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Means of Unitaries

Theorem (Russo-Dye-Gardner)

If|| T|| < =2 for some n > 2, then 3 unitaries Uy, Us, ..., U, s.t.:
n

T=LUi+ U+ -+ Up).
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Means of Unitaries

Theorem (Russo-Dye-Gardner)

If| T| < =2 for some n > 2, then 3 unitaries Uy, Ua, ..., Uy s.t.:

T=12(Ui+ U+ + Uy).

If | T| =1, then no such decomposition holds in general since
isometries are extreme points of the unit ball in B(H).
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Means of Unitaries
Theorem (Russo-Dye-Gardner)

If| T|| < =2 for some n > 2, then 3 unitaries Uy, U, ..., U, s.t

= (Ui + Us + -+ Un).

If || T|| =1, then no such decomposition holds in general since
isometries are extreme points of the unit ball in B(H).

v

If T is C-symmetric and || T || <1,

o’
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Means of Unitaries

Theorem (Russo-Dye-Gardner)

If| T| < =2 for some n > 2, then 3 unitaries Uy, Ua, ..., Uy s.t.:
T=2(Ui+ U+ -+ Uy

If || T|| =1, then no such decomposition holds in general since
isometries are extreme points of the unit ball in B(H).

v

If T is C-symmetric and || T || < 1, then 3 C-symmetric unitary
operators Uy and U,
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Means of Unitaries
Theorem (Russo-Dye-Gardner)

If| T|| < =2 for some n > 2, then 3 unitaries Uy, U, ..., U, s.t

= (Ui + Us + -+ Un).

If || T|| =1, then no such decomposition holds in general since
isometries are extreme points of the unit ball in B(H).

v

If T is C-symmetric and || T || < 1, then 3 C-symmetric unitary
operators Uy and U, so that

T =3(U + Ua).

o’
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v

If T is C-symmetric and || T || < 1, then 3 C-symmetric unitary
operators U; and U, so that

T = %(Ul aF Uz).

This decomposition is unique (up to the order of the summands) if
and only if T is injective.

o’
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The Friedrichs Operator

Definition

Let A%(Q) denote the Bergman space of a domain Q in C”,
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The Friedrichs Operator

Definition

Let A%(Q2) denote the Bergman space of a domain Q in C", let
Pq : L2(Q, dA) — A2%(Q) denote the Bergman projection,
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The Friedrichs Operator
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Pq : L2(Q, dA) — A2%(Q) denote the Bergman projection, the
orthogonal projection from L2(2) onto A%(Q).

The Friedrichs operator Fq : A%(Q) — A%(Q)
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The Friedrichs Operator

Let A%(Q) denote the Bergman space of a domain Q in C", let
Pq : L2(Q, dA) — A2%(Q) denote the Bergman projection, the
orthogonal projection from L2(2) onto A%(Q).

The Friedrichs operator Fq : A%(Q) — A?(Q) is defined by

Fof = Po(F).
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In terms of the Bergman kernel K(z, w) of Q, we also have:
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The Friedrichs Operator

Let A%(Q) denote the Bergman space of a domain Q in C", let
Pq : L2(Q, dA) — A2%(Q) denote the Bergman projection, the
orthogonal projection from L2(2) onto A%(Q).

The Friedrichs operator Fq : A?(2) — A?(Q) is defined by

Fof = Pq(f).

In terms of the Bergman kernel K(z, w) of Q, we also have:

[FQf](Z)_/QK(Z,W)f(W)dA(W), ze.
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The Structure of the Friedrichs Operator

If Q is a domain in C",
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The Structure of the Friedrichs Operator

If Q is a domain in C", then there exist conjugations Jy, J> on
A%(Q) such that
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The Structure of the Friedrichs Operator

If Q is a domain in C", then there exist conjugations J1, J» on
A2(Q) such that
Fo = (41 + ).
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The Structure of the Friedrichs Operator

If Q is a domain in C", then there exist conjugations J1, J» on
A2(Q) such that
Fq = %(Jl + k).

If Fq is injective,
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The Structure of the Friedrichs Operator

Theorem

If Q is a domain in C", then there exist conjugations J1, J» on
A2(Q) such that

Fo = %(Jl + JQ).

If Fq is injective, then the conjugations J1 and J, are uniquely
determined, up to their ordering.
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The Structure of the Friedrichs Operator

If Q is a domain in C", then there exist conjugations J1, J» on
A2(Q) such that
Fq = %(Jl + k).

If Fq is injective, then the conjugations J; and J, are uniquely
determined, up to their ordering.

Strangely Enough

For general , it is practically impossible to identify a single
concrete conjugation on A%(Q).
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Approximate Antilinear Eigenvalue Problems

Theorem (Weyl's Criterion)
If Ac B(H) and A = A*,
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Approximate Antilinear Eigenvalue Problems

Theorem (Weyl's Criterion)

If A€ B(H) and A = A*, then X € 0(A) < 3 unit vectors u,
so that

(A= M)u, || = 0.

lim ||
n—o0
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Approximate Antilinear Eigenvalue Problems

Theorem (Weyl's Criterion)

If A€ B(H) and A = A*, then \ € 0(A) <= 3 unit vectors u,
so that

lim || (A~ A)uy || = 0.

Theorem

If T is C-symmetric and \ > 0,

<
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Approximate Antilinear Eigenvalue Problems

Theorem (Weyl's Criterion)

If A€ B(H) and A = A*, then \ € 0(A) <= 3 unit vectors u,
so that

lim || (A~ A)uy || = 0.

Theorem

If T is C-symmetric and A\ > 0, then A € o(v/ T*T) <= 3 unit
vectors u, so that

(T — AC)u, || = .

lim ||
n—00

<
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Approximate Antilinear Eigenvalue Problems

Theorem (Weyl's Criterion)

If A€ B(H) and A = A*, then \ € 0(A) <= 3 unit vectors u,
so that

lim || (A~ A)uy || = 0.

Theorem

If T is C-symmetric and A > 0, then A € o(v/ T*T) <= 3 unit
vectors u, so that

(T = AC)u, || = 0.

lim ||
n—oo

In particular, X\ is an eigenvalue of |T| =+ T*T <= Ju#0 so
that Tu = A\Cu.

<
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Approximate Antilinear Eigenvalue Problems

Theorem (Weyl's Criterion)

If A€ B(H) and A = A*, then \ € 0(A) <= 3 unit vectors u,
so that

lim || (A~ A)uy || = 0.

Theorem

If T is C-symmetric and A > 0, then A € o(v/ T*T) <= 3 unit
vectors u, so that

(T = AC)u, || = 0.

lim ||
n—oo

In particular, X is an eigenvalue of |T| =V T*T <= Ju#0 so
that Tu = A\Cu.

<
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A General Inequality

. . . T 0
If T € B(H) and C : H — 'H is a conjugation, then (0 CT* C)

is a <2. g) -symmetric operator on H & H.
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A General Inequality

. . . T 0
If T € B(H) and C : H — H is a conjugation, then (0 CT* C>

a <2. g) -symmetric operator on H & H.

If T € B(H) and T = A+ iB where A and B are selfadjoint, then
each \ € o(|T|) satisfies

inf \a—i—)\cosﬂl |nf \a—)\cosﬁ\

aco(A)
< sup |b+ Asinf| sup |b— Asind|
beo(B) beo(B)

for all real 0 such that there exists a real sequence 0,, — 6 such
that £\ cos 0, belongs to the resolvent set p(A) of A.
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A Sharp Three-Point Inequality

Corollary

If A and B are selfadjoint, then

2
HA+/B||§‘?+2‘?‘+\/(3+J£3‘> B3

where a;. = supo(A) and a_ = inf o(A).
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A Sharp Three-Point Inequality

If A and B are selfadjoint, then

. ar —a— a+—|—a_2
|A+iBl < ==+ + 1812,

2

where a;. = supo(A) and a_ = inf o(A).

The inequality is sharp for the complex symmetric matrix

(a1 ib (a1 0 .{0 b
T(ib 32><0 32)+I(b 0)’
which satisfies o(A) = {a1, a,} and || B|| = b.
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A Sharp Inequality

If A is a selfadjoint contraction, ay = supo(A), and
a_ =supo(A), then T = A+ iB is a contraction for any
selfadjoint operator B satisfying

1Bl < V(1-a:)(1+a). (1)
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A Sharp Inequality

If A is a selfadjoint contraction, ay = supo(A), and
a_ =supo(A), then T = A+ iB is a contraction for any
selfadjoint operator B satisfying

1Bl < V(1-a:)(1+a). (1)

The inequality is sharp for the complex symmetric matrix

(a1 ib (a1 0 .(0 b
T_<ib 32>_(0 32>+I<b 0>7

which satisfies 0(A) = {a1, a2} and || B|| = b.
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