Computational Methods and Function Theory
Volume 9 (2009), No. 2, 485-524 MFT

A Non-Linear Extremal Problem on the Hardy Space
Stephan Ramon Garcia and William T. Ross

(Communicated by Dmitry Khavinson)
Abstract. We relate some classical extremal problems on the Hardy space to
norms of truncated Toeplitz operators and complex symmetric operators.
Keywords. Extremal problem, truncated Toeplitz operator, Toeplitz opera-

tor, Clark operator, Aleksandrov-Clark measure, reproducing kernel, complex
symmetric operator, conjugation.

2000 MSC. 47A05, 47B35, 47B99.

1. Introduction

In this paper, we discuss the non-linear extremal problem

1
1 ['(¢) := sup |=— v dz
(1) (¥) S |5
I1fll=1
and its relationship to the classical linear extremal problem
1
2 A(Y) := sup —]{ YF dz
) ®) 2 [omi £

and the compression of Toeplitz operators to the model spaces H? © ©H?. In
the above, D denotes the open unit disk, JID denotes the unit circle, ¢ is a
rational function whose poles do not lie on 9D, H? is the classical Hardy space
[T, 19, 24], and © is a finite Blaschke product. We refer to ¢ as the kernel of the
extremal problems (1)) and (2). Since the focus of this paper is primarily on H?,
we let ||| (with no subscript) denote the norm on H? while ||-||, denotes the
norm on H'. Despite the non-linear nature of , our investigation will involve
the theory of linear operators, specifically the relatively new field of truncated
Toeplitz operators and complex symmetric operators [17] 18] [39].
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The linear extremal problem and its natural generalization to H?, 1 < p < oo,
have a long and storied history dating back to the early twentieth century [11]
19, 20, 23], 27, B4]. For the moment, we single out several notable classical results
which motivate this paper.

We first mention a theorem of Macintyre and Rogosinski [27, 34] (see also [23,
p. 33]) which asserts that for any given rational kernel 1) having no poles on 0D
there exists an F. in the unit ball of H' for which

AWO——liénwﬂdz

- 2mi

This function F, is called an extremal function for (2)). In general, F. is not
necessarily unique. Indeed, one need only consider the extremal problem

1
A(;) = sup |F'(0)] =1
FeH
£, =1

to see that the functions

3) (z —a)(l —az)

1+ |af?

, a e C,

all serve as extremal functions. (On the other hand, the analogous extremal
problem for H? with p > 1 always has a unique solution [II, Thm. 8.1]). Nev-
ertheless, for general rational ¢ we can always choose an extremal function F,
which is the square of an H? function [23, p. 33|, from which it follows that

A(y) =T ().

Using the theory of truncated Toeplitz operators and the structure of the under-
lying Jordan model spaces, we give a new proof of this fact in Proposition [I}

A second result worth mentioning here is due to Fejér [13], who showed that for
any complex numbers ¢, ¢y, ..., ¢, one has

A2+ o) =1,

ZnJrl

where H is the Hankel matrix (blank entries to be treated as zeros)

Co Ci Cy -+ Cp
Cl C2 DY C’I’L

H — Co +++ Cp
Cn

and || H|| denotes the operator norm of H (i.e. the largest singular value of H).
In the special case when ¢g = ¢; = --- = ¢, = 1, Egervary [12] provided the
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explicit formula

1 1 1 1 (n+ 1w
4 Al = 4. .. — “gec ' /7
4) <z+z2+ +z"+1) 2% o0+ 3
and showed that the polynomial
(5) 4 . (n+ D)7 b e r ]
n zsin ——— + - -+ + 2" sin
2n+3 2n+3 2n+3 2n+3

is an extremal function (In particular, note that this is the square of an H>
function). Golusin in [2I] finds an extremal function for the original (general)
Fejér extremal problem as well as some others [20]. We refer the reader to
[T, 19, 23] for further references.

Fejér’s result can also be phrased in terms of Toeplitz matrices, which turn out to
represent the simplest type of truncated Toeplitz operator — a class of operators
which figures prominently in our approach to (1) (see Subsection [2.4). Indeed,
if T is the following lower-triangular Toeplitz matrix

Cn

T = Co Cn, )
C]. 62 .. Cn
Co C1 C2 -+ Cp

then UT = H, where U is the permutation matrix
1
U = L ’ )

and thus ||| = || H]||-

In Theorem [I]and Corollary 2] we extend Fejér’s result and show that A(y) = I'(¢))
is equal to the norm of a certain truncated Toeplitz operator on a canonically
associated model space Kg = H?* © ©OH?, where O is a certain finite Blaschke
product associated with 1. To relate I'(1)) to the norm of this associated trun-
cated Toeplitz operator, we develop a new variational characterization of the
norm of a complex symmetric operator, something interesting in its own right.

For a given rational v, the discussion above tells us that there is an extremal
function f, € ball(H?). In other words, the function f, satisfies

D) = — ) upta

- 27

Using the theory of complex symmetric operators, we will show in Corollary
that f. belongs to a certain model space K¢ associated with I'(¢)). More impor-
tantly, we establish a procedure to compute f. along with necessary and sufficient
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conditions, in terms of truncated Toeplitz operators, which determine when the
extremal function f, is unique (up to a sign).

Next, we consider the obvious estimate
A = < m .
(V) =T(¥) < CG%WKH

Using some results from [37], we will show in Corollary [5| that equality holds if
and only if ¢ = )\g—;, where A € C and By, B are finite Blaschke products with no
common zeros and such that deg B; < deg Bs. In particular, this demonstrates
the utility of relating I'(¢)) to the norm of a truncated Toeplitz operator.

Let us now suggest another application. Since, for n =0,1,2,... and A € D,

n!
= (=)

is the best constant in the inequality
IFMN)| < ennl|Fll,,  FeH,

we can use operator theoretic techniques to explicitly determine the constants
cn,x as well as the associated extremal functions. Although this problem has been
well-studied [12} 20, 26], 27], we obtain the same results (see Theorem [3)) using
the new language of truncated Toeplitz operators.

In Section [9] we briefly explore how our results can be extended to handle certain
kernels i) € L*°(0D) which are not necessarily rational.

It should be remarked that is not the first non-linear extremal problem on the
Hardy space to be explored. The reader is invited to consult [T, 3, [5, [14] 28], 4]
for other examples of non-linear extremal problems on H? as well as other spaces
of analytic functions. We thank D. Khavinson for pointing out these papers to us
and for several enlightening conversations. In addition, we thank David Sherman
for pointing out the identity in ((62)).

2. Preliminaries

As mentioned in the introduction, we will relate the extremal problems and
to the emerging study of truncated Toeplitz operators and complex symmetric
operators. This section lays out all of the appropriate definitions and basic
results.

2.1. Model spaces. Given a rational function 1) whose poles do not lie on 0D,
consider the associated finite Blaschke product

) o) = [

j=1
whose zeros Ai, A9, ..., \,, repeated according to multiplicity, are precisely the
poles of 1 which lie in . The degree, deg ©, of the Blaschke product © in @
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is defined to be n, the total number of zeros counted according to multiplicity.
Note that ¢ might have other poles which lie outside of the closed unit disk D.
However, these poles are not counted amongst the \;’s. We also assume that ¢
has at least one pole in D, since otherwise A(¢)) = I'(¢)) = 0, which is of no
interest.

With the above O, we form the corresponding model space
Ko := H* © ©H>.
More precisely, Kg is the closed subspace of H? defined by

(7) H?>c ©OH? = H*N (0H?)™*
where the implicit inner product is the standard L? inner product:
——|d
® o= [ ORI ez = 2o, ),
oD 2T i

The term ‘model space’ stems from the important role that Kg plays in the model
theory for Hilbert space contractions — see [31], Part C]. Let us briefly recall several
important facts about Kg. First note that Beurling’s theorem [11, p. 114] asserts
that © H? is a typical proper invariant subspace of finite codimension (since © is
a finite Blaschke product) for the unilateral shift operator

[Sf1(2) = 2f(2),  feH™.

It follows from a standard duality argument that Kg is a typical non-trivial,
finite-dimensional invariant subspace for the backward shift operator
* f Z)— f 0
5z = {20 e

z

For further information on various function-theoretic aspects of the backward
shift operator, we refer the reader to the seminal paper [10] and the recent texts
[7, 135].

When the zeros Ai, Ao, ..., A\, of © are distinct, it is easy to verify that Kg is
spanned by the Cauchy kernels

1
(9) —,
1— )\jZ

Thus each function f in Kg can be written uniquely as

J=12 ..., n.

p(2)
(10) f(2) = = =
Hj:l(l — Aj?)
where p(z) is an analytic polynomial of degree at most n — 1. Conversely, by
partial fractions, every such function belongs to Ke. In particular, each function
in Kg is analytic in a neighborhood of . It is also not hard to see that the
preceding discussion is still valid even if the zeros of © are not all distinct, so long
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as the terms in the denominator of are repeated according to multiplicity
and the Cauchy kernels in @D are replaced by

(11) !

W, 1§j§n,1§m§mja

where m; denotes the multiplicity of A; as a zero of ©.

From the representation (7)) we find that K¢ carries a natural isometric, conjugate-
linear involution C': Kg — Kg defined in terms of boundary functions by

(12) Cf = fz0.

Although, at first glance, the expression fz0 in does not appear to corre-
spond to the boundary values of an H? function, let alone one in K¢, a short
computation using reveals that (C'f,©h) and (C'f,zh) both vanish for all
h € H?> and f € Kg, whence C'f indeed belongs to Kg.

An important aspect of the spaces Kg involves the reproducing kernels

_1-6e) .

(13) kw(2) z,w €D,

1 —wz

which enjoy the so-called reproducing property

(14) (f, kw) = f(w), weD, feKe.

In light of the fact that © is a finite Blaschke product, note that &, belongs to
Ko for all w in D and that the analyticity of © on 0D ensures that is well-
defined when both z and w belong to dD. That holds is a straightforward
consequence of the Cauchy Integral Formula and the fact that (f, 2"©) = 0 for
all n > 0. Letting Pe denote the orthogonal projection of L? onto Kg, we also
observe that

(15) [Pofl(w) =(fku), fe€L’weD.
Finally, another short computation reveals that

(16) (Chw)(z) = M, z,w € D.

Z—Ww

2.2. Takenaka-Malmquist-Walsh bases. Suppose that the finite Blaschke
product @ has n zeros Ai, A9, ..., A\, repeated according to their multiplicity.
Although the functions from form a basis for Kg, they are not orthonormal.
However, there is a well-known orthonormal basis that can be constructed from
these functions. Indeed, for w € D we let B,, denote the disk automorphism
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and consider the unit vectors

V1= |\|?
# ifk=1,

(17) w(z) =4 i M
k = k—1
1 — | Ael?
i=1 — k%

By , v, € Kg for all 1 < k < n. A_short computation based on the
reproducing property and the fact that B,B,, = 1 on JD shows that for j < k

we have -
15 ) VIEIWE VIZIAP
Uk, V) = By, —, — =0
(v 03) <<H AZ) 1— ez 1— )z
(since By, (A;) = 0) while for j = k we have (v;,v;) = 1. Thus {vi, vy, ..., v,}
constitutes an orthonormal basis for the model space Kg. A standard text refers
to this observation as the Malmquist-Walsh Lemma [29] V.1] but these functions
appeared as early as 1925 in a paper of Takenaka [40]. In light of this, we shall

call {vq,vy,...,v,} the Takenaka-Malmquist-Walsh basis for Ke.

We do wish to mention a particular important case that will be used in Section [§]

Suppose that Ay = Ay = --- = )\, = Asothat © = B,". In this case, the functions
1 —|)\?

(18) vE(2) = —_||(z — N 1<k<n
(1= Az)*

form an orthonormal basis for Kg. Note that these vectors are simply an or-
thonormalization of the functions in .

2.3. Aleksandrov-Clark bases. It turns out that each model space Kg comes
equipped with another natural family of orthonormal bases. Let us briefly de-
scribe their construction. Note that [© = 1 on dD. Also note that |©’| > 0 on
oD: write

0(z) = [[ By, (2)
j=1
and use formal logarithmic differentiation and the fact that
/ 1 - |)‘j|2
B)\(Z) = -
7 (1 — )\jZ>2
to get the identity

n

=00 Ty

j=1

When 2z = ¢ € 0D, we get

n

0'(Q) =0(()

Jj=1

1— |\
11— A¢?
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Since |O(¢)| =1 on 9D, the result follows.

Fix some [ € dD and note that since |©| = 1 and |©’| > 0 on JD, the equation
O(¢) = f has precisely n distinct solutions (i, (s, . . ., (, on JD. Here, as before, n
denotes the degree of the Blaschke product @

A short computation now shows that

[k || =/1€7(G), 1<j<n

Next we define unimodular constants wy, ws, ..., w, by
(19) w; = e (orefars(s) 1<j<n.
However the arguments of § and (1, (s, ..., (, are selected, they are to remain
consistent throughout the following. Now consider the functions
ke (z ; 1 -0

(20) vj(2) = w, o) S : ﬁ_(z)‘

[k, | ©/(¢)] 11—z
It is readily verified that (v;,vx) = J,x and, moreover, that
(21) Cv; = v, 1<j<n.

We refer to the basis in as a modified Aleksandrov-Clark basis for Kg. The
terminology stems from the fact that the v; are the eigenvectors of a certain
Aleksandrov-Clark operator on K¢ [6l [8, 32] B38]. Such bases are discussed in
further detail in [15, Sect. 8.1].

One notable advantage of using Aleksandrov-Clark bases over the Takenaka-
Malmquist-Walsh basis is the fact that all Aleksandrov-Clark bases are C'-real
in the sense that holds.

2.4. Truncated Toeplitz operators. As mentioned in the introduction, we
will show in Corollary [2] that the extremum I'() in the non-linear problem
coincides with the operator norm of a certain truncated Toeplitz operator on an
associated model space. Let us now consider these operators.

Definition. For ¢ € L™ = L*(JD, %) and an inner function ©, the operator
A, Ko — Kg defined by

(22) Apf = Polpf)
is called the truncated Toeplitz operator on Ko with symbol .

Truncated Toeplitz operators are sometimes referred to as compressed Toeplitz
operators since A, is simply the compression of the standard Toeplitz operator
T, on H? to the model space Ko. Recall that if P: L* — H? denotes the
orthogonal projection from L? onto H? (called the Riesz or Szegd projection),

then T, f = P(¢f).

The operator norm of a truncated Toeplitz operator A, on K¢ will be denoted
by [[ Ay, OF; When the context is clear, simply by [[Ag[l. It is easy to
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see from the definition that A, is a bounded operator on Kg satisfying
| Ayl < [l¢|lo- For further information, we direct the reader to the recent arti-
cle [39], which appears destined to become the standard reference for truncated
Toeplitz operators.

Maintaining the same notation as in @, we observe that if the symbol ¢ of a
truncated Toeplitz operator A,: Ko — Kg belongs to H>, then its eigenvalues
are precisely the numbers p(A1), p(Aa), ..., ©(A,). It is perhaps easier to prove
the corresponding statement for the adjoint A7, = Ag. To see this, note that since

O(\i) = 0, then ky,(2) = (1 — X\;z)~! and so, by the Cauchy Integral Formula,

(pf,kx) =N f(Ai) Vf € Ke.
Thus

(Agky, f) = (Po(@kx), f) = (ka0 f) = e(X) f(X)
holds for all f in K¢ whence

(23) Agky, = o(\)ky,,  i=1,2,...,n.

We approach our non-linear extremal problem I'(¢)) by considering a related
system of “approximate anti-linear eigenvalue problems” (see Lemma |3]) corre-
sponding to certain truncated Toeplitz operators. This technique, introduced in
[16, Thm. 2], can be thought of as a complex symmetric adaptation of Weyl’s
criterion [33, Thm. VII.12].

To make this more precise, we require a brief discussion of complex symmetric
operators. Throughout the following, H will denote a separable complex Hilbert
space and o(T") will denote the spectrum of a bounded linear operator T': H — H.

(#Okr, )

Definition. A conjugation on H is a conjugate-linear operator C': H — ‘H that
is both involutive (i.e. C? = I) and isometric (i.e. (Cz,Cy) = (y,z) for all
z,y €H).

The canonical example of a conjugation is simply entry-by-entry complex con-
jugation on a [2-space. In fact, each conjugation is unitarily equivalent to the
canonical conjugation on a [*-space of the appropriate dimension [I7, Lem. 1].
From our perspective, the most pertinent example is the conjugation on the
model space Kg, which in light of , is easily seen to be entry-by-entry com-
plex conjugation with respect to any of the modified Aleksandrov-Clark bases

{v1,v2,...,v,} defined by (20).

Definition. A bounded linear operator T: H — H is C-symmetric if T = CT*C
and complex symmetric if there exists a conjugation C' with respect to which 7'
is C-symmetric.

It turns out that 7" is a complex symmetric operator if and only if T is unitarily
equivalent to a symmetric matrix with complex entries, regarded as an oper-
ator acting on an [*-space of the appropriate dimension (see [I5, Sect. 2.4] or
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[I7, Prop. 2]). In fact, if C' denotes the conjugation on Kg, then any C-
symmetric operator on Kg has a symmetric matrix representation with respect

to any modified Aleksandrov-Clark basis. For further details, we refer the reader
to [15, 17, [18].

The connection between complex symmetric operators and our non-linear ex-
tremal problem I'(¢)) is furnished by Theorem (1| and Corollary [2| below. The
proofs will depend on the following three lemmas.

Lemma 1. For ¢ € L™ and © inner, the truncated Toeplitz operator A, on Keg
1s C'-symmetric with respect to the conjugation C'f = fz20 on Kg.

The proof, which is a straightforward computation, can be found in [I7, Prop. 3]
or [I5, Thm. 5.1]. In particular, the preceding remarks ensure that a truncated
Toeplitz operator A, has a complex symmetric (i.e. self-transpose) matrix rep-
resentation with respect to any modified Aleksandrov-Clark basis (20). This
property of truncated Toeplitz operators will be apparent when we consider sev-
eral numerical examples later on. We also mention that the identity CA,C' = A}
along with will show that if o € H*, then

ALPC%)\:' = 90()\1)0143)\1 )

where \; are the zeros of ©.

2.5. The norm of a complex symmetric operator. In order to compute the
quantity || Al Ko Ko We require a few words concerning the polar decomposition
of a complex symmetric operator. Recall that the polar decomposition T = U|T)|
of a bounded linear operator T: H — H expresses T = U|T| uniquely as the
product of a positive operator |T| = vT*T and a partial isometry U which
satisfies ker U = ker |T'| and maps Tan |T'| (the closure of the range of |T'|) onto
ranT [0, p. 248]. If T is a C-symmetric operator, then we can decompose the
partial isometry U as the product of C' with a partial conjugation. We say that an
conjugate-linear operator J is a partial conjugation if J restricts to a conjugation
on (ker )1 (with values in the same space). In particular, the linear operator
J? is the orthogonal projection onto the closed subspace ran.J = (ker J)*. The
following lemma is [I8, Thm. 2].

Lemma 2. If T: 'H — H is a bounded C-symmetric operator, then T = CJ|T)|
where J is a partial conjugation, supported on Tan |T'|, which commutes with

IT| = VT*T.

Now recall that Weyl’s criterion [33, Thm. VII.12] from the spectral theory of
selfadjoint operators states that if A is a bounded selfadjoint operator, then A
belongs to o(A) if and only if there exists a sequence u,, of unit vectors so that

lim [[(A — AT)un|| = 0.
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The following result [16, Thm. 2] characterizes o(|7'|) in terms of what one might
call an approrimate anti-linear eigenvalue problem.

Lemma 3. If T is a bounded C-symmetric operator and X\ # 0, then

(i) [N € a(|T|) if and only if there ezists a sequence of unit vectors u, which
satisfy the approximate anti-linear eigenvalue problem

(24) lim [[(T — AC)un|| = 0.

Moreover, the u, can be chosen so that Ju, = u, for all n.
(i) |A| s an eigenvalue of |T| (i.e. a singular value of T) if and only if the
anti-linear eigenvalue problem Tuw = AC'u has a non-zero solution u.

To compute the norm of a truncated Toeplitz operator, and ultimately I'(1)),
we require the following general formula for the norm of a complex symmetric
operator.

Theorem 1. IfT: 'H — 'H is a bounded C-symmetric operator, then

(1) ||} = supyg= | (T, C)|.
(ii) If ||z|| = 1, then ||T|| = | (Tz,Cz) | if and only if Tx = w||T||Cz for some
unimodular constant w.
(iii) If T is compact, then the equation Tx = ||T'||Cz has a unit vector solution.
Furthermore, this unit vector solution is unique, up to a sign, if and only if
the kernel of the operator |T'| — ||T||I is one-dimensional.

Proof. To prove (i) observe that since | (T'xz,Cx) | < ||Tx| |[|Cz| < ||T|| when-
ever [|z| <1, it suffices to prove that ||T|| < supy,_; | (Tz,Cx)|. Let A := [T
(which belongs to o(|T'])) and note that by Lemma [3] there exists a sequence u,
of unit vectors such that Ju, = u,, for all n and such that

lim || Tu, — ACu,|| = 0.

Thus we have

1T = A un, un) (lunll = 1)
= (|T|tn, un) — {|T|tn, — My, )
= (|T|Jup, un) — {|T|Jtp, — Aty Uy, (Ju, = uy)
= (J|T |t un) — (J|T |thy, — Aty ) (JIT| = |T|J, Lemma[2)

<IN T |, wn) | + [ (T — Min, up) |
= [(CJ|T|up, Cuy) |

+ [(CJT|T|uy — ACUy, Cuy,) | (C' is isometric, A > 0)
= | (Tun, Cuy) | + | (Tup, — A\Cuyp, Cuyn) | (CJ|T| =T, Lemma 2)
< sup | (Tz, Cz) [+ [|[Tun — ACuy|| UCunll = llunll = 1).

llz(l=1
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Since the second term in the previous line tends to zero as n — oo, the desired
inequality follows. This proves .

Let us now consider (ii)). First observe that the (<) implication is obvious. For
the (=) implication, suppose that ||z|| =1 and ||T'|| = | (Tz,Cx)|. By the CSB
inequality we have

TN = [(Tz, Cx) | < [[T|[||Cl| < [TI[[|Cl| < T[] = I

whence | (Tz,Cz)| = ||Tz||||Cz||. By the condition for equality in the CSB
inequality, we find that Tz = (T'z, Cz) Cx. In other words, Tz = w||T||Cz for
some |w| = 1, concluding the proof of ().

For (i), first note that 7" is compact and thus || 7| is an eigenvalue of |T'| whence,
in light of Lemma [3 the equation Tz = ||T'||Cz has a unit vector solution. We
now show that this solution is unique, up to sign, if and only if the kernel of
the operator |T'| — ||T||] is one-dimensional. For one direction, we employ the
following representation of compact C-symmetric operators from [I8, Thm. 3]:

dn
T = Z An Z Cunyk & Unp &,
n>0 k=1

where ), are the distinct eigenvalues of the selfadjoint operator |T'| (which,
since T' is compact, form a countable set whose only possible limit point is zero)

and {un1,...,Una,} is a certain orthonormal basis for the eigenspace of |T| cor-
responding to A, which also satisfies the auxiliary condition Tu, ; = A\,Cuy, k.
Thus if the unit vector solution to Tx = ||T'||Cz is unique up to sign, then the
kernel of |T'| — ||T'||{ is one-dimensional.
On the other hand, if Tw = ||T'|| Cz, then
Te=|T|Cx = CTx=|T|x (IT|| e R, C?* =1)
= CTCTz=|T| z
= T'Te=|T|z (CTC =T*)

= [Tle =Tl

since |T| = V/T*T. Suppose now that z,y are two unit vectors such that
Tx =||T||Cx, Ty = ||T|| Cy, and = # +y. In this case, the conjugate-linearity
of C, along with the facts that ||z]| = ||y|| = 1 and = # 4y, ensures that x
and y are not scalar multiples of each other. In particular, x and y are linearly
independent and satisfy |T'|x = ||T||x and |T|y = ||T|| y. This implies that the
kernel of the operator |T'| — ||T'||I has dimension at least two, as claimed. u

3. A reduction

As before, let © denote the finite Blaschke product @ whose zeros, repeated
according to multiplicity, are precisely the poles of the rational function ) which



9 (2009), No. 2 A Non-Linear Extremal Problem on the Hardy Space 497

lie in D. Writing f as f = Pg f+©h where h € H?, one can show that our original
non-linear extremal problem I'(¢)) in can be reduced to the new problem

(25) sup
JeKe
Ifl=1

¢f dz

2m

posed on the model space Kg. Indeed, for f € H? we have

@) e p wr e = o P+ 20(Faf)Oh+ vOM?) d:
1
=5 ¢(P@f)

We obtain by noting that the function ¥)© belongs to H* whence the second
and third terms in the preceding line vanish by Cauchy’s Theorem.

We gather from this reduction two important observations. The first is that an
extremal function for the problem I'(¢)) exists since the non-linear functional

1
27?2

[ wf dz

is a continuous map and the supremum in is over the (compact) unit ball
of the finite dimensional space Kg. The second is that an extremal function for
I'(¢) lies in Kg and thus from the representation has the form
p(2)
f2) == —,
Hj:l(l — Aj2)

where p(z) is an analytic polynomial of degree at most n — 1.

Putting together the material we have developed so far, we obtain the following
corollary to Theorem (1, which, in terms of computing the norms of truncated
Toeplitz operators, is interesting in its own right.

Corollary 1. Let © be a non-constant inner function.

Lj{ ol
271 oD @ )

(i) If ¢ € L™, then

(27) “A@HK@—>K@ = Sup

fEK o
If1I=

(i) If o € H™, then

1 of?
28 A - !
( ) || ‘PHK@HK@ SEEI)Q 27TZ \%E)]D) @ ©

Ifll=1
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Proof. Lemma |l] asserts that the operator A,: Ko — Kg is C-symmetric with
respect to the conjugation C'f = fz0 on Kg. Next we note that

(Aof,Cf) = (Pa(pf),Cf) = (of, Cf) = (¢f, [:0) = (¢f*2,0)

holds for any f in Ke. Using the identity dz = iz|dz| to write the expression
(pf?z,0) as a contour integral on D and noting that © = 1/0 a.e. on ID, yields
(upon an application of Theorem the desired formula . This establishes .

Let us now prove . It follows from assertion and the reduction discussed

in that

1 2 1 Pof)?
i ﬁdzz_j[ ePol) ) rem
21t Jop © 2mi Jop O
In other words, if the function ¢ belongs to H*°, then the supremum in can
be taken over ball(H?). This yields (i). m

The following corollary to Theorem [If and Corollary [1| provides the fundamental
connection between truncated Toeplitz operators and the non-linear extremal
problem T'(1)).

Corollary 2. Suppose that 1 is a rational function having no poles on ID and
poles A1, Ao, ..., \p lying in D, counted according to multiplicity. Let © denote
the associated Blaschke product @ whose zeros are precisely A\, Ao, ..., A\, and
note that ¢ = 1O belongs to H*. We then have the following:

(i) The non-linear extremal problems I'(¢)) from and are equal. More-
over, both are equal to || Ayl k.-

(ii) There is a unit vector f € Kg satisfying
(29) Apf = [lAglCf

and any such f is an extremal function for I'(¢). In other words,

1 2
3 U= A,
(iii) Every extremal function f for T'(¢) belongs to Ko and satisfies
Aof = lAg|ICY.
(iv) An extremal function for I'(1) is unique, up to a sign, if and only if the

kernel of the operator |A,| — [|Ay||I is one-dimensional.

Proof. Use Theorem , Corollary |1} the reduction in , along with the fact
that Kg is finite dimensional so that the C-symmetric operator 7' = Ayg is
compact. m
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4. Equality of the linear and non-linear extrema

For a rational function v having no poles on dD, it turns out that the classical
linear extremal problem A(1)) given by and our non-linear extremal problem
[(¢) given by yield the same answer. We begin with the observation that
for any f € H? with ||f]] = 1, we have f* € H' and || f?||; = 1. Therefore

{f:fed?|fll <1} C {F: FeH|F|, <1},
which implies that

(30) ['(¢) < A().
Recall from the introduction that Egervary, in the special case where
1 1 1

() =+t oo

showed (see (f))) that an extremal function for the linear extremal problem A(t))
is the square of an H? function whence I'(¢)) = A(z)). As a somewhat easier
example, we remind the reader of the family of functions (3]) which all serve as
extremal functions for the linear extremal problem A(1/2%). In particular, the

\/_

is the square of an H? function and we again have I'(¢)) = A(«). As it turns out,
the preceding examples are not peculiar in this regard. Indeed, S. Ya. Khavinson
[23] showed, in greater generality beyond rational 1, that one of the extremal
functions for A(¢)) can be taken to be a function F' with no zeros in . Thus
f :=+/F will be (up to a unimodular constant) an extremal function for T'(¢}).
Here is a new proof of the identity I'(¢)) = A(¢)) in the language of truncated
Toeplitz operators.

Proposition 1. If1 is a rational function with no poles on 0D, then A(y)) = I'(¢).
In other words,

1 1
sup —j{ YFdz| = sup |— vfrdz|.
FeH! 211 oD feH? 211 oD
1£1,=1 [ fll=1

Proof. Since every F' € H' can be written as F' = fg, where f,g € H? and
|\Fll; = [If]l llgll (see [19, Ex. 1, Ch. 2] or [T, Thm. 3.15]), it follows that

1 1
(31) sup  |=— ¢ Ufgdz|= sup |—— ¢ VFdz|.
f7gEH2 27'(-7/ oD FEHl 27T'l oD
£ 1I=llgll=1 | F[l,=1

As usual, let © be the corresponding Blaschke product from @ Writing f, g
in the preceding as f = f; + ©h; and g = g + Ohsy, where f1,91 € Ko and
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hi, he € H?, we obtain
1 1 1
(32) Py Yfgdz = — ¢(f1 + @hl)(gl + @h2) dz = — Vg dz.
27TZ oD 27T i) 277' oD

In particular, observe that all but one of the terms in the product integrate to
zero since the function ¢ = O belongs to H*.

Putting this all together we find that
1 1
sup |- ]4 YFdz| = s |-— ¢ vfgdz|  (by BT))
21 Jop D

FeH? fgeH? |27
17, =1 IF1=llgll=1

1
= sup |=— ¢ ¢fgdz (by (32))
oD

271

f7gEK@
l7l1=llgll=1

= sup  [(©¢f,ZgO) |

f,gGK@
IF1=llgli=1

= sup |[(of,Cg)] (¢ =v0O)

f7g€K®
IF1=llgll=1

= sup |{pf.9)] (C*=1)

f,9€Ke
l£1I=llgll=1

= sup |<P®(90f)7g>|

f7gEK@
l71=llgll=1

= sup | <A§Dfa g> |

f,gEK@
I71=llgll=1
1Al o ko

1
= sup |— @ Yfidz (Corollary [2).
feH? oD

I fll=1
Thus A(¢) =T'(¢) as claimed. m

271

5. Computing the supremum

Recall that Corollary [2| ensures that
I'(y) = ”AwHK@HK@

where ¢ denotes the H*> function ¢)©. We propose two simple and practical pro-
cedures for computing ||A,||. Both methods involve computing matrix represen-
tations for the operator A,. In practice, these matrices are explicitly computable
and hence their norms can be determined algebraically (for n = dim Kg small)
or numerically via MATHEMATICA or any other comparable piece of software.
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5.1. Using the Takenaka-Malmquist-Walsh basis. Our first approach in-
volves representing the truncated Toeplitz operator A,: Kg — Kg as an n X n
matrix with respect to the Takenaka-Malmquist-Walsh basis for Keg.

(a) Let ¢ := 1O and note that ¢ € H* since the poles of ¢ lying in D cancel
with the zeros of O.

(b) The jk-th entry [My,];, of the matrix representation M, of A, with respect
to the Takenaka-Malmquist-Walsh basis {vy,v2,...,v,} is (A,vk, v;). The
resulting matrix My is lower triangular (see [29, Lect. V] and below).

(c) The largest singular value of My, is the desired quantity ||A,| = T'().

A straightforward computation confirms that the matrix representation My,
of A, with respect to the Takenaka-Malmquist-Walsh basis is lower triangular.
Indeed, for 7 < k& we have

(33)  [Ma,ljx = (Apvr, vj) = (Palpur), v;)

k—1 -1
1 — |2 1 — |2
= B . —_7 B . - ==
<90 (E )\Z) 1= Az i=1 5 EVE
k—1
T—wE 1
— J1— 2 By, AL S G
Al <<p (H Al) 1—Xz 1=z

since By, (A;) = 0 and thus the matrix is lower triangular.

The diagonal entries of our matrix are also relatively easy to compute:
[Ma,Joe =(A\e),  1<k<n.

Since M, is a lower triangular matrix this is to be expected since the eigenvalues
©(A1),0(A2), ..., p(\,) of the operator A, must appear along the main diagonal.

For j > k the computations are more involved:

(34)  [Maly = <90 (H B> V= I (H B) V1- ‘|Af|2>

i=1 L= Az i=1 1— )‘_JZ
VI— W VI= NP
1— A2z Pl 1— XAz
= (1= NP2 = )2

1 o(z)dz
o 1{9@ (Hi;; BM) (1—M2)(z — )\j).

Although the preceding can be evaluated explicitly using the residue calculus,
the resulting expression is somewhat unwieldy and we choose not to write it
here. We will see the matrix representation of a truncated Toeplitz operator
with respect to the Takenaka-Malmquist-Walsh basis again in Section [§]
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5.2. Using modified Aleksandrov-Clark bases. A similar approach using
the Aleksandrov-Clark bases can also be formulated.

(a) Let ¢ := O and note that ¢ € H* since the poles of ¥ lying in I cancel
with the zeros of ©.

(b) Fix some 3 on 9D and let vy, vg, . .., v, be the corresponding modified Aleksan-
drov-Clark basis from . In particular, compute the unimodular constants
¢,y Gy and wy, wy, ..., wy, from ((19).

(c) The jk-th entry [My4 ] of the matrix representation My, of A, with respect
to the Aleksandrov-Clark basis {vq,vs,...,v,} is (Auvg, v;). The resulting
matrix My, is complex symmetric (i.e. self-transpose).

(d) The largest singular value of My is the desired quantity ||Ay| = T'(¢¥).

Let us derive a general formula for M,, in the simple case where the zeros
A1, A2, ..., Ay, are distinet (One can make adjustments for the general case where
the zeros Ai, Ag,..., A\, are not necessarily distinct). Using the fact that the

functions ¢, v;, and v, are analytic in a neighborhood of the closed unit disk D,
it follows from the residue calculus that

<A<pvk7 Uj> = <90Uk7 Uj>

_ W wj 1 — 8O(2) 1 - 30(2) dz
SO O S T TG 1—(7 2miz
W o 1-06(:) O(z)—8 dz

S UeGveer fe PTG et g 2w
o Wk fa; zn: 909%)
VIO (G VIO = 0/ () (1 — GeAi) (G — i)
_ W BGW e(Ai)
%) IRVCIGIRVEI®] ZZI O'(A)(1 = GAi) (1 — GN\)
_ W W . (i)
) IRVCIGRVEI®] ZZI O'(A)(1 = GAi) (1 — GA)

Observe that we employed the identity ﬂc_jw_j = w; when passing from
to (36). Notice also from that the n x n matrix Ma, = ((A,vk, v5))7 = 18
indeed complex symmetric as previously claimed. It follows from the preceding
calculations and the fact that v, vs, ..., v, is an orthonormal basis for Kg that
| Apll ko — ko 1S €qual to

n

ok wi e(\) "
o (x/l@’(ck)l V19'(G)] Zl O'(\)(1 = GA) (1 — Zin))

Jk=1
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Example 1. Let ¢y, ¢o, ..., ¢, be n arbitrary complex numbers and let A\j, Ao, . . .,
An be n distinct points in D. Now form the rational function

W) =3

=1

Using the residue calculus and Corollary 2], we obtain

I'(y) = ||A<P||K9_>K@

where ¢ = ¢© and © denotes the usual finite Blaschke product (6)). Observe
that

Employing the identity

in yields

n

r Lk _ )n
W= (w@@|¢@wn§;1—@ JL=GA) )

Example 2. To better demonstrate the procedure outlined above, let us work
through a specific numerical example in detail. Consider the non-linear extremal
problem

sup [£2(0) + f2(3)| = T(¥) = Al e o
feH?
lFlI=1
where :
Z— = 1
@<Z) =z 12 ) ¢ - +
1-— 5% zZ oz — 5

and ¢ = 1O as usual. Letting # = 1 we find that the equation ©({) = 1 has the
solutions

=1  G=-
From the preceding, we find that the desired unimodular constants w; and w-
are given by

w1 =1, Wy = —1.

For a 2 x 2 matrix A we have the identity

3%) Al = (er* )+ 2 det(A)] + v/tr(A°A) — 2] det(A)])

This formula follows from the polar decomposition A = U|A| where U is unitary
and |A| = vV A*A is non-negative. If A\;, Ao > 0 denote the eigenvalues of |A] (i.e.
the singular values of A), note that tr(A*A) = A3 + A3 and | det A| = A\ \y since
U is unitary.
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Plugging this data into and using we find that

5 T

4 44/3
_ T 13

4/3 12

In light of Proposition [1}, we also have

HAtpHKe—J% =

1
‘ =57+ V/37) & 2.1805.

1
sup |F(0)+ F(3)| = = (7 + V37).
FeH? 6

1E]l=1
Example 3. One could generalize the above example to

sup ‘01f2(a1) + szz(aa)‘ = F(w) = HAso”K@—>K9 )
(i

where ay, a9 € D (a1 # as), ¢1,¢co € C\ {0}. In this case we have

(z — al)(z - a2) w(z) — “ + €2 , Y= w@

(1 —a12)(1 —azz)’ z—a, zZ—a

O(z) =

We now represent our truncated Toeplitz operator with respect to the Takenaka-
Malmquist-Walsh basis

1—Jaq|? — 1 — lao|2
S Vil L1 Y SO el Vil i

1—a7z S l—ayz 1—ayz
We then use and to get
c1(a1—a2) 0
(1=|a1]?)(1—a1a2)
(39) F(w) = c1y/1—|az|? + cay/1—|a1|? ca(az—ai)
ViclaP(1—ai@z)  \/1-]az?(1—azay) (1~laz[?)(1-aza1)

Example 4. Plugging

_ V2 V2 1 1 _ 1
2 147 CL2—3, ¢ =1, Co = 9

into and using MATHEMATICA reveals that

(5-2) ()

a1

sup
Fef?!
[l F]l,=1
1 /3966841 — 1644636v/2 + v/15343011060049 — 9085021064952+/2
48 2882 — 888+/2
~ 0.927119.
Example 5. For another class of examples, suppose ¢, c1, ..., ¢, are complex

numbers and consider the rational function
c c c
¢<2):£+_;+...+ n
z oz

ontl '
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The corresponding Blaschke product (6]) is therefore ©(z) = z"*!

Corollary [2] we see that
['(@) = [[Ayzns]

The matrix representation of Ay,»+1 with respect to the monomial basis

{1,z,...,2"}
for K n+1 is the lower triangular (n + 1) x (n + 1) Toeplitz matrix

and hence by

K nt1—K ny1 — ”Acn+cn_1z+---+c0z” HKzn+1 —K ny1-

Cn
(40) T = Cog "+ Cp
Cl c2 DEEE CTL
Co C1 Co --- Cp

By Corollary [2| we therefore obtain
(41) sup
feH?

1 Co C, 9
QDL d
2m’fim<z * +z”+1>f :
Il flI=1

Notice how this reproves the Fejér-Egervary results mentioned in the introduc-
tion.

= [I7-

Example 6. By the above calculation,

1 1
r(— i —2) A s =
z zZ

In particular, notice that this answer agrees with Egervary’s example dis-
cussed in the introduction.

10 1++/5
(1 1)” = —5— ~ 1618,

Example 7. This example generalizes the results of Example[fland demonstrates
the use of antilinear eigenvalue problems to calculate the norm of a complex
symmetric operator. Consider the non-linear extremal problem

(42) O(3+7) = s PafO)F©O) +af0)
=1

where ag and a; are fixed. To ensure that the problem is non-trivial, we
make the additional assumption that ag # 0. By the discussion in Example [5 it

follows that
a ay B . Qo O
M3 +2) = Maraclir. = H ( ) H |

Although the norm of the above matrix can be computed explicitly using stan-
dard methods or the explicit formula , let us now illustrate our anti-linear
eigenvalue technique.
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The conjugation C on K2 is given by C'f = fz2?> = fz. In other words,
Cleo+12) = + ¢ 2, co,c1 € C.

With respect to the monomial basis {1,z} for K,» we see that the anti-linear
eigenvalue problem A, 1,4,.u = ACu (which has a unit vector solution) is equiv-
alent to the following R-linear problem:

ap 0 uyy\ )\'LL_Q
= (o) () = ()
The norm of the associated Toeplitz matrix coincides with the largest A > 0 for

which the preceding system is consistent.

In light of the assumption that ag # 0, it follows that uy # 0 else u; = uy = 0.
Solving the first equation in for u; and substituting the result in the second
yields

2
(44) a1y = ()\ — ]a;| )u_2

Since the function A +— X\ — |ag|?/A is increasing for A > 0, it follows from
that the largest positive number A satisfying must satisfy

This in turn means that A\ satisfies the quadratic equation
)\2 - |a1\)\ — |a0]2 = 0.

Solving this yields the explicit answer

ai| + v/|a1]? + 4lagl?
G W RS 1 i
z z

(45)

which agrees with . On the other hand, a direct attack on the problem would
involve computing the eigenvalues of the matrix

ayar) (a 0\  (laol? apay
0 a) \a1 an) ~ \@pay |ao* + |a1|?

and then explicitly computing their square roots. This involves considerably
more symbolic computation. For instance, MATHEMATICA yields the seemingly
more complicated answer

1
I+ 2 (12~ on TP AP,

which is, of course, equal to .




9 (2009), No. 2 A Non-Linear Extremal Problem on the Hardy Space 507

6. Computing an extremal function

By Corollary 2] we have
F@b) = HAd)@”KeHK@ = <Aw@u7 Cu) )
where u € Kg is a unit vector solution to the anti-linear eigenvalue problem
Apou = ||Ayel|Cu

(such a vector exists). Here is a procedure which, at least in principle, can be
used to compute an extremal function u for I'(¢)).

Again, let My, denote the matrix representation of the truncated Toeplitz op-
erator Aye with respect to the modified Aleksandrov-Clark basis {vy, ve, ..., v, }
in . In particular, recall that Cv; = v; for all 1 < 57 < n by . Ifue Keg

is a unit vector, then
_ 2 2 2 _ 1
U = U1 + CoUg + - -+ + CpUp, len|* + |eo|* 4+ -+ |ea]” = 1.
If, in addition, u is a solution to

Ayou = [|[Ayel|Cu,

then the coefficients ¢y, co, . . ., ¢, satisfy the equation
1 1
(46) MAwe = HMAwe H
Cn Cn

where My, is a complex symmetric matrix. If we write ¢; = x; + iy; where
zj,y; € R, the above equation can be written as a linear system in 2n real
variables and can then be solved using linear algebra (then normalizing so that
lel]? + -+ |ea)® = 1).

Remark 1. If one only wishes to find the extremal function up to a unimodular
constant, then one can avoid the conjugation C' as follows: If {vy,...,v,} is any
orthonormal basis for Kg and M is the matrix representation of Ayg: Ko — Kg
with respect to {vy,...,v,}, it follows from the proof of part of Theorem

that if (¢1,...,¢,) € C" is a unit vector and
C1 C1
« . 2
MM | = M :
Cn Cn

then, for some unimodular constant ¢,
u=_(crv + -+ cpop)

is an extremal function for I'(¢)).
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Example 8. Let us return to the data of Example 2] In particular, recall that
we have I'(¢) = || Ayollko—ke =~ 2.1805, where

z—% 1 1

0=z =, Y= — T

[\

Moreover, we found that the desired supremum is equal to

5  _ Ti
_Tno_13 || T
44/3 12

S(7+ V/37) & 2.1805.

With f=1and (; =1,(o = —1,w; = 1,ws = —1, We can use to compute
the modified Aleksandrov-Clark basis
3 . iv3
Y vg(z)——zx/_—z_Q
for the model space Kg. An extremal function u is any unit vector solution to
Ad,@u = ||A¢@HO’LL

To compute u = civ; + cov9, we need to find a unit vector solution to the anti-
linear eigenvalue problem

5 7i
- —_ 1 —
_ 3 -5 Co 6 C2

A computation with MATHEMATICA yields the coefficients

1 1 1 1
G= =24 ——, ep= iy 2— ——.
' V37 279 V37

Therefore, the desired unit vector u = c1v; + cv9 equals

24/2 — \}—;7 W2+ \}—3—7
Z2—2  z—=2
Another computation with MATHEMATICA will show that A,e has two distinct
singular values and hence the kernel of |Aye| — ||Ayol|] is one-dimensional. By
Corollary [2| it follows that this extremal solution w for I'(¢)) is unique up to a
sign.

v(z) =—-1—

When examining the extremal problem

Co C1 Cp
(TS )

we saw from our previous discussion that this supremum is equal to the norm
of the lower triangular Toeplitz matrix 7" from (40)), which is simply the matrix
representation of Aynt1: Kyni1 — Kon41, where

Cn
on+l ?

b= T4
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with respect to the orthonormal basis {1, z, ..., 2"} for K n+1. Observing that
Clap+arz+ -+ ap2") =@+ 1 2+ -+ +ag 2",
we see that in order to find a unit vector solution u to

A¢Zn+1u = ‘|A¢Zn+1 ||C'u,

we need to find a unit vector solution (ag, as, ..., a,) to
Cn ap a,
co. a Ap—1
(47) CQ e Cn — ||A¢Zn+1 || .
€1 C "+ Cp Ap—1 ay
Co CI Cy -+ Cp Qp, ag
As before, writing a; = z; + iy;, z;,y; € R, this can be solved for ag, a4, ..., a,

using linear algebra (and then normalizing so that |ag|? + a1 >+ - - + |a,|? = 1).

Example 9. We saw from Example [6] that

1 1 10 1++5
F(Z + ;) = [|Avizllk ook = '(1 1) H =5 7 1.618.

To find an extremal function u = ag + a1z € K,2, we need to find a unit vector

solution to
10\ (a0 _1++V5 (@
11 ay) 2 ag

A short computation yields the extremal function
2z +V5+1

(1 2) - 2).

observe that u is the square root of the H' extremal function from Egervary’s
example ().

Another computation with MATHEMATICA shows that A;,, has two distinct
singular values and so the kernel of |A;;,| — ||Ai4||/ is one dimensional. By
Corollary , we conclude that the extremal solution u for I'(¢)) is unique up to a
sign.

Recalling that

Example 10. Consider the rational kernel ¢ = 1/z%, which yields the non-linear
extremal problem
1 f2(2)
I'(y) = sup |— dz| =2 sup [f(0)f(0)].
(¥) o, i P fE”K@\ (0)7(0)]
fl=1 fll=1
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According to our recipe, the corresponding Blaschke product is © = z2. We
therefore have ¢ = 9¥© =1 whence A, = I and

G- l6]

1 1
are linearly independent extremal functions for I'(1)). Despite the fact that the
corresponding model space K.,» = \/{l,z} is two-dimensional, this does not
imply that every function f(z) = ag+ a1z satisfying |ag|? + |a;|? = 1 is extremal.
Indeed, simply consider the functions 1 or z. This behavior is not unexpected,
since the underlying extremal problem is non-linear.

In this case,

Example 11. Recall the non-linear extremal problem

ag  a ar| + +/|a1|?* + 4|ao|?

F<—8+—1>:’1| |aa o]
z z

from Example []] With A denoting the above extremum, a computation with

MATHEMATICA shows that a solution to the corresponding antilinear eigenvalue

problem is given by

w — Z,|6L0| —)\2—)\@1—1—a02
1 — ¢t )
%o \/|)\2—CL1/\+CL02|2+|A2+)\6L1—CL02|2
~aol A+ A — al
Ug =

o \/|/\2 — Cbl)\ —|— CL02|2 —f- |)\2 + )\al — (102|2

This means that an extremal function is f = u; + usz. One can check that the

singular values of
Qo 0
ay Qo

are distinct if and only if a; = 0. Therefore f is the unique extremal function, up
to sign, for (42)) if and only if a; = 0. When a; = 0, the supremum is equal to |ag|
and one can check by direct computation that are two linearly independent
solutions to (42]).

7. Norm attaining symbols

Since the truncated Toeplitz operator A,: K¢ — Kg is a multiplication operator
followed by an orthogonal projection, it follows immediately that

(49) ”AcpHK@HK@ < [l » p e H™.
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For a rational function v without poles on 0D, we have shown that the non-linear
extremal problem T'(¢)) given by yields the supremum I'(¢)) = [[Ap ||, 5,
where © is the corresponding Blaschke product @ and ¢ = 0. In particular,
it follows that

1
50) )= |5 f bf | = Ml S el
IFl=1

We now investigate conditions under which equality holds in and .

We say that a unit vector z is a maximal vector for a bounded linear operator
T:H — Hif ||Tz|| = ||T]|. It is clear that maximal vectors exist for any
compact operator and thus for any operator on a finite-dimensional space. From
our perspective, the importance of maximal vectors stems from the following
important lemma [37, Prop. 5.1]:

Lemma 4 (Sarason). Let O be any inner function and T: K¢ — Ko be a linear
operator of unit norm that commutes with A,: Ko — Kg. If T has a maximal
vector, then there is a unique function ¢ € H* such that ||¢||,, =1 and A, =T
Moreover,  is both an inner function and the quotient of two functions from Kg.

We say that a symbol ¢ € L* for a truncated Toeplitz operator A, on Kg is
norm-attaining if ||A,|| = [l¢|. It is important to note that this definition
depends upon the particular inner function © corresponding to the model space
Kg upon which A, acts. For © a finite Blaschke product, the next result says
exactly when we have equality in (49):

Theorem 2. Let © be a finite Blaschke product. A symbol ¢ in H* is norm-
attaining with respect to Ke if and only if ¢ is a scalar multiple of the inner
factor of a function from Kg.

Proof. (=) Without loss of generality, we assume that ||A,| = |l¢ll, = 1.
Since © is a finite Blaschke product, it follows that Kg is finite-dimensional
whence the truncated Toeplitz operator A,: Ko — Kg has a maximal vector.
Now recall the well-known fact [37, Thm. 1] that the commutant of A,: Kg — K¢
is
{Ago: K@ — K@I p e HOO}

whence A, commutes with A,. By Lemma {4 it follows immediately that ¢ is
an inner function and ¢ = f/g, for some f,g € Ko. Thus f = pg = ¢l F},
where I, is the inner factor of g and Fj is the outer factor. A short argument
now reveals that

(51) AEf = P@(TgSD[gFg) = Po(pFy) = ¢F,

since the function pF}, belongs to H? and is orthogonal to © H?. Indeed, since f
belongs to Kg we have, for any h € H?,

(pFy, Oh) = (@l Fy, O(1yh)) = (f, O(I4h)) = 0.



512 S. R. Garcia and W. T. Ross CMFT

We conclude from that ¢ is indeed the inner factor of a function from K.

(<) Conversely, let ¢ be the inner factor of a function from Kg. In other words,
suppose that there exists an outer function F' of unit norm such that pF belongs
to Keg. This implies that

[ A F [l = l[Pe(pE)| = lleF[l = [ Fll =1

whence ||A,|| = 1. Thus ¢ is a norm-attaining symbol with respect to ©. n

Let us make a few important remarks concerning possible generalizations of
the preceding theorem. First observe that the (<) implication of Theorem
remains true for any inner function ©. Furthermore, the (=) implication of the
theorem remains true for general inner © and ¢ € H*> as long as the operator
A, Ko — Kg has a maximal vector. This occurs, for instance, if A, is compact.

Corollary 3. Let © be a finite Blaschke product. If ¢ € H™ is not a scalar
multiple of a Blaschke product, then || Ayl < ||¢]l -

Corollary 4. If © s an inner function and ¢ s a finite Blaschke product of
degree < dim Kg, then ¢ is a norm attaining symbol for Kg.

Proof. Let A, \o,..., A\, denote the zeros of ¢ and note that n < dim Kg.
Consequently there exists a non-zero function f € Kg such that f is orthogonal
to the n kernel functions ky,, ky,, ..., ky,. In other words, there exists a non-
zero function f € Kg which vanishes at each i, Ao, ..., \,. Since inner factors
of functions in K¢ can be removed without leaving Kg, we may assume that the
inner factor of f is precisely ¢. By the remarks preceding Corollary (3], it follows
that ¢ is a norm-attaining symbol for Kg. |

Example 12. If © is a singular inner function, then there exists a Blaschke
product ¢ having simple zeros such that ¢ is a norm-attaining symbol for Kg.
Indeed, an argument using Frostman’s Theorem [30, Thm. 3.10.2] (see also [15,
Sec. 3.3]) produces many such Blaschke products which occur as inner factors of
functions in Kg. Now employ the observations made prior to Corollary

The following corollary of Theorem [2 (along with Corollary [2) tells us when we
have equality in ([50).

Corollary 5. For a rational function 1 having no poles in 0D, the following are
equivalent:

(i) A(y) = T'(¢) = maxcean [¢(C)],
(ii) There exist a ¢ € C and finite Blaschke products By and By having no
common zeros and satisfying deg B1 < deg By so that
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Proof. If we assume , then, adopting the notation from Corollary , we see
that the symbol ¢ = 10 is norm-attaining with respect to Kg. Thus by Theo-
rem [2] it follows that ¥© = ¢B where ¢ € C and B is the inner factor of some
function f € Kg. Using the representation we find that

p(2)
Hj:l (L—Aj2)
where p(z) is a polynomial with degp < n = deg©. It follows that B is a finite
Blaschke product with deg B < n. The fact that © and B have no common zeros
follows from the definition of © from @

Conversely, if we assume , then ¢ = ¢B/O, where B and © are finite Blaschke
products with deg B < deg®. If Aj, Ag,..., A\, are the zeros of © (repeated
according to multiplicity), then every f € Kg takes the form . If we take
p(z) to be a polynomial whose zeros are precisely those of B, which is possible
since deg B < n, then B will be the inner factor of a function from Kg. By
Theorem [2| it then follows that the symbol 10 is norm attaining with respect to
Keo. To conclude the proof, simply appeal to Corollary [2] [ ]

Example 13. In Example [6] we showed that
1 1 1 5)
r(— + —2) _ VS s
z oz 2
Observe that with 1(2) = 1/z + 1/22, we have
max [ (C)| =2 > I'().

CcoD

This strict inequality is expected since the rational function
z+1
9(z) =

cannot be written as By /By where deg By < deg Bs,. Indeed, 1 is the quotient of
the non-constant outer function z 4+ 1 and the finite Blaschke product z2.

Example 14. In a very similar way, we know from Example [2| that

1 1 1

' - = —=(74+ v37) = 2.1805.
<z * z— 1/2) 6( * )

With ¢(z) = 1/2 + 1/(z — 1/2), a brief calculation shows that

max [$(C)] = 3 > T(¥).

¢caD

As in the preceding example, the strict inequality is to be expected since

L1

U(z) =2—

2(z — 5)

cannot be written in the form B;/B,; where deg By < deg Bs.
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Example 15. Let ¢(z) = z and

(53) 9(z)=z(2_%>.

Since ||A.]| < #]|, =1 and
[A-(MW = [Po(zDl = llz]l = 1,

it follows immediately that ||A,|| = 1. That z is a norm-attaining symbol for Kg
is to be expected, since z is indeed the inner factor of a function from Kg.

This can also be verified by a direct computation. Using 3 = 1 in our recipe,
we find that (; = 1 and (s = —1 whence w; = 1 and wy, = —i. Putting this all
together yields the modified Aleksandrov-Clark basis
_ 11 —@(2)7 va(2) = _iﬁl —0(2)
2 1—=z 2 1+z
with respect to which A, has the matrix representation

_ V3

_ 4
MAZ—<_. _l>

4

which, via , has norm 1, as expected.

Example 16. Let ¢(z) = (1 — 2)/2 and let © as in (53]). Using the data from
the previous example, we see that

Mo (
which has norm equal to

1
; (1 n \/§> ~0.683013 < 1 = |||, .

This is to be expected since ¢ is outer.

v1(2)

S oW
us%
w

-
oo|$oo|>~
w
.
oolc.noo|%
w

8. Best constants

As an application of the identity
AW) =T@W) = [[Avell ko ke -

we can obtain the best constant in various pointwise estimates of the derivatives
of H' functions. Such estimates have been studied before [12, 20, 26| 27] (The
papers [2, [4, 25, [36] contain related results). using different methods and function
theoretic language. Our discussion uses operator theoretic language. To begin,
first observe that the Cauchy integral formula [I1], p. 40] says that

! F(z)
4 F<”>A:”_7{ I GO FeH' \eD.
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This yields, via the inequality |z —A| > 1 —|A| for |z| = 1, the pointwise estimate
n!
=

This is not the best that we can do, however. Going back to (54]) we see that
the best (sharpest) constant ¢, ) in the pointwise inequality

(56) [FON < eanlFlly,  FeH,

ea{ ) ()

By Corollary [I] this constant is the operator norm of the truncated Toeplitz
operator

(55) [P < 11l -

Azt Ko — Ko

where

(57) O(z) — ( 2 )nﬂ.

1— Xz

Putting this all together, we obtain the following theorem.
Theorem 3. Forn=20,1,2,... and A € D, we have
n!

T R

where T is the (n + 1) x (n + 1) lower triangular Toeplitz matriz whose entries
are

(58) [T = {

17,

() ifi>,

0 ifi<j.

Furthermore, an extremal function for A(#), when A =1 € (0,1), is of the
form

1—r? z—r z—r\"]’

59 Flz)=(—— |ag+ « 4y, ,
(59) (2) C(l—rz)2[0+ 11—7‘z+ + <1—7’z)]
where ¢ is a certain unimodular constant and (ay, . . ., a,) € C"™ is a unit vector
solution to

&o Qo

aq aq
(60) T o | =TI

Qn—1 Q1
Qo Q,

Before proceeding with the proof of Theorem [3], let us make a few remarks.
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(a) Once the unit vector solution (ag, a1, ..., a,) to is fixed, the unimodular
constant ¢ in is determined by the condition

1 n!
— —F(2)d 0.
27 iﬂ) (z —r)ntt (2) dz >

(b) Since the matrix in the formula from Theorem [3|is a real Toeplitz ma-
trix, its norm can be computed by considering the corresponding selfadjoint
Hankel matrix obtained by reversing the order of its rows.

(¢) The theorem above was first proved by Golusin [20] using a function-theoretic
approach.

Proof. To prove we may, by radial symmetry, assume that A =r € (0, 1).
Let © denote the finite Blaschke product and note that dim Kg = n + 1.
Next, define ) = n!/(z — )" so that

n!

=190 = m
Recall now that the corresponding Takenaka-Malmquist-Walsh basis
{v1,v9, ..., ny1}
for Kg from is given by

vk(z):(l_m)k(z—r) , 1<k<n+1,

whence the ijth entry [M];; of the matrix representation M = My, of the trun-
cated Toeplitz operator A,: Kg — Kg is
[M]i; = (Apvj, vi) -
As we have seen, the matrix M is lower-triangular (see Subsection so that
[M];; = 0 whenever ¢ < j. Let us compute [M];; for i > j:
(61)  [M];; = (Apv;, vi) = (pvj,vi)
o 7! 1 (z—r) "t (z=7) e

=0 o (L= (1 =12V G—r2) 2

— (12 l’ 1 (z—r)i=1(z — )it 51 .
= (1 ) -%?D (1_7,Z)n+1 (1_7,2,)]‘ (1—7“2)1 i d
9 ! (z—r)y=1 (1—rz)it!

=(1-r")— - —d
(1=r )27rz' op (L —rz)ntitl (7 — ) :

n! 1 1
= (1=r")5— — g
( r )Qm' fgm (1 — r2)nti=it2 (7 — p)i—i+l Z
For p,q=0,1,2,..., an application of the Cauchy integral formula shows that
! ! L ptg-1t

21 1 —r2)P(z—r)itl c= g(p—1) (1—r2)pte
oD
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Applying this identity with p=n+ 7 — i+ 2 and ¢ = ¢ — j and continuing from
(61) we find that

(n+1)! ri=d
(i—)n+7—i+ 1)1 (1—r2)nt2

B n! n+1 i
S a-m\i-j)"

for i > j. This yields the desired formula (58)).

The second part of the theorem follows from Remark [1] and the fact that if f is
an extremal function for I'(n!/(z — r)"*1), then F' = f? is an extremal function
for A(n!/(z —r)™th). ]
Remark 2. The coefficients ay, . .., o, from can also be computed by solv-
ing the R-linear system

[M];; = nl(1—1r?)

Qp Oy,
aq Qp—1
rf =17
Qp—1 05_1
Qi Qo
To see this, notice that 7" is the matrix representation, with respect to the mono-
mial basis {1, z, 22, ..., 2"}, for the truncated Toeplitz operator A,: K,n — Kn,
where
n—1 n
k_k
z) = "
o= (1)

The isomorphism U: K,» — Kg, Uz? = v;,1, where v;;1 is one of the Takenaka-
Malmquist-Walsh basis elements, shows that A,: K.» — K. is unitarily equiv-
alent to A,1/1—rsn+1: Ko — Ke. Moreover, the extremal vectors for each of
these truncated Toeplitz operators get mapped to each other via U. The ex-
tremal vector for A, on K,» can be solved by .
Example 17. Consider the simple case n = 0. Let
1 zZ—=T

SO(Z)_l—m’ @(Z)_l—m’
so that ¢ (z) = 1/(z — r). Using the fact that the model space Kg is precisely
the span of the single function 1/(1 — rz), it follows from the Cauchy integral
formula that

1
1 1 1 Tz 1
cor = A =T :—,j{ azr2)? 4, — )
’ z—r z2—r 21t Jop 2z —1 1—1r2

Replacing r with ||, where A € D, we obtain the sharp estimate

<!
STOPP

[F(A) 17,  Fed
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In particular, this is a substantial improvement over the naive estimate .
Moreover, the preceding reproduces (using entirely different techniques) a result
of Egervary [12] (see also [20, 27]). An extremal function for the linear extremal
problem A(1/(z — X)) is simply
1— |\
Flz) = 22
(1 —Az)?
Notice how this is the square of the H? function
V1—|A]?
)= —/—/——
1) ="+
which is a unimodular scalar multiple of an extremal function for the correspond-
ing non-linear problem I'(1/(z — \)).

Example 18. We now consider the slightly more complicated case n = 1. Using
B 1

Theorem [3 we get
ey <2r 1) H
Using , we find that the norm of the 2 x 2 Toeplitz matrix
10
= (2r 1 )

Y-

2r 1

is given by the formula

whence

r4+ V1412
(=
Replacing r by |A| and going back to (b6)) we establish the following sharp esti-

mate:
A+ /14 A2 1
[F'(N)] < DO £,  FeH,

This estimate was originally proved by Macintyre and Rogosinski in [26] using
entirely different methods.

An extremal function f for T'(1/(z — r)?) must be of the form
[ = ((a1v1 + agvy),
where [¢| =1, |a1|> + |az|? = 1, {v1,v2} is the Takenaka-Malmquist-Walsh basis

VISP Ve
ErE—— UQZ—(—

Cl,r -

vi(z) = 1—rz
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for

and (aq, ag) satisfy

BDEDE)-|ETE
01 2r 1 ao 2r 1 as )’
A MATHEMATICA computation shows that
r+Vr+1 o 1
\/(r+m)2+1’ 2 me)zn

Thus an extremal function for A(1/(z —r)?) is F = f2.

ap =

Example 19. Macintyre and Rogosinski [27, Sec. 11] note several qualitative
properties of ¢, although they do not compute it explicitly. Using our tech-
niques, we can compute cg, explicitly. When n = 2, we apply Theorem [3| to
get

o1 1 00 ol 3r? 3r 1
rp=—— |3 10|[[=—u |3 10
(L= 1\ 32 37 1 =2\ 1 00

Using MATHEMATICA to symbolically compute the norm of the preceding 3 x 3
selfadjoint Hankel matrix, we find that ¢y, is 2!/(1 — r?)3 times the quantity

2 1
r? + g\/97‘4 +24r2 +4 COS<§ arg <9T (6r° + 24r° + 11r

+iy/3(36(r2 + 4r2 + 109)72 + 96)

—16)> +%.

As in the previous example, an extremal function f for T'(2!/(z — r)3) is

f(2) = ((a1v1(2) + agva(2) + azvs(2)),

where ( is a certain unimodular constant,

V1—12 V1—r2 V1—r2

vi(z) = ) va(z) = m(z =), v3(2) = ———(z —1)°,

1—1rz
and (a1, as,as) is a unit vector solution to

1 00\ /13r32\ [a 1 00\|* /a

3r 10 01 3r as | = 3r 10 Qo
3r2 3r 1 00 1 as 3r2 3r 1 as
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or equivalently

1 00 aq (1_3
3r 10 as | = 3r 1 0 [
3r23r1 as 23r1 ai

Once the unit vector solution (ai, as,a3) to the above system is fixed, the uni-
modular constant ( is determined by the condition that

1 2!
210 Jop (2 —1)3

f(2)*dz > 0.

Example 20. In a similar fashion we obtain

1 000
R 4r 1 00
ST —a |62 ar 1 0]
413 6r% 4r 1

1 0 0 0
5r 1 0 0
r=———1110r* 5 1 0
1072 1072 5r 1
5r% 1073 102 5r
1 0 0 0
6r 1 0 0
. 5! 1572 6r 1 0
T (1 —r2)0 ||| 200 1572 6r 1
157* 2073 1512 6r
6r° 15r* 2013 1512 6r

0
0
0
0
1

0
0
0
0
0
1

Unfortunately, evaluating these expressions explicitly in terms of r is prohibitive
(if not impossible). However, it is clear that these quantities can be computed
numerically, for a specified value of r, to arbitrarily high precision since this
involves nothing more than computing the eigenvalues of a selfadjoint Hankel
matrix.

We also remark that if V' is the (n+ 1) x (n + 1) matrix
0
1 0
V= 1 :
0
1 0

then
(62) T= I+ TV)”H.
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If 7,, is the norm of the Toeplitz matrix from (58) with |A\|] = = (so that
Cnr =nl/(1— 7)1, ), Golusin [20] (see also [23]) proved that for fixed n
the function

T Tor
is an increasing function on (0, 1) and

lim 7,, < ontl

r—1-

For an N x N matrix A, let

1Al = <Z |A23|2> N

7,7=1

denote the Frobenius norm (also known as the Hilbert-Schmidt norm) of A and
note that

1
— Al . < ||A]| < ||A
\/NH lr < [[Al < [ All
(see [22, p. 314] for further details). Using this inequality and the definition of
Tor, We get a small improvement of Golusin’s estimate, namely

1/2 1/2
b i(n%—l—k) ntl 27"% / < Tor < i(n—{—l—k‘) nrl 2r2k /
n+l e~ k - = k '

k=0
Going back to the simplistic estimate in , Corollary [5| implies that

n!

n!
63 Cpp < ———— = su
(63) ; (1 — )t cea%

9. Final comments

If ¢ belongs to L>°(0D) but is not necessarily rational, one can still consider
the extremal problems A(t)) and I'(¢)). At this level of generality, several tech-
nical problems arise. To begin with, there are functions ¢y € L* for which the
linear extremal problem A(t)) given by (2) does not have an extremal function
[11, p. 134]. In addition, we do not know if A(¢)) is equal to I'(¢)) nor do we
know if it is possible for an extremal function to exist for A(¢)) but not for I'(¢)).
On the other hand, we still obtain the inequality I'(¢) < A(¢)) from (30)).

When ) is continuous on 9D it is known [23], p. 33] that an extremal function F
for A(%) exists and that F' can be chosen so that |F| > 0 on D. It follows, by
noting that f := +/F is an extremal function for I'(1)) (see Section |4 above), that
A() =T ().

If ¢ € L*>°(0D) such that there is an inner © (not necessarily a finite Blaschke
product) for which ¥© € H®, then one can show that the proofs of Theorem
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, Corollary , and Proposition [1] are still valid. In particular, this implies

that
AW) =TW) = |Avellxy k. -

Using the remarks preceding Corollary , we can also show that if ¢ = \;/0O,
where A € C and I is the inner factor of a function f from Kg, then

AW) =TW) = [[¥] -
Unfortunately, any potential statements from our results concerning the existence
and possible uniqueness of extremal functions for I'(¢)) must require different
proofs since it is not clear whether or not Ayg: Ko — Kg has a maximal vector.
Additionally, one does not necessarily have a practical matrix representation for
Aye with which to compute the norm.

We end with some results which begin to extend our work beyond rational .

Lemma 5. If p € H*® and © is an interpolating Blaschke product with zeros
s Ag, ... (necessarily distinct) then A,: Ko — Ke is compact if and only if
lim,, . ¢(An) = 0.

Proof. By Carleson’s Interpolation Theorem, it follows that the kernels k), form
a Riesz basis for Ko [29, p. 132-135] whence there exists a bounded invertible
operator Q: [*(N) — Kg such that Qe, = k), for n € N. Here e, denotes

the n-th standard basis vector for I*(N). Since A%ky, = ©(An)ky, (see (23)) for

all n, it follows that Q'A% Qe, = ¢(A,)e, for all n. Thus A? is similar to the

diagonal operator diag((\1), ¢(A2),...) on [?(N) which is compact if and only
if lim,, o (A,) = 0. n

Observe that if the associated truncated Toeplitz operator A,: Ko — Kg is
compact, then A, has a maximal vector and thus most of our proofs can proceed
as before. In particular, we get the following:

Corollary 6. If v = ¢/0©, where ¢ € H™, © is an interpolating Blaschke
product with zeros A, A, ..., and lim, . p(\,) = 0, then A(¢) = T'(¢p) and
there exists an extremal function for T'(v) and hence for A(1).

Corollary 7. If v = ¢/0©, where ¢ € H™, O is an interpolating Blaschke
product with zeros A1, As, ..., and lim,_.o p(A\,) = 0, then A(¢) =T'(¢) = ||¢]|
if and only if v = AN /O, where X\ € C and I is the inner factor of a function
from Kg.
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