] + 〈Ay, y〉
≥ 〈Ax, x〉 − 2|[Bx, y]| + 〈Ay, y〉
≥ 0 .

As x and y range independently over H, the vector (x,Cy) ranges over H ⊕ H
whence we see that (3) is nonnegative.
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(iii) ⇒ (iv) We prove this first under the hypothesis that A is invertible and
then proceed to prove the general case. If A is invertible, then the condition (3)
holds if and only if
(

A− 1
2 0

0 A
− 1

2

)(
A B∗

B A

)(

A− 1
2 0

0 A
− 1

2

)

=

(

I A− 1
2 B∗A

− 1
2

A
− 1

2 BA− 1
2 I

)

≥ 0 .

By Lemma 1, it follows that the operator K = A
− 1

2 BA− 1
2 is a contraction. Fur-

thermore, a short computation reveals that K is C-symmetric:

Kt = (A
− 1

2 BA− 1
2 )t = (A− 1

2 )tBt(A
− 1

2 )t = A
− 1

2 BA− 1
2 = K .

Now suppose that A is singular and note that for every ε > 0, one has
(

A + εI B∗

B A + εI

)

> 0 .

Since A + εI > 0, it follows from the invertible case that

Kε = (A + εI)
− 1

2 B(A + εI)−
1
2

is a C-symmetric contraction such that

B = (A + εI)
1
2 Kε(A + εI)

1
2 (8)

holds for every ε > 0. Now recall that the closed unit ball of B(H) is compact in
the weak operator topology (WOT) [3, Prop. 2.8.3] and extract a sequence εn > 0
such that limn→∞ εn = 0 and Kn = Kεn

is WOT convergent to a contraction K
(recall that H is presumed separable). It is straightforward to verify that K is also
C-symmetric.

We now claim that

〈Bx, y〉 = 〈A
1
2 KA

1
2 x, y〉 (9)

holds whenever ‖x‖ = ‖y‖ = 1. If we can establish (9) for such x, y, then the

desired formula B = A
1
2 KA

1
2 will follow. To this end, let An = A + εnI and note

that since A is bounded

lim
n→∞

‖A
1
2
n − A

1
2 ‖ = lim

n→∞
sup

λ∈σ(A)

|
√

λ + εn −
√

λ| = 0 ,

where σ(A) denotes the spectrum of A. Using (8) and recalling that x and y are
unit vectors we find that

|〈Bx, y〉 − 〈A
1
2 KA

1
2 x, y〉| = lim

n→∞
|〈Bx, y〉 − 〈A

1
2 KA

1
2 x, y〉|

= lim
n→∞

|〈An

1
2 KnA

1
2
nx, y〉 − 〈A

1
2 KA

1
2 x, y〉|

≤ lim
n→∞

∣
∣
〈

(An

1
2 − A

1
2 )KnA

1
2
nx, y

〉∣
∣

+ lim
n→∞

|〈A
1
2 KnA

1
2
nx, y〉 − 〈A

1
2 KA

1
2 x, y〉|
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≤ lim
n→∞

‖A
1
2
n − A

1
2 ‖‖Kn‖‖A

1
2
n‖

+ lim
n→∞

|〈A
1
2 KnA

1
2
nx, y〉 − 〈A

1
2 KA

1
2 x, y〉|

≤ ‖A 1
2 ‖ lim

n→∞
‖A

1
2
n − A

1
2 ‖

+ lim
n→∞

|〈A
1
2 KnA

1
2
nx, y〉 − 〈A

1
2 KA

1
2 x, y〉|

= lim
n→∞

|〈A
1
2 KnA

1
2
nx, y〉 − 〈A

1
2 KA

1
2 x, y〉|

≤ lim
n→∞

|〈A
1
2 KnA

1
2
nx, y〉 − 〈A

1
2 KnA

1
2 x, y〉|

+ lim
n→∞

|〈A
1
2 KnA

1
2 x, y〉 − 〈A

1
2 KA

1
2 x, y〉|

= lim
n→∞

∣
∣
〈

A
1
2 Kn(A

1
2
n − A

1
2 )x, y

〉

|

+ lim
n→∞

|〈KnA
1
2 x,A

1
2 y〉 − 〈KA

1
2 x,A

1
2 y〉|

≤ ‖A‖ 1
2 lim

n→∞
‖A

1
2
n − A

1
2 ‖

+ lim
n→∞

|〈KnA
1
2 x,A

1
2 y〉 − 〈KA

1
2 x,A

1
2 y〉|

= lim
n→∞

∣
∣
〈

(Kn − K)A
1
2 x,A

1
2 y

〉∣
∣

= 0

since Kn is WOT convergent to K. This concludes the proof that (iii) ⇒ (iv).

(iv) ⇒ (v) If B = A
1
2 KA

1
2 for some C-symmetric contraction K, then by

Theorem 2, we may write K = Kt
0K0 for some contraction K0. This implies that

B = A
1
2 KA

1
2 = (A

1
2 Kt

0)(K0A
1
2 ) = T tT

where T = K0A
1
2 . Since K0 is a contraction, it follows that ‖Tx‖ ≤ ‖A 1

2 x‖ for all
x ∈ H whence T ∗T ≤ A, as claimed.

(v) ⇒ (i) If B = T tT for some T ∈ B(H) satisfying T ∗T ≤ A, then

|[Bx, x]| = |[T tTx, x]|
= |[Tx, Tx]|
≤ ‖Tx‖2

= 〈T ∗Tx, x〉
≤ 〈Ax, x〉 ,

which yields (i).
To establish (iii) ⇔ (vi) in the case where A > 0, we employ a standard

computational trick [1, Thm. 1.3.3]. Suppose that A > 0 and observe that (iii)
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holds if and only if
(

I −B∗A
−1

0 I

) (
A B∗

B A

)(
I 0

−A
−1

B I

)

=

(

A − B∗A
−1

B 0
0 A

)

≥ 0 .

The preceding is equivalent to asserting that B∗A
−1

B ≤ A or equivalently that
BA−1B∗ ≤ A, which is (vi). This concludes the proof of Theorem 1. �
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