On the Local Behavior of Spaces of Natural Images

Gunnar Carlsson, Tigran Ishkhanov, Vin de Silva, Afra Zonaiao*

Abstract

In this study we concentrate on qualitative topologicallgsia of the local behavior of the space of
natural images. To this end, we use a space oy 3 high-contrast patches1 studied by Mumford et
al. We develop a theoretical model for the high-density i2etfisional submanifold of1 showing that
it has the topology of the Klein bottle. Using our topologisaftware packagPLEXwe experimentally
verify our theoretical conclusions. We use polynomial esgntation to give coordinatization to various
subspaces oM. We find the best-fitting embedding of the Klein bottle inte timbient space of1.
Our results are currently being used in developing a conspasalgorithm based on a Klein bottle
dictionary.
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Introduction

A natural image, such as a digital photograph, may be viewed as a vectoeiy high-dimensional space
P. The dimension of is the number of pixels in the format used by the camera and the image is agbociate
to the vector whose coordinates are grey scale values of the pixelse iasbeen a considerable amount
of interest in studying families of images viewed as an approximation to a ‘sufattirwithin 7 and

this point of view has provided some interesting parametrizations of ‘plp@s®s’ such as the space of all
positions of a certain object in space or the hand written copies of a partdtigia Alternatively, David
Mumford has asked what can be said about th& setP of all images taken outdoors. Intuitively, one feels
that althougt? is very high-dimensional, it should also in some sense be of very high cogiomewithin

the ambient spacP. The intuition behind this is that one believes that a vector chosen at raftdonP

will almost never be close to an actual image vector. However, this kind dbgktudy is difficult since
even if we believe thal in some sense approximates a submanifold, we are confronted with thedact th
both its dimension and codimension are very high, so we are unlikely to obtain imiacmation directly.

An approach suggested by Mumford and carried out in [3] is insteadalyzsthe local behavior, modeled
by spaces of small ‘patches’ of pixels within images. Specifically, Mumfoel.estudy a large space 8f

by 3 patches of pixels obtained from a database of images constructed by Hataren ([2]), and make a
number of extremely interesting observations about the resulting spaetobigs.

The goal of this paper is to analyze a similar space of patches, which wikkbeted M throughout
the paper, in a systematic way. Our results are qualitative in nature in the therisve describe the global
topological structure of various spaces withiri rather than their local geometric behavior. In particular,
we show that there is a lar@edimensional subsétf of M, whose homology is that of a Klein bottle. We
also provide theoretical explanations for why in fact it is the case khat topologically equivalent, i.e.
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homeomorphic, to the Klein bottle. To this end, we use a parametrizatidn by a space of polynomials
in two variables. The Klein bottle model can be regarded as a 2-dimenslaiatan of the space @&fby 3
patches thought of as a topologicalV’ -complex ([4]). Finally, we show how to flow the initial (theoretical)
embedding of the Klein bottle in the ambient space\finto the one which best approximates the high-
density2-dimensional subspace af1.

In order to obtain qualitative information about various subspace§tofve use a mathematical for-
malism called algebraic topology, and specifically the newly developed parfitimat formalism called
persistent homology ([1], [4]).

The work described in this paper has interesting connections with réseareuroscience. It is possible
to analyze the topology of the space of images presented to the visual aceteX/1 by measuring the
neuron responses recorded from some subset of neurons o1®]). (JVe also believe the research initiated
in this paper will prove useful in the area of image compression. One appnhich is currently being
explored is to create a Huffman type code for encoding patches fromhedeigsity manifold sitting inside
of the space of high-contrast patches. This code can be used to magonigast patches extracted from a
particular image to the points in the codebook which are the closest to them.

The main advantage of the topological approach taken in this paper is thewis ane to find nonlinear
structures within the data which would be very hard to find using statisticahigabs. More concretely, in
addition to allowing us to determine whether the data splits into clusters, our methogaus to discover
the topological structure of each of the clusters.

1 Topological approach

1.1 Homology

Bearing in mind our goal of analyzing the space of images qualitatively wedwatgebraic topology, which
provides a rich set of tools aimed at understanding the global propeftibg gpace. Ideally, we would
like to get the homeomorphism type of the space at hand, i.e. understanaiitetgg up to stretching
and bending but not tearing or gluing. For example, despite having eliffeyeometries, the circle and
the ellipse have the same homeomorphism type since one can be deformed iotfoetheithout tearing
or gluing. However, even in the classical setting when the space is givelosed form, for instance
cut out by a system of equations, it is usually hard to obtain its homeomorphsratyd so one has to
resort to finding some partial invariants, e.g. homotopy, homology etc. Hicaae there are also serious
computational limitations since the space is given as point cloud data. To deathvg situation and
calculate space invariants numerically we would like to represent our dataicatorially. One way to
do this is to approximate our space by a simplicial complex and compute its simplicialbgy groups.
Instead of developing the homology formalism from scratch, here we s&tmaim properties that we are
interested in. For a more in-depth treatment of homology please refer to [4].

e To every space and non-negative integeme associates a vector spdég(X) over a fieldF, which is
specified once and for all. We will deal with the field with two elemehtnd 1, but the real or rational
numbers could also be chosen. The dimensioH pfX ) is calledk-th Betti number ofX .

e The 0-th Betti number ofX is always the number of connected componentXofin other words, the
number of blocks in a decomposition &f into pieces which can be separated from each other.

e The construction off;(X) is functorial in X, meaning that any continuous map of spagesX — Y
induces a linear transformation of vector spaggs f) : Hi(X) — Hp(Y).

Roughly speaking thé-th homology group measures the numberkedimensional subspaces &f that



have no boundary iX and themselves are not a boundary of &ny 1-dimensional subspace.

Given this, the next question is, “how do we compute the Betti numbers?” Alsianswer is that
the Betti numbers can be computed by hand using Gaussian elimination of ceafioes over the field
F, provided one has complete information about one’s space. Howeben womplete information is
unavailable (as in our case), one has to develop methods which make thpsflacck of information. This
leads to the idea of persistent homology discussed in the next section.

1.2 Persistent homology

In most applications one deals with the data in the form of a point cloud, i.ega tart finite set of points
in Euclidean space sampled from some underlying geometric object. Persistealogy is in a sense a
multiscale approach. Its utility is best illustrated by considering the following sim@temetric situation.
Suppose we are given a set consisting of two blobs of points separateceich other by some “small”
distancee. Because our invariants highly depend on the connectivity of the sphatsve are trying to
describe, we need to specify how smashould be for the two blobs to qualify as one connected component.
To avoid making such choices one utilizes the idea of persistence, whidketet $elow. The first step is to
construct a simplicial complex which approximates the homeomorphism type ohtelying space. One
way to do this is via a “Rips complex”. Consider a point cloud datasewhich we will refer to asPC' D X))

in Euclidean space and a number 0. We let R(X, ¢) denote the simplicial complex whose vertex set is
X and where we declare that the $et, x1, . .., z; } spans &-simplex if and only ifd(x;, z;) < e.

Figure 1 shows two contrasting situations. The Rips complex on the left is hitlitevequal to the
longest side of the polygon (vertices of the complex are vertices of thgpo)yin the Rips complex on
the righte is equal to the longest diagonab which results in all possible simplices being present. The
homology groups are different in these two cases.

If we have no information beyond the raw point cloud data, such as ttuwevar some statistical data
about the space, it is hard to choose a value foat produces a simplicial complex whose homology agrees
with our intuitive understanding of the space. Here the idea of persistemses into play. We also use the
functoriality of homology described above. Whenewet ¢ there is an inclusio®(X, ¢) — R(X,¢') and
therefore by functoriality, there is a linear transformatidp(R(X, ¢)) — Hy(R(X,¢€')) for eachk > 0.

This means that instead of obtaining just one vector space, we obtain tedigstem of vector spaces
{Vi}eso, i.e. afamily of vector spacel for eache > 0 together with linear transformatiori¢ — V.,
whenevere < ¢’. This observation is extremely useful since there is a simple classificatiomectet
systems of vector spaces up to isomorphism.

By definition, abarcode is a finite set of intervals on the real line, where each interval is required to
be bounded below but not necessarily above. The intervals are dnagvabove the other like in figure 2,
which is a barcode for the Betti numbers of a space comprised of two cirgeting at a single point (this

Figure 1: left: Rips complex with a smallerright: largere, no 1-dimensional homology
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Figure 2: The barcode for the wedge of two circles

space is known as the wedge of two circles). It is a theorem that bar@vdén bijective correspondence
with isomorphism classes of directed systems of vector spaces ([1]).

We can think of homology as a measure of the number of holes of various siiomsnin our space.
Thus an interval starting at time = ¢, and ending at = ¢; can be interpreted as a hole that appears
in the Rips complex at = ty and gets filled in at = ¢;. Long intervals correspond to holes persisting
through a large range of values of the persistence parametile short intervals correspond to holes
that get filled in quickly. The natural interpretation is that long intervals giwve homological information
about the underlying object while short ones are “topological noisgficg from irregularities in the point
sampling rather than reflecting the topology of the space itself. In figure Qeeene long line iy (X)
and two inH; (X)) which reflects the fact that a wedge of two circles has one connecteco@mipand two
one-dimensional holes.

For the computations done in this paper we use a variation of the Rips comjpliest ttee witness
complex ([5]), which considerably speeds up the construction of a simipticraplex approximating the
spaceX. The main reason for this is that the witness complex uses only a small sdljzeints, so-
called landmarks, of the origind?C' D X as vertices of the simplicial complex. The rest of the points are
used as witnesses to inclusion of simplices into the simplicial complex. The cormditedarmining when
the simplex enters the simplicial complex are closely related to the ones usedstoucbithe Delaunay
complex for a collection of points in Euclidean space ([7]).

The directed system of complexes obtained in this way turns out to be afeexe@proximation to the
underlying spaces in the sense that its persistent homology often effgatomputes the actual homology,
and the amount of noise is much smaller than in the case of Rips complexesarthdds are computable
from point cloud data using tHeLEX software package developed by G. Carlsson, V. de Silva, A. Zomoro-
dian and P. Perry. TheLEX software is our main tool in getting the qualitative (homological) information
about various spaces in this paper.



1.3 The density filtration

The subject of density estimation is a highly developed one in statistics ([@]jhi$ paper we use the
‘nearest neighbor’ estimation of the local density of the space at a poilmt other words, fixc € X and

k > 0, let p(x) denote the distance fromto thek-th nearest neighbor aof. The functionpy, is inversely
proportional to the density at since small values of; indicate that there argé points of X already at
this distance fronx. Different values of give rise to different density estimationsagtwith larger values
giving more global estimations. Once we fix a valuetaind order the points ok by descending density
we need to choose a ‘cut’ paramejeri.e. a percentage of densest points we extract for our topological
computations. In most data sets the points are concentrated around soesubset. Finding this core set
may give a clue about some phenomenon occurring within the data whichwigbevould be very hard to
predict; this is exactly what happened in our case. To this end, the stubg eét of points falling into the
top p percent (denoted (k, p) due to its dependence on badthandp parameters) may provide important
topological information about the ‘core’ set, which could be lost whersittaring all the points ok .

1.4 Denoising

Another technique we employed in the study of the image space is denoigdnd (e idea is best illustrated
by a simple example. Suppose we have a space consisting of a unit ciRtetagether with some extra
points very near the circle. The homology of this space is the same as thataédut in the construction of
an approximating simplicial complex there may appear some extra simplices whigdhgernoise and may
considerably reduce the computational efficacy. To avoid this probleemygoy the denoising algorithm,
which is also based on the ‘nearest neighbor’ method. We start by negleach point in the original space
by an average of points in its neighborhood. This produces a new,spat&ve iterate this procedure. Two
iterations is usually enough to give much cleaner and faster results forlbgyncalculations. The method
requires one parameter - the neighborhood size in terms of number of paW@sset it experimentally
depending on the density variation within the space.

2 The space of patches

Our main spaceM is a collection oft - 10° *3 by 3’ patches of high contrast obtained from the collection of
still images gathered by H. van Hateren and A. van der Schihfs a subset of a larger sétt, provided

to us by K. Pedersen. The size.bt is about8 - 10°. Below is a series of steps performed to obtain a set of
high-contrast patches from a particular image. (See [3] for more details)

1. Select an image from the still image collection.

2. Extract at randori000 3 by 3 patches from the image. Regard each patch as a veétalimensional
space.

3. Next, for each patch do the following.

(a) Compute the logarithm of intensity at each pixel.
(b) Subtract an average of all coordinates from each coordinate pfdduces a neW-vector.

(c) For this vector of logarithms compute the contrast Brfiorm” of the vector. TheD-norm of a
vectorz is defined as/x7 Dz, whereD is a certain positive definite symmetgicx 9 matrix.



(d) Keep this patch if itd)-norm is among the top 20 percent of all patches taken from the image.

4. Normalize each of the selected vectors by dividing by their respebtimerms. This places them on
the surface of &-dimensional ellipsoid.

5. Perform a change of coordinates so that the resulting set lies onttie a2dimensional sphere in
RS,

The spaceM is obtained by applying the above procedure to a subset of images frotiilteagye collec-
tion.

In [3] an extremely convenient basis for the space of patches was@istracted. We give it here for
reader’s convenience and refer to it later as the DCT basis.

10 -1 1 1 1 1 -2 1
e1(1/\/6)<1 0 -1), e2(1N€)( 0 0 0), e3(1/\/571)(1 -2 1),

1 0 -1 -1 -1 -1 1 -2 1
1 1 1 1 0 -1 1 0 -1
e4<1/¢52><-2 2 -2), e5<1/¢§>(-2 0 2), e6<1/\/f8><-2 0 2),
1 1 1 1 0 -1 1 0 -1
1 -2 1 1 2 1
e7(1/\/@)( 0 0 o), e8(1/\/m)(-2 4 -2)
102 1 1 -2 1

The basis vectors are normalized so as to haveorm equal to one.

3 The space of polynomials in two variables

In what follows it will be important to identify various subspaces\dfin a more common closed form, i.e.
as a family of polynomials depending on one or more parameters. In ordetdmauch a representation
we note that each individual patch can be thought of as belongingitg-afane with each of the nine pixels
having coordinateérg, yo), o € {—1,0,1},30 € {—1,0,1}. We denote the grid made by these nine points
in a plane byH. Let us denote the space of all polynomials in two variable®bivaluating a polynomial
p(z,y) at each of the points off produces &-vector. Subtracting the mean from each coordinate and
dividing the result by the Euclidean norm produces a point on the sudathe7-sphereS” in R8. By
makingp(z,y) depend on parameters we obtain a certain topological spaceP, where each point is a
polynomial corresponding to a particular choice of these parametersusL@éfine a mag : P — S7

as a composite of evaluating the polynomial @n subtracting the mean and normalizing. In the instance
where we know the topology &f and the behavior of the mag; we can deduce the topology of the space
im(q|r) in S7. We will make use of this idea later.

4 Klein bottle

In this section we describe the space which plays a key role in our stutly, dtie Klein bottle. To visualize
this surface withirR?® one can picture it as a tube which is allowed to move through itself to connedttup
the opposite end. Figure 3 shows an immersion of the Klein bottin



Figure 3: Klein bottle immersion i3

In order to make a precise definition of the Klein bottle, we will need to estableskcahcept of iden-
tifying points in a topological space. Given a topological space, we aeayalconstruct a new topological
space by specifying sets of points to be identified. For example, starting wittldeed interval0, 1] and
identifying its endpoints produces a space homeomorphic to a circle. In $keotdlein bottle one starts
with a unit squaré—1, 1] x [—1, 1] in the plane and makes the following identifications on the boundary:
(—1,t) with (1, —t) and(s, —1) with (s, 1) as in figure 4.

Figure 4: Klein bottle representation as a rectangle with opposite edges ielgntifi

Note that even though this space is two-dimensional it cannot be embedédithout self-intersections.
It can, however, be embedded as a subspad imMAnother interesting feature of the Klein bottle is that it
is non-orientable, i.e. it essentially has only one side unlike surfacesasuitie sphere or the torus.

5 Results for X (k, p) spaces

We would like to analyze the structure of the dense subspaces within thesspigzatches.

In [8] it was observed that if we take a space of patches ofsiz&)? (note that this is much smaller
thanM) and extract 30 percent of the densest points using the density estimatdb, we obtain a space
whose first Betti number is equal to 5. One can construct many diffepates that satisfy this condition
on the Betti numbers. However, if we take into account the nature of thee spae reasonable candidate is
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Figure 5: The ‘three circle’ space
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Figure 6: 3 by 3 patches parametrized by the Klein bottle
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the three circle model (figure 5), denot€d. In the three circle space, two of the circles (labetedand S},
in the picture) intersect the third on#&;(,) in exactly two points, while they themselves do not intersect(the
two ellipsoidal circles in the figure do not intersect insigfg. Note that the spad@s lives inR® where this
geometric situation is possible, but when drawn in the plane the extra intersectionot be avoided without
distorting the actual pattern. Figure 6 shows the same three circles sitting itetimebidttle parametrization
space (cf. figure 4). The red line in the figure which appears to be twoemied components is actually
a single circle (corresponding t8;,,) on the surface of the Klein bottle due to identifications made on the
vertical edges of the square. The green and black lines correspéhdatad S}, respectively.

In section 6 below we provide justification to why each of the three compowélis is topologically
a circle. This model was verified by inspection and suggested in [8]. tmstef polynomial representation
of patches (sections 3 and 6) the cir6lg, (primary circle) corresponds to linear gradients while the other
two (secondary circles) to quadratic polynomials in a single variak{ler y). To verify that the first Betti
number of this space is equal fowe note that the spaag; can be thought of as a graph wigharcs,4
vertices and one connected component. Therefore, using the stdoaudia we arrive ab; = #(arcs) —
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Figure 7:PLEXresults forX (15, 30)

#(vertices) + #(connected components) = 5. The PLEX result from [8] for X (15, 30) is shown in
figure 7.

The above result foX (15, 30) suggests that there are two competing preferences in the natural images.
One is a preference for linear intensity functions on small patches andhbeis a preference for vertical
and horizontal directions as opposed to intermediate directions. Anotp&anation for the presence of
secondary circles lies in our choice of patches as squares with edgedigalvand horizontal directions.
When we analyzed the set of patches coming from the images taken while hthdircamera at d5°
angle we found that the set of densest points projected onto the firstderdicates (corresponding to
linear gradients) of the DCT basis is also rotated by the same angle as cdmpidre similar projection
of the set of patches coming froM{. However, a strong bias in favor of vertical and horizontal directions
(for purely quadratic gradients) remained, thereby indicating that thieelud patch shape also affects the
density distribution.

In [8] it was also shown that for higher values of the paraméktére. less localized density estimation)
with the fixed cut parameterthe spaceX (k, p) loses both secondary circles. Figure 8 shows the results for
X (300, 30). The only interval in the Betti one barcode corresponds to a primary cdfdi@ear intensity
gradients.

These results raise the question of what happens when we deérémtew 15. Can we detect the
intermediate directions as well? More precisely, can we detect whether slce 8[j%, p) spans a two-
manifold for some cut parametgmwith £ < 15?

Since reducing the value éfbelow 15 seems unreasonable due to noise issues we decided to examine
the situation for a much bigger space of patches (recall that the siké isf4 - 10°). In this new situation
the value oft = 15 for a space of siz&- 10* would correspond to a value= 15 x (4-10°/5-10%*) = 1200
for our spaceM. Figure 9 shows the result for the spa¥¢100, 10) U Q C M, hereQ is the set of size
|Q| = 30, which is less tha0.01% of the size ofX (100, 10). Note thatt = 100 corresponds t& = 1.25
for the space of sizg - 10*.

The size of() can be thought of as a measure of the failure of the density function toutuhe2-
dimensional manifold. To obtain the st we first compute distances from points .6 to 30 points
sampled fromQ, whereQ is the set of patches with purely quadratic gradients, which in polynomial rep
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Figure 8:PLEXresults forX (300, 30)

resentation (cf. section 6) correspond to either + by)? or —(az + by)? with neithera nor b equal to0.
GeometricallyQ is a pair of circles with neighborhoods of two points removed from eachs@&wo points
correspond to vertical and horizontal gradient directions. Secanadch of the sampled points, we select
the closest point of\1.

The reason that the points of Q have a much lower density than the rest 2ftlamifold is twofold.
On the one hand, vertical and horizontal directions of intensity gradiesiranore frequently than other
directions in natural images; on the other hand the patch shape was thdsea square with vertical and
horizontal sides.

For homological computations, we randomly select a suBs#tsize S| = 10,000 from X (100, 10)
and add points of) to it. We repeat this many times (each time selecting diffefgnto make sure the
results are stable and capture the actual topology of the spéau@, 10) U Q.

The barcode (figure 9) reflects the situation where there are two edsmrgi@imensional cycles and
one two-dimensional cycle. The presence of an interval in Betti two implieghbainderlying space is no
longer one-dimensional. Moreover, there is a general result fronbedgetopology that any two-manifold
hasb, = 1 when homology is taken with coefficients#. The next section provides explanations for the
result shown in figure 9.

Combined together, the results of this section suggest strong evidencasttiz density estimation
parameter decreases, the space of densest points with an appropli@t@fthe cut parameter fills out a
two-manifold: initially, for largek it consists only of a primary circle of linear gradients; then it acquires two
additional circles corresponding to quadratic gradients in the ‘prefewextical and horizontal directions;
finally it admits all the intermediate directions with the exception of non-verticalhwizontal purely
guadratic gradients.

6 Klein bottle and a family of degree 2 polynomials

There is a pair of two-manifolds whose homology groups Withcoefficients agree with the result at the
end of the previous section (figure 9). These are the torus and the Kitla.bThere is experimental and
theoretical evidence in favor of the latter space.
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Figure 9:PLEXresults forX (100, 10) U @

The experimental argument goes as follows. First, generate an idealbdgia X (we did this using
the method presented later in this section, see also section 7). Next, can§itened simplicial complex
for the unionC U (X (100, 10) U @) with the following special filtration: all simplices, witnesses for which
are points of the ideal Klein bottle, have filtration valyeall other simplices have filtration values starting
at some valueé = t; > 0. Since we know the barcode fét, we know if the barcode between filtration
values0 andt, represents the homology of the Klein bottle. In the case that it does, we eatito observe
what happens at and¢ > ty. Figure 10 shows the results (with = 0.1). Long lines in the barcode
corresponding to generators ffy and H» start at0, continue througlty, and no other lines appear. This
indicates thaf{ (100, 10) U ( does not contribute any new generators and none of the existing gesera
homology get killed. Therefore, all the non-trivial homology comes fromitieal Klein bottlefC.

Bettiy
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Figure 10:PLEXresults forlC U (X (100, 10) U @), to = 0.1
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Figure 11: Klein bottle, the image of the map

The following argument gives a theoretical reason to why it is plausiblertbare seeing a Klein bottle.
It also allows us to generate an ideal Klein bottle inssde

Consider the spacé of all degree two polynomials of the fore{ax + by)? + d(az + by), where
a,b,c,d are real parameters such thatb) € S' and(c,d) € S, whereS! denotes the unit circle in
the plane. Varying the-tuple (a, b, ¢, d) on the surface of the torus! x S! and evaluating the resulting
polynomials a9 points of H, followed by the subtraction of the mean and division by the norm, we get
patches with either linear or quadratic gradients. Since we are dealing witlighecontrast parts of the
image we expect that the patches with the above properties occur with aagleficy in our spac#.

Define the mapy : S! x S — K by (a,b,¢,d) — c(azx + by)? + d(azx + by). Map g is onto, but
not 1-1, since the pointsa, b, ¢, d) and(—a, —b, ¢, —d) are mapped to the same polynomial. Let us denote
the pairs(a, b) and(c, d) by # and¢ respectively. Botl# and¢ vary in the interval0, 27]. In these terms
the relation(a, b, c,d) «~ (—a,—b,c, —d) becomeg#, ¢) «~ (0 + 7,2w — ¢). Since there are no other
identifications produced by, the spacés’ = im(g) is homeomorphic t&* x S /(0, ¢) « (0 + 7,27 — ).

The torus has a representation similar to the representation of the Klein botlesgsare with the
opposite edges identified, but without the orientation reversal. Figurddssthe effect of the mag on
the torus. The right half, denote in the picture, gets identified by with the left half, denoted., with
the identifications on the boundary as shown. Each half is the standaeseapation of the Klein bottle
(figure 4, section 4) thus the image ois homeomorphic to the Klein bottle and hence s&’is

The spacel also incorporates the ‘three circle’ spa€eg, described in section 5 above. The primary
circle of C3 is the subspace obtained by settifagd) = (0,1) and letting(a, b) vary on S!, while the
secondary circles are obtained by sett{ag= 1,b = 0} on the one hand ofa = 0,b = 1} on the other.
Denoting the primary circle by’;,, and the secondary ones by , andCy ; respectively, we note that their
intersection pattern is the one described in section 5, na@gly ) C10 = {z, —z}, Clin, (1 Co1 = {y, —y}
andCLo ﬂ CO,l = .

Recall the mag : P — S7 from section 3. We will need the following resuilt.

Proposition. The restriction ofy to the subspac&” of P is one-to-one.

The proposition together with a result from general topology that a comtisiwne-to-one map on a
compact space is a homeomorphism onto its image impliesith@f| ) in S7 is homeomorphic to the
Klein bottle.

Proof.
Letp = c(az + by)? + d(ax + by) andp’ = (a’z + b'y)? + d'(a’z + b'y) be two polynomials such

12



that their images underagree, i.eq(p) = ¢(p'). We show thap = p'.

Let us introduce some notation. Denoterhyandm’ the mean values of tievectorsv andv’, obtained
by evaluating the polynomials andp’ on the gridH and byk andk’ the Euclidean norms of the vectors
v —m-eandv’ —m'- e, wheree is a9-vector with all components equal to one.

Sinceq(p) = ¢(p') we have the following two equations in coordinates correspondifiy, t € H and
(—1,0) € H:

(ca® + da —m)/k = (dd* +d'd —m/) K (1)
(ca®> —da —m)/k = (da* —d'd —m/) K 2)

Subtracting the second equation from the first wekgkt = £’d’a’. Doing the same for the coordinates
corresponding td0, 1) and (0, —1) we similarly obtainkdb = k’'d’'t’. From these last two equations it
follows that either (1)1/b = o’ /¥ or (2)d = d’ = 0. Note thatm = 2(a? + b%)/3, m’ = 2(a’? 4+ b'?)/3
andk, k' > 0.

Consider case (1). Sinde,b) € S and(a’,t’) € S! there are only two possibilities. Either (a)
(a,b) = (a’,b") and hencel = d’, in which case eithet = ¢ givingp = p’ orc = —¢. In this last case
m = —m’ and looking at the coordinate correspondindo0) we get thatn = m’ = 0 (—mk = —m/K’
with &, ¥’ > 0) and hence = —¢ = 0 implying p = p’. Or (b) (a,b) = —(a, '), in which casel = —d’
and hence eithes = p’ or ¢ = ¢/, and the last situation is treated the same way as in the case (a), i.e.
appealing to th€0, 0)-coordinate.

In case (2) we have two essentially distinct subcases: fa),¢ = —1 and (b)c = ¢ = 1.

In case (a) we get, > 0,m’ < 0, and equality of vectors at th@, 0)-coordinate implies thatn =
m’ = 0 hencec = ¢ = 0, a contradiction. It remains to consider case (b). We have”’ = 1,d = d' = 0.
Looking at the(1, 1) and(—1, —1)-coordinates gives the following pair of equations:

(a® 4+ b* 4+ 2ab — m)/k = (’*> + 1 + 24’V —m/) /K (3)
(a® + b* — 2ab —m) /k = (a”* + b'* — 24’V — /) /K (4)

Subtracting the second equation from the first yieldgk = o't/ /K’ or ab = (k/k')a’b’. At the same
time the(1,0) and(0, 1)-coordinates give the following two equations:

(a* =m)/k = (a" —m') /K ©)
(b —m)/k = (b —m') /K (6)
Subtracting (6) from (5) yieldgéa? — v?)/k = (a’?> — b'?) /K" or (a? — b%) = (k/K')(a® — b'?). Rewrit-

ing (a,b) = (cos(a),sin(a)) and (a’, ") = (cos(B),sin(B)) and recalling the trigonometric identities
sin(2x) = 2sin(x) cos(z) andcos(2x) = cos(x)? — sin(z)? the previous two equations

ab = (k/K)a't/ (7)
a? = b = (k/K)(a? = b?) (®)
become
sin(2a) = (k/k') sin(203) 9)
cos(2a) = (k/k") cos(283) (10)
There are two solutions = 3, i.e. (a,b) = (d/,V) anda = —4, i.e. (a,b) = —(d’, ). In both cases
p=p.
Hence the map is one-to-one as claimed. O
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We use the proposition to show that we obtain a ‘three circle’ space asatsaftin (q| i) insideS”.

Sinceq| is one-to-one, the image ¢f; C K in S7 is homeomorphic ta’s, sinceCs is compact.
It remains to show that any patch with linear gradient or quadratic gradiethie vertical or horizontal
direction is in the setm/(q|c, ), the image of; restricted toCs. This is obvious in the linear gradient case.
Since the vertical and horizontal cases are identical we concentrate &atttr.

Any patch with quadratic gradient in the horizontal direction can be obtaiyeevaluating onH a
polynomialp = cz? + bz + a, whose mean value:(p) on H is equal to zero and whose norip) =
> p(z)? is one. The coefficients of polynomials with these two properties satisfy thenfog pair of
equations:

3a+2c=0 (11)
6(a+c)® +3a>+6b° =1 (12)

The first equation restricts the possible valuega, c) to a plane in(a, b, ¢)-space, and the second
defines an ellipsoid. The intersection of the two will be an ellipse, which is tgpeady equivalent (home-
omorphic) to a circle. Therefore, the space of all patches with quadnatitient in the horizontal direction
(denoteds),) is also topologically a circle i87 (quadratic function in one variable is uniquely determined by
its values at three distinct points, here thesexare {—1,0, 1}). On the other hand the image @f ( under
q lies insideS), and is also homeomorphic to a circle. Herfe= im(q|c, ,), since ifim(q|c, ,) missed
at least one point of}, it would be contractible. The same argument applies to the case of patches with
quadratic gradient in the vertical direction, yielding the ‘three circle’ gpsitting inside the séin(q|x).

Taking the point of view that the spagel should be homeomorphic to sor68V -spaceM ., (cf. [4]),
we can think of the spaces:(q|c,) andim(q|x) as being the first and the second skeleton respectively of
the cell structure ofM.,,,.

7 Embedding of the Klein bottle into S”

The homology of space& (100, p) with p > 10 no longer agrees with the homology of the Klein bottle
(cf. figure 9). Probably the sporadic high-density regions due to sagwifithin the spaceV start to take
effect as the cut parameter increases beyidhd

We try a different approach. The idea is to first embed the idealized Klgileato the7-sphere where
the setM lives and then move it towards higher density regions making sure that itetppstays intact
along the way, i.e. there is no tearing or gluing of the surface as it moves Within

As an initial step for the embedding of the Klein bottle irft6 we selectl600 points from the torus
St x S1 by taking the set of uniformly spacei® points on each of the circles (denotgd, . . ., as0} and
{b1,...,bs} respectively) and forming all possible tuplés;, b;). Next, to each of tha600 points we
apply the maph o g, whereg is defined in section 6 anfdis the composite of subtraction of the mean from
each coordinate, normalization by tih&enorm, and transformation into the DCT basis. This gives a point
cloud data inS”.

Due to the identificatiortf, ¢) «~ (6 + 7,27 — ¢) produced byy, not all 1600 points are going to be
distinct after applying the above procedure. In fact, we obtain a tot#l®éistinct points as our point cloud
data for the embedded Klein bottle. Let us denote this sé€ b¥figure 12 shows thBLEX result for the
homology of the spack. The barcode supports the theoretical conclusion of the previous sediout the
topology of the embedded space giviig-homology of the Klein bottle. By construction the pointstof
are patches with linear or quadratic gradients.
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Figure 12:PLEXresults forC

8 Moving the initial embedding

We would like to understand just how much .0 is captured by the Klein bottle model, i.e. what is the
largest subspace i that still has the homology of the Klein bottle. Recall in this context the resutt fro
figure 9 which suggests that the space consistingogbercent of the densest points & (with density
estimation parameter equal 160) does have the Klein bottle’s homology. Going beyafgercent for the
value of the cut parameter, however, changes the topological type sfftioeX (100, p). As was mentioned
in the beginning of the previous section, what we try to do instead is to makedhalkedensity ofM guide
our initial Klein bottle point cloud data toward the region where it best fits theshdata.

Let us rename the initial embeddikgby Ko and denote by, , the subspace 0f1 obtained by taking
p percent of the closest points k&). More specifically, for each point 081 we find the Euclidean distance
from this point to the closest point &, then take the top percent of the points for which this distance is
smallest. Ap gets larger we expect the spadg, to look less and less like a Klein bottle. Indeed, at some
value ofp slightly above50 the space undergoes a topological change. Figure 13 shows thefoesh#é
spaceAy 50, which is the largest subspadd we found giving a true topological approximationk@.

To move the initial embeddingy, towards higher density region we use a variant of a self-organizing
map. For each point, of Ky we find the densest point in its Voronoi céll,,, whereV,,, consists of all
pointsy of M such thati(xg, y) < d(z,y) forall z € Ky. We move each point of K, towards the densest
point in its Voronoi cell by an amount, which we set experimentally (the value foused in obtaining the
results of this section is 0.3). This produces a new spacend we iterate this procedure. At each step of
the iteration we compute the homology of the spkigeo make sure that it still has the original topology of
Ko. We also compute the homology of spacks,, starting withp = 5% and using increments 6f%.

Figures 14 and 15 show homological resultsarand.A; ¢ respectively. The latter space is the largest
for which we still recover the homology of the Klein bottle though only for a limitedge. In other words,
the topology of the space consistingédf percent of the points oM can be sufficiently well approximated
by the Klein bottle model.

In obtaining the experimental homological results of this section we usedltbwiftg procedure. First,
select at random a subs®f with |.Sy| = 10, 000 from A; ,,. Apply the denoising algorithm (two iterations)

15



L L L L L L L
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

L L L L L L L
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 13:PLEXresults forA 5o

to Sy with the neighborhood size parameter se2@pobtaining a new space, (see section 1.4). Compute
the homology of the spac®. Repeat many times, each time selecting a nevsét make sure the results
are stable and convey the actual homology4of,.

To get a better understanding of the sp&zewne obtain a histogram of distances between this perturbed
ideal Klein bottle and points of the spage ¢ (figure 16). Using Monte Carlo method((* iterations) we
found that while the volume of the entire datagdtis 84% of the volume ofS”, the volume of4; g0 is only
21%, indicating that the neighborhood of the perturbed Klein bottle has a vehyduigcentration of points
of M.

Summary and concluding remarks

In this paper we continued the qualitative (topological) approach to the sfittig space of 3 by 3 patches
coming from natural images initiated in [8]. The key advantage of this apfpr@athat it allows one to
find highly non-linear yet extremely important subsets within the data whichdimivery hard to discover
using statistical techniques.

We established a correspondence between the space of patches apddéef polynomials in two
variables and used it as an initial step in finding that there is a large portigr @fhich is topologically
equivalent to a well-known two-manifold, the Klein bottle. We were ugthde X topological software to
experimentally verify our theoretical conjectures about the qualitativetsirel of various subspaces within
M.

If we think of the 2-manifold that we found as representing the two-skeletovl further development
in this direction may concentrate on trying to find the three- and higher-dimesiss&eletons of the space
M, thereby giving it the structure of @ -complex. Another interesting way to proceed which is currently
being explored is to use the Klein bottle embedded ifitafor the purposes of image compression, i.e.
create an efficient and reliable algorithm which replaces the high-copeishes of the given image by the
points on the surface of the embedded Klein bottle that best approximatehigbseontrast patches. This
paves the way for very useful practical applications.
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