A WEAK CHARACTERISATION OF THE DELAUNAY
TRIANGULATION

VIN DE SILVA

ABSTRACT. We consider a new construction, the weak Delaunay triangu-
lation of a finite point set in a metric space, which contains as a subcomplex
the traditional (strong) Delaunay triangulation. The two simplicial com-
plexes turn out to be equal for point sets in Euclidean space, as well as in
the (hemi)sphere, hyperbolic space, and certain other geometries. There are
weighted and approximate versions of the weak and strong complexes in all
these geometries, and we prove equality theorems in those cases also. On the
other hand, for discrete metric spaces the weak and strong complexes are de-
cidedly different. We give a short empirical demonstration that weak Delaunay
complexes can lead to dramatically clean results in the problem of estimating
the homology groups of a manifold represented by a finite point sample.

1. INTRODUCTION

The Delaunay triangulation and its dual, the Voronoi diagram, are of central
importance in the geometry of finite point sets, particularly in the realm of com-
putational geometry [23]. The definitions are natural and clear, and the twin con-
structions have useful optimality properties.

The purpose of this paper is to distinguish two separate versions of the Delaunay
triangulation: the strong form Del (which is the traditional version) and the weak
form Del™ (which is new). The terms ‘strong’ and ‘weak’ reflect the fact that
Del C Del%, a priori. It is easier for a simplex to belong to Del” than to Del. In
the case of finite point sets in Euclidean space, the two forms happen to agree:
Del = Del™. In general, the two complexes can be quite different.

For reasons that will become clear, the equation Del = Del" is called a ‘weak
witnesses theorem’ in any context where it is true. The scope of this paper is
limited to the following goals: (i) to define Del and Del” in a somewhat general
setting; (ii) to prove the weak witnesses theorem for a range of geometrical spaces;
(iil) to prove an e-tolerant version of the weak witnesses theorem; (iv) conversely,
to demonstrate by example that the difference between Del and Del™ can matter.

In Chapter [I0} we discuss the application which motivated these ideas: how to
recover the topology of a manifold (or simplicial complex) from a finite sample of
points. We present a strategy for topology recovery based on the weak Delaunay
complex, and give a brief summary of results in this direction due to other authors.

Date: March 19, 2008.
The author has been supported in part by NSF grant DMS-0101364 and DARPA grant HR
0011-04-1-0025.



2 VIN DE SILVA

FicURE 1. The Voronoi diagram and Delaunay triangulation for
a set of six points.

2. STATEMENT OF THE MAIN RESULT

We begin by recalling the traditional definitions. Consider a configuration of
points in R™ labelled by the elements of a set A. We will use the subset notation
A C R™, although the points in R™ need not be distinct. The set A determines a
decomposition of R™ into Voronoi cells:

Vo={zeR" ||z —a|<|x—0blforallbe A}
The Voronoi diagram of A is the covering of R™ defined by these cells:
Vor(A,R") ={V, | a € A}

Finite intersections of Voronoi cells are labelled as follows. For each nonempty finite

subset o C A,
Vo=[)Va
aco
The (strong) Delaunay complex, Del(A,R"™), is the nerve of the Voronoi cover-
ing. This is the abstract simplicial complex on A defined by the condition

o€ Del(A,R") & V, £ 0

for each nonempty finite subset 0 C A. We will give a different, but equivalent,
definition later on.

Notation. A nonempty finite subset o C A is called a simplex with vertices in A.
A p-simplez is a simplex o = {ag,a1,...,a,} of cardinality p + 1. We will tend
to write o = [apa1 ... ap] instead of o = {ag, a1,...,a,} to emphasise that we are
thinking of ¢ as a simplex. Similarly, when 7 C o, we write 7 < ¢ and say that 7
is a subsimplex of o.

If A is in general position, Del(A,R™) can be viewed as an n-dimensional geo-
metric simplicial complex which triangulates the convex hull of A. This warrants
the familiar name ‘Delaunay triangulation’.

Ezample. In Figure 1] A = {a,b,c,d, e, f} is a six-point set in R?. The edges of its
(geometrically realised) Delaunay triangulation of A = {a,b,c,d, e, f} are shown in
black, and the edges of its Voronoi diagram are in grey.

Remark. For non-generic choices of A C R™, the complex Del(A,R™) may contain
simplices of dimension greater than n. Its geometric realisation has a natural map
to R™, but this map cannot be an embedding in such cases. This need not disturb
us, provided that we regard Del(A4,R™) purely as an abstract simplicial complex.



A WEAK CHARACTERISATION OF THE DELAUNAY TRIANGULATION

&y

FI1GURE 2. Strong and weak witnesses.

All of our theorems and proofs are insensitive to the question of genericity: we
never need to presume that A is in general position.

Our theorems about Delaunay complexes are stated in terms of ‘witnesses’, which
we now define.

Definition 2.1. Let o be a simplex with vertices in A. We say that x € R™ is a
strong witness for ¢ with respect to A, if |z — a| < |x — b| whenever a € ¢ and
b € A. (Note that this implies |z — a| = |z — a’| whenever a,a’ € ¢.)

Definition 2.2. Let o be a simplex with vertices in A. We say that x € R™ is a
weak witness for o with respect to A, if |z — a| < |z — b| whenever a € o and
be A\o.

Remark. Let 0 = [agas ...ap] be a p-simplex with vertices in A. Then z is a
strong witness for o with respect to A iff it is a weak witness and additionally
|z —ao| =z —a1] == |z — apl

When the context is clear, we may omit the phrase ‘with respect to A’.

Ezxample. The witness conditions can be interpreted in an obvious way in terms
of spheres centered on z. In the left panel of Figure [2| = is a strong witness for
triangle [adf]. In the center panel, y is a weak witness for edge [ac] and indeed for
triangle [abc]. In the right panel, z is a weak witness for [bed]. The circumcenter
of [bed] lies close to a, so [bed] does not have a strong witness.

It follows from the definition of Voronoi cells that o € Del(A,R™) if and only if
o has a strong witness. Thus we can make the following alternative definition.

Definition 2.3. The strong Delaunay complex, Del(A4,R"), is the abstract
simplicial complex on A defined by the following condition:

o € Del(A,R") & o has a strong witness in R™

If 0 has a strong witness z, then x is automatically a weak witness for every
subsimplex 7 < ¢. This suggests the following construction.

Definition 2.4. The weak Delaunay complex, Del™(A4,R"™), is the abstract
simplicial complex on A defined by the following condition:

o € Del™(A,R") < every subsimplex 7 < ¢ has a weak witness in R"

Thus we have Del(A4,R™) C Del"(A,R™), a priori. The main result of this paper
is that the converse inclusion holds, so that Del(A,R™) = Del"(A, R"™):
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Theorem 2.5 (weak witnesses theorem). Let A C R™ and let 0 C A be a simplex.
Then o has a strong witness in R™ if and only if every subsimplex T < o has a weak
witness i R™.

Theorem [2.5] is proved in Section [3] using standard machinery from convex opti-
misation; and reproved in Section 4 more directly, by induction on o.

Ezample. If abed is a convex quadrilateral in the plane, then each of the vertices [a],
0], [c], [d], each of the boundary edges [ab], [bc], [cd], [da] and each of the triangles
[abc], [bed], [cda), [dab] has a weak witness with respect to {a,b,c,d}. If abed is
not cyclic, then exactly one of the diagonal edges [ac|, [bd] has a weak witness. For
instance, in Figure [2| edge [ac] has a weak witness but edge [bd] does not. The
theorem predicts that the two triangles containing that edge have strong witnesses;
and indeed the Delaunay triangulation consists of those two triangles joined along
a common edge.

Theorem was inspired by work of Martinetz and Schulten [18], who treated
the special case where o is an edge. In our language, they showed that Del(A, R"™)
and Del™(A, R™) have the same 1-skeleton. In their paper, they propose a dynamic
algorithm for approximating the topology of a region of space, by a graph rep-
resented as a neural network. They define a ‘competitive Hebbian’ update rule:
whenever a weak witness is found for an edge of the network, that edge is strength-
ened. The resulting graph is equivalent (in the ideal limit) to the Delaunay graph
of the region, thanks to their lemma.

The present work was motivated by the need to build higher-dimensional sim-
plicial complex approximations to point-cloud data sets. ‘Witness complexes’ of
various types were introduced by Carlsson and the present author [I1I]. Theo-
rem provides a (heuristic) justification for using the weak witness complex to
recover topological information. Such applications will be discussed briefly in Sec-
tion [I0] However, this is not a paper on manifold reconstruction; we focus on the
weak witnesses theorem in its various forms.

We finish this section by expanding the context of definition of Del, Del".

Definition 2.6. Let X be a metric space and A C X. Let 0 C A be a simplex.
We can define weak and strong witnesses for o exactly as before, using the metric
in X in place of the Euclidean distance in R™:

x is a strong witness for 0 < d(z,a) < d(x,b) whenever a € 0 and b € A

<d
x is a weak witness for 0 < d(z,a) < d(x,b) whenever a € 0 and b€ A\ o
For any subset B C X, we can define strong and weak Delaunay complexes:

o € Del(A,B) < o has a strong witness in B

o € Del¥(4,B) <& every subsimplex 7 < ¢ has a weak witness in B

Remark. The metric on X serves merely to provide real-valued functions f, on A,
namely f.(a) = d(z,a). More generally, if A is a set and X indexes a set of
arbitrary real-valued functions {f,} on A, then strong and weak witnesses and
Delaunay complexes can be defined in terms of the f,. For instance, z is a strong
witness for o if f;(a) < f,(b) for all a € o and b € A. This point of view is adopted
increasingly frequently from Section [5] onwards.
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The rest of the paper is organised as follows. We will give two proofs of Theo-
rem The proof in section |3| reduces the problem to one of the standard convex
duality theorems, using the well-known device of lifting the data to R™*!. The
proof in section [4] constructs the strong witness to a simplex directly from the clus-
ter of weak witnesses associated to the simplex, using an inductive argument. This
second proof depends only on the convexity properties of Voronoi diagrams, and is
extended to several non-Euclidean geometric settings in Section [5} Some necessary
background in spherical and hyperbolic geometry is given in Section [6] Weights
and approximations are introduced in Sections [7] and [§] respectively. Manifolds of
constant curvature are discussed in Section 0] Finally, in Section we briefly
discuss how these ideas connect with the manifold reconstruction problem.

3. PROOF OF THEOREM BY CONVEX DUALITY

There is a well-known ‘lifting’ procedure which expresses Delaunay geometry
in R™ in terms of convex geometry in R"*!. Under this transformation, the weak
witnesses theorem becomes a statement about the faces of a certain convex poly-
tope. For our first proof, we will derive that result from Farkas’ lemma in convex
optimisation; specifically, from a general form of that lemma known as Motzkin’s
transposition theorem [19, [20].

We start with the convex polytope result. The following two definitions modify
two familiar notions — faces of a polytope, separability by a hyperplane — with
an extra condition of compatibility with a direction vector v.

Definition 3.1. Let A C R" and let v € R™ be any non-zero vector. A subset
o C A is said to be a v-face of A if there exists £ € R™, n € R such that

v-& > 0
a-& = n, foralla € o
b-& < m forallbe A\ o

or, equivalently, if there exists £ € R"™ with v-£ > 0, and a-£ > b-£ whenever a € o
and b € A.

Definition 3.2. A subset o C A is said to be v-separable in A if there exists
& € R™, n € R such that

v-& > 0
a-& > n, forall a € o
b-& < forallbe A\ o

or, equivalently, if there exists £ € R” with v-& > 0, and a-£§ > b-& whenever a € o
and be A\ o.

If o is a v-face then, in particular, its vertices are contained in a hyperplane
(with the remaining points on one side of the hyperplane); whereas if it is merely
v-separable then its vertices are separated by a hyperplane from the remaining
points. The vector v indicates which side of the hyperplane contains the vertices
of o (the other side containing all the rest of the points). See Figure

Clearly, if o is a v-face then it is v-separable. More strongly, if ¢ is a v-face
(evidenced by some choice of £,7) then any 7 C o is v-separable (by the same £, 7).
In fact, the converse is also true:
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FIGURE 3. For this configuration of five points and vector v, we
see that [ae] is a v-face (left) and [ade] is v-separable (right). The
edge [bc] is not a v-face, nor even v-separable, for this v.

Theorem 3.3. Let A C R"” be finite, let v € R™ be non-zero, and let 0 C A. Then
o is a v-face of A if and only if every subset T C o is v-separable in A.

Note that this theorem fails if we drop the condition involving the direction
vector v. Consider, for example, the vertices of a non-degenerate triangle [abc]
in R2. Every subset of {a,b,c} is separable (from its complement) by a line, but
there is no line which contains all three points. This does not violate the theorem:;
for any particular choice of v, there is either a ‘hidden’ vertex [a], [b] or [¢], or else
a single ‘hidden’ edge [ab], [bc] or [ac|, which is not v-separable in {a,b, c}.

Proof that (Theorem|[3.4 = Theorem[2.5). (This assumes that A is finite.) Define
the quadratic lift operation:
at = (a,3lal?) for a € R™
At = {at|a€ A} for ACR"
For x € R™, it is easily verified that
|t —a|<|z—b & at-&£>b" ¢

where ¢ = (x,—1) € R"*1. Note that in Definitions and we can replace the
condition v-§ > 0 with v-& = 1 by rescaling. It follows that Theorem [2.5]for A € R"
is equivalent to Theorem for A* C R"*! with v = —e, 11 = (0,...,0,—1). O

Here is the duality result which we use to prove Theorem |3.3

Theorem 3.4 (Motzkin’s transposition theorem [19] 20]). Let P,Q, R be matrices
with the same number of columns. Then precisely one of the following alternatives

holds:
(1) There is a solution w to the system Pw >0, Qw >0, Rw = 0.
(2) There exist p,q,r such that
Plp+Q'q+R'r=0
where p > 0, ¢ > 0 and p is not the zero vector.
Here w,p, q,r are column vectors of the appropriate lengths, and the equalities and

inequalities are taken componentwise. ([l

Proof of Theorem[3.3 We define matrices P,Q, R with n + 1 columns as follows:
P is the row-vector [vf,0]. The matrix @ has a row [—b',1] for every b € A\ 0. The
matrix R has a row [—a,1] for every a € 0. Using the interpretation w! = [¢¢, 1),



A WEAK CHARACTERISATION OF THE DELAUNAY TRIANGULATION 7

we see that alternative (1) of the Motzkin theorem is tautologically equivalent to
the statement that o is a v-face of A.

Suppose now that o is not a v-face of A. Then alternative (2) must hold, for a
positive scalar p, a non-negative vector ¢, and an arbitrary vector r. Note that ¢
has an entry for each element b € A\ o, and r has an entry for each element a € o.
Let 7 denote the subset of ¢ corresponding to the negative entries of r. We now
consider a new matrix Q which has the following rows:

[—b1] for each be A\ o
[—a', 1] for eacha € o\ 7
[a’, —1] for each a € 7

We define a vector ¢ by concatenating ¢ with |r|, the vector of absolute values
of the entries of . Then ¢ > 0 and P'p + Q'¢ = 0 by construction. It follows
that alternative (2) in the Motzkin theorem holds for the pair of matrices P,Q
(the third matrix is empty). Hence there is no solution w to the system Pw > 0,
Qu > 0. Under the interpretation w' = [¢%, 7] this precisely the assertion that 7 is
not v-separable.

We have shown that if o is not a v-face of A then some 7 C o is not v-separable
in A. The converse direction is trivial: if o is a v-face then each 7 C ¢ is v-separable
using the same &, 7. O

This completes the proof of Theorem by convex duality.

4. PROOF OF THEOREM [2.5] BY INDUCTION

The strategy for our second prooﬂ of Theorem is to construct the strong
witness for o directly as a convex combination of weak witnesses for the subsimplices
of 0. We use an induction argument based on the well-known case [I8] where o
is an edge. In subsequent sections, we present several generalisations of the weak
witnesses theorem which are based on this method of proof.

We strengthen the theorem slightly to give traction to the induction argument.

Theorem 4.1. Let A C R” and let 0 C A be a simplex. Suppose that for every
subsimplex 7 < o there exists a weak witness x, € R™ for T with respect to A. Then
the convex hull of the points x, contains a strong witness for o with respect to A.

Proof. 1t is useful notation to write
R(a,b) ={z e R" ||z —a| < |z —b|}

for a,b € A. These sets are convex.
The proof proceeds by induction on |o|. The base case |o| = 1 is trivial. Suppose
|o| > 2, and let ag,a; € o be distinct. Consider the subspace

H = R(ag,a1) N R(a1,a0) = {x € R" | |z —ag| = |z — a1}

and let o/ = o\ {ag} and A’ = A\ {ap}. We adopt the following plan. For each
7 < ¢’ we find a weak witness y, € H for 7 with respect to A’. By the inductive
hypothesis, we can find a strong witness z’ for ¢’ with respect to A’. Since H
is convex, the construction gives 2’ € H. Then z’ is a strong witness for o with

LA third proof, given by Attali et al. [3], uses an attractive inductive argument of a more
directly geometric flavour than the one given here.



8 VIN DE SILVA

e X, %
xw(a H
y
e \ X

°
%)
y/ H
XOIQ
X

dye !

FIGURE 4. Locating y when a; € 7.

Qe
%
N (G
H
y\
T Y

Ge

%

y/
x&@
e g

FI1GURE 5. Locating y when a; & 7.

respect to A. Moreover, the points y, lie in the convex hull of the original weak
witnesses x,, so the same is true for z’.

It remains to locate a weak witness y,, for each 7 < ¢’. The four cases are
illustrated in Figures [d] and

Suppose first that a; € 7, so we can write 7 = v U {a1} where a; & v. Let
Xo,T1,Zo1 be the weak witnesses for v U {ap}, v U {a1}, v U {ag, a;} with respect
to A. By definition 2y € R(ag,a1) and 21 € R(ay,aq). Now either zg; € R(ag,a1)
or xo1 € R(ay,ap). If xg1 € R(ag,a1), it follows by continuity that the line segment
[€01, 1] meets H at some point y. Since xo1,z1 € R(a,b) foralla e 7, b€ A"\ 7,
then the same is true for y (by convexity), so y is the required weak witness for 7.
If, on the other hand, zg1 € R(a1,ag), then the line segment [z¢1, 2] must meet H
at some point y. Since xg1,zo € R(a,b) for all a € v U {ap}, b € A’ \ 7, then the
same is true for y. Moreover, |y — ag| = |y — a1|, so y € R(a1,b) for all b€ A"\ T,
and again y is a weak witness for 7.

Now suppose that a1 € 7. Let x,zg,z1 be the weak witnesses for 7, 7 U {ag},
7U{ay} with respect to A. By definition 29 € R(ag, a1) and x1 € R(aq,ap). Either
x € R(ap,a1) or x € R(aj,ag). If x € R(ag,a1), then the line segment [z, ]
meets H at some point y. Since x,21 € R(a,b) for all a € 7, b € A\ (1 U {a1}),
then the same is true for y. Moreover, |y — ag| = |y — a1|, so y € R(a,a;) for all
a € 7, and therefore y is a weak witness for 7. If, on the other hand, x € R(a1, ag),
then the line segment [z, zo] must meet H at some point y. Since z,z¢ € R(a,b)
for all a € 7, b € A"\ 7, then the same is true for y, and once again y is a weak
witness for 7.

This completes the proof of Theorem [£.1] and hence of Theorem O

Remark. Whereas Theorem is equivalent to the assertion that Del(A,R™) =
Del*(A,R™), the slightly sharper Theorem is equivalent to the assertion that
Del(A, K) = Del™(A, K) for all convex K C R"™.
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5. VORONOI CONVEXITY AND NON-EUCLIDEAN GEOMETRIES

Theorem (1] remains true when we move from R™ to certain standard non-
Euclidean geometries. If we are careful, we can use the same proof. The following
notion of ‘Voronoi convexity’ encapsulates a sufficient set of ingredients for the
proof to go through.

Hypothesis 5.1 (Voronoi convexity). Assume these four postulates:

(1) X is a topological space, A is a set.

(2) For each a € A, there is a continuous function d(a,—) : X — R.

(3) Fach unordered pair x,y € X is contained in a connected set v(x,y) C X.
(4) For each a,b € A the set

R(a,b) ={z € X | d(a,z) < d(b,z)}
is convez, in the sense that v(x,y) C R(a,b) whenever z,y € R(a,b).

The first two postulates allow us to define strong and weak witnesses, and De-
launay complexes Del(A, X), Del™(A, X), by means of Definition

The third postulate sets up a notion of convexity on X, and the fourth postulate
amounts to the assertion that Voronoi cells

Vo ={z € X |d(a,z) <d(b,z) for all b € A}
are convex. The weak witnesses theorem holds under these four assumptions.

Theorem 5.2 (weak witnesses theorem, general form). Assume Hypothesis[5.1 A
simplex 0 C A has a strong witness x € X with respect to A if and only if every
subsimplex T < o has a weak witness x. € X with respect to A. Moreover, x can
be taken to lie in the convex hull of the points .

(The convex hull is defined as the smallest convex set containing the given points.)

Proof. As before, any strong witness x for o is necessarily a weak witness for each
subsimplex 7 < ¢. For the reverse implication, we follow the proof of Theorem
almost verbatim, replacing Euclidean distances |x — a| with d(a, z), and line seg-
ments [x,y] with vy(z,y), in each instance.

We note that the subspace H = R(ag,a1) N R(a1,ag) is convex, being an inter-
section of two convex sets. We also note that if © € R(ag,a1) and y € R(a,ap)
then v(z,y) meets H. This follows because R(ag,a1) and R(ay,ag) are closed sets
which cover X, whereas v(z,y) is connected and meets both of them. Subject to
these comments, the proof goes through unchanged. (I

Remark. Theorem [5.2]is equivalent to the assertion that Del(4, K) = Del"(4, K)
for every convex K C X.

Example 5.3. Let X be a convex subset of R” and let A C R™. Let v(xz,y) denote
the closed line segment from z to y, and let d(a,z) = |z — al.

Example 5.4. Let X be a convex subset of hyperbolic space H"™. Thus for each
pair z,y € X the unique connecting geodesic y(z, y) is contained in X. Let A C H"
and let d(a, z) = u(a, z) be the geodesic distance from a to .

Example 5.5. Let X be a convex subset of an open hemisphere of the unit Eu-
clidean sphere 8™ C R™"*1. Let A C 8" and let d(a,z) = 6(a,x) be the geodesic
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distance from a to x. The interpretation of ‘convex’ is that X contains ‘the’ min-
imal geodesic y(z,y) whenever z,y € X. Because of the restriction to an open
hemisphere, X contains no antipodal pair and so y(z,y) is unique. This restriction
is necessary for the weak witnesses theorem.

Example 5.6. Let 7 be a tree with edges of positive length, so any pair x,y € 7
is connected by a unique path ~(z,y), of length £(z,y). Let X be any connected
subset of 7, let A C 7, and let d(a,z) = £(a,x).

Proposition 5.7. The hypothesis of Voronoi convezity (Hypothesis is satisfied
in each of the Examples[5.3[5.6

Proof. In Examples and the region R(a,b) is in each case a half-space inter-
sected with X. Since half-spaces are convex, R(a,b) is also convex. In Example
R(a,b) is the intersection of a hemisphere with X. A closed hemisphere is not con-
vex, but if it contains two non-antipodal points x, y then it necessarily contains the
unique minimal geodesic v(x,y). Thus its intersection with X is convex.

For Example fix a,b € A and for x € X let w(z) denote the closest point on
v(a,b) to x. Then

(1) ta,x) = L£(b,x) = L(a,7(x)) — £(b, 7(x))

It follows that R(a,b) is equal to the connected set 7~ (y(a,m)), where m is the
midpoint of (a,b). Since (connected < convex) for subsets of a tree, it follows that
R(a,b) is convex. O

Corollary 5.8. The weak witnesses theorem holds for the geodesic metric in Eu-
clidean space R™, the hemisphere S, hyperbolic space H", and in any tree T. [
(In the case X = ST, the set A is permitted to be any subset of the sphere S™.)

Example 5.9. Let A C R"”, let X = {z € R" | z-v > 0} for some fixed vector v €
R”™, and let y(z,y) be the line segment from x to y. If we define d(a, z) = a-x then
Hypothesis is clearly satisfied. The conclusion of the weak witnesses theorem
in this case is precisely the conclusion of Theorem [3.3] This gives an independent
proof of that result which does not require A to be finite.

Example 5.10 (Special relativity). Let RY™ denote the Minkowski space with
signature (+,—,...,—). Let A C RY™ let X be the positive light-cone, and let
v(z,y) be the line segment from x to y. If we define d(a,z) = a x x, where « is
the Minkowski inner product, then Hypothesis is satisfied. Each vector z € X
specifies a direction for the space-time path of an inertial observer. If we view A as
a set of events, then axx can be interpreted as the time of occurrence of event a € A
as measured in the frame specified by x (up to translation and rescaling). In these
terms, the weak witnesses theorem amounts to the following fact:

Corollary 5.11. Given a finite subset o C A, the following statements are equiva-
lent: (1) There exists an observer for whom the events in o occur simultaneously in
time, and are not preceded by any events in A\ o. (2) For each T C o there exists

an observer for whom none of the events in T is preceded by any of the events in
A\ T. O

Example 5.12. Consider a collection of hyperplanes in R™ labelled by a set A.
The hyperplanes are oriented in the sense of dividing R™ into designated positive
and negative halfspaces. For a finite set ¢ C A, the following statements are
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equivalent. (1) There is a sphere in R™ which is tangent to each hyperplane in o,
and whose interior lies entirely on the positive side of every hyperplane in A. (2)
For every 7 C o there is a sphere which meets every hyperplane in 7 (not necessarily

tangentially) and whose interior lies entirely on the positive side of every hyperplane
in A\ .

Proof. Let n, denote the negative unit normal to the hyperplane a € A; and set
d(a,x) = ng-x, for x € R™. The center of each sphere in (2) is a weak witness for 7,
and the center of the sphere in (1) is a strong witness for o, so the result follows
from Theorem [5.21 O

6. INTERLUDE: SPHERICAL AND HYPERBOLIC GEOMETRY

In subsequent sections, we consider weighted and approximate versions of the
weak witnesses theorem. In this section, we state some basic information on spher-
ical and hyperbolic geometries which will allow us to extend our results to these
geometries quite transparently, with minimal difficulty. The two cases are treated
in a closely parallel fashion.

The n-sphere S™ and hyperbolic n-space H™ have natural models inside R™*+1.
Vectors in R"*! may be written in the form z = (zg,z1,...,%,) where z; € R; or
in the form (s;u) where s € R, u € R*. For z = (s;u) and y = (t;v) in R"*!, we
have the Euclidean inner product:

Ty = ToYo+T1Yi+ -+ TpYn
= st4+u-v
and the Minkowski inner product:

rxy = xoyo — (T1y1+ -+ TnYn)
st—u-v

We make the following definitions:
§" = {zeR" |z z=1}
H" = {zeR"'|zxz=1andz >0}

The spaces 8™ and H" have natural Riemannian metrics which are preserved
under the respective groups of symmetries of the two inner products. These are
unique up to a normalisation. In the standard normalisation, the metric on the
tangent space at (1;0) agrees with the restriction of the Euclidean metric on R"*1.

If V is a linear subspace of R**! then VV N S™ is a great hypersphere of S”,
and V N'H™ is a hyperplane of H" (or empty). For our purposes, the most useful
formulation is this:

Proposition 6.1. Halfspaces (i.e. hemispheres) of S™ are defined by inequalities
in x of the form

a-x>0
where a-a > 0. Halfspaces of H™ are defined by inequalities in x of the form
(2) axxz >0

where axa < 0. In both cases, there is a one-to-one correspondence between half-
spaces and normalised vectors a (soa-a=1ora*a=—1). O
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Proposition 6.2. If a xa > 0 then the inequality a x x > 0 in x is satisfied on
all of H™ or none of it (according to the sign of ag). Thus, for all values of a, the
inequality ax x > 0 is a convex condition on x € H™. O

Geodesic distances on §™ and ‘H"™ can be expressed in terms of the inner products.
Proposition 6.3. If 0(x,y) denotes the geodesic distance between x,y € S™ then:
(3) z -y = cos(6(z,y))

If u(x,y) denotes the geodesic distance between x,y € H™ then:
(4) z xy = cosh(u(z,y))
|

The signed distance to an oriented great hypersphere or hyperplane can also
be computed using the inner product. By ‘oriented’ we mean here that one side
is designated the positive side; points on the other side will have negative signed
distance from it. We can identify an oriented hypersphere with its positive hemi-
sphere, and hence, by Proposition with a unique vector a € R™*! satisfying

a-a = 1. Similarly we can identify an oriented halfspace of H™ with a unique vector
a € R™"*! satisfying axa = —1.

Proposition 6.4. If 6(x, H,) denotes the signed distance between x and the ori-
ented hypersphere H, C S™ corresponding to the vector a € R"t1, then:

(5) a-z=sin(f(z, Hy))

If u(x, H,) denotes the signed distance between x and the oriented hyperplane H, C
H™ corresponding to the vector a € R™*Y, then:

(6) a*x = sinh(u(x, Hy))
[

It may be helpful to think of Propositions and in terms of exponential
maps. Given s € R, and a unit vector u € R", we define exp ;o) (su) to be the point
reached after travelling from (1;0) a distance s in direction u. It can be shown by
integration that

exp(i,0)(su) = (coss; (sins)u) in 8",
exp(i;0)(su) = (coshs; (sinhs)u) in H™.

The distance formulae can be read off from these equations in the case y = (1;0)
and in the case (1;0) € H,. By symmetry those formulae must be valid generally.

We finish with a brief discussion of spheres and hyperbolic spaces of non-unit
radius r. These may be defined

rS§" = {xeR”“ \x~x=r2}

rH" = {zeR™ [2xz=r"and 2o >0}
and each is equipped with the natural invariant metric that agrees at (r;0) with the
induced Euclidean metric. Halfspaces of rS™ (respectively 7H™) may be defined

using vectors a with a -a =1 (respectively a xa = —1) as before, and may also be
matched with oriented hyperspheres (respectively hyperplanes).



A WEAK CHARACTERISATION OF THE DELAUNAY TRIANGULATION 13

Let A(x,y) denote the geodesic distance between x,y. We have formulae

z-y = ricos(A(x,y)/r)
= rsin(A(x, Hy)/r)

for r8™, and

zxy = rcosh(A(z,y)/r)
axx = rsinh(A(x, Hy)/r)

for rH", generalising equations
If K (M) denotes the scalar curvatures of a Riemannian manifold M, normalised
to equal the mean of the sectional curvatures, then

K(rS™) =1/r*, K(rH")=-1/r?, K(R")=0.

7. WEIGHTS

The Voronoi diagram for point sets in Euclidean space has a well-known gener-
alisation to weighted point sets, called the Laguerre diagram, or weighted Voronoi
diagram (see [12], for instance). In this section we extend this idea to spherical,
hyperbolic, and tree geometries. We define Laguerre diagrams, strong and weak
witnesses, and strong and weak Delaunay complexes. The weak witnesses theorem,
Del = Del¥, holds for weighted point sets in all four geometries. The active ingredi-
ents are Theorem and the crucial fact that (in each geometry, with the correct
definitions) weighted Voronoi cells are convex.

Remark. Spherical Laguerre diagrams were introduced by Sugihara [24]. Hyperbolic
Laguerre diagrams appear to be new.

The general strategy for constructing these Laguerre diagrams is to replace the
normal distance function d(a,z) by a modified distance function d,(a,z), defined
for a weighting ;1. The modifed function d,, is then used to define Voronoi diagrams,
witnesses, and Delaunay complexes, according to the usual scheme.

Formally, consider a set A, a space X and a function d(a, x), satisfying Hypoth-
esis A weighting 1 on A associates a real number u, to every a € A.

Definition 7.1. A function d,(a,z) = f(a, pta,x) is called a Laguerre function
extending d(a, x) if the following conditions hold:
(1) The function f(a, i, ) is continuous in z, for each a, fi,.
(2) The region
Ry(a,b) = {x € X | dy(a,x) < du(b,x)}

is convex for all a,b and all choices of pu.
(3) If the weights u, are all equal, then R, (a,b) is equal to

R(a,b) ={z € X |d(a,z) <d(b,x)}
for all a, b.

It is a monotone Laguerre function if, additionally:

(4) The function f(a, ttq, ) is monotone decreasing in fig.
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Conditions (1), (2) ensure that Theorem [5.2|applies immediately to the weighted
distance functions d,,(a,z). Thus we have a weak witnesses theorem valid for any
choice of weights. Condition (3) ensures that the Laguerre diagram of a weighted
point set specialises to the original Voronoi diagram, in the case where the points
have equal weight. Condition (4) encapsulates the general desire that increasing
the weight of a point should enlarge the corresponding Voronoi cell.

In the following examples, conditions (1), (3) are easily verified, so we focus on
the more stringent condition (2).

Example 7.2 (Laguerre function for R™). For a,z € R™ define
dﬂ(a,x) = fla, pa, ) = %|x - a|2 — Ma-
Then f(a, pa,x) < f(b, o, x) if and only if
(a=b)-z > 5(lal* = b]*) = (ta — 1)
which is a convex condition on z, as required. The function is clearly monotone.

Example 7.3 (Laguerre function for §™). For a,z € 8™ define
dy(a,z) = f(a, pa,z) = —elcos(f(a,x))
—eta(a-x) (by Eq.[3).
Then f(a, pa,x) < f(b, o, x) if and only if
(efea—eMb) -2 >0

which is satisfied on a hemisphere, or is vacuously true everywhere (if @ = b and
fa = pp). For any open hemisphere S7, it follows that R, (a,b) NS is convex.

The Laguerre function in this case is not monotone, since cos(6(a,z)) may be

negative. However, it becomes monotone if we restrict a,x to a subset of 8™ of
diameter at most 7/2.

Example 7.4 (Laguerre function for H"). For a,z € H" define
du(a,z) = f(a, ta,x) = e e cosh(u(a,x))
= e H(axx) (by Eq. [4).
Then f(a, pa,x) < f(b, o, x) if and only if
(eteb—et*a)xx >0
which is a convex condition on z, by Proposition [6.2] The function is monotone,
since cosh(u(a,x)) > 0.

Example 7.5 (Laguerre function for a tree). Let 7 be a tree. For a,z € 7 define

dy(a,z) = f(a, pa, ) = (a, ) — fiq.
Then the set R(a,b) defined by the condition f(a,pq,x) < f(b, up,x) is convex.
Indeed, R(a,b) Nv(a,b) is convex, so R(a,b) = m~(R(a,b) Nvy(a,b)) must also be
convex (see proof of Proposition . The function is clearly monotone.

Corollary 7.6. The weak witnesses theorem holds for weighted point-sets (A, u) in
Euclidean space R™, the hemisphere ST, hyperbolic space H" and any tree T, with
respect to the weighted distance functions d,, defined in examples 7.5

Proof. In all cases, the regions R(a,b) are convex. (This is not true for §".) O
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Remark. We can define Laguerre diagrams for spheres rS™ and hyperbolic spaces
rH"™ of non-unit radius r. The appropriate formulae are

dy(a,xz) = —eWa/m) cog (A(a,x)/r)

for rS™ and
d,(a,z) = e~ Wa/™) cosh (A(a,z)/r)

for rH™. These definitions satisfy Voronoi convexity. The seemingly arbitrary
normalisation factor 1/r? in the exponent is explained in the next remark.

Remark. For each of the manifolds R™, rS™, rH" the weighted distance d,, is
equivalent to a function

dy = $A* — p— LK p? + (cubic and higher-order terms in A, y1)

where A is geodesic distance and K is the scalar curvature of the manifold. By
‘equivalent to’ we mean that d, = c1d, + ¢z, where ¢; > 0 and ¢y are constants.
Under those circumstances, d,, and d,, define the same sets R(a,b).

We give one last example. (The analogous example for oriented hyperspheres S™
is not interesting, since each hypersphere may be identified with the pole in its
positive hemisphere, and be treated exactly like it.)

Example 7.7 (Oriented hyperplanes in H™). Let A label a set of oriented hyper-
planes in H", so a € A labels a vector in R**! with a xa = —1, and H, is the
corresponding hyperplane. For z € H™ define

du(Hg,x) = f(a, pa,x) = e Hesinh(u(Hg,x))
= e M (a*x) (by Eq.[6).
Then f(a, pra,x) < f(b, up, x) if and only if
(et*b—etra)xz >0

which is a convex condition on z, as required. The function is not monotone, unless
x is restricted to the intersection of the positive half-spaces of the H,.

8. APPROXIMATE WITNESSES

In this section we relax the criteria for strong and weak witnesses, introducing
an error tolerance e. This has two benefits. First, it incorporates the idea that
the distance measurements d(a,z) used to define witnesses might not be known
exactly. In applications this is always to be expected. Second, this naturally leads
to families of complexes which grow monotonically as e increases. These filtered
complexes have proved to be useful targets of study in the theory of persistent
homology [13}, 25].

We now prepare to state a version of the weak witnesses theorem for approximate
witnesses. This can be made to work in each of our four standard geometries.

Definition 8.1. We define relations <., >., =. between real numbers «, .
(1) @ <. means a < [ +e.
(2) a >, means 8 <. a, or equivalently a > 3 — e.
(3) a=¢ S means (o« <. B and 8 <. «), or equivalently |a — 3] < e.
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Approximate weak and strong witnesses can be defined using these e-relations in
place of the usual relations <, >, =. This works satisfactorily when the sets defined
by e-inequalities are convex. This is a strong condition. To achieve this in our usual
examples, it is necessary to transform the distance metric. For this reason we use
a new symbol A in place of d in the following hypothesis.

Hypothesis 8.2 (strong Voronoi convexity). Assume these four postulates:
(1) X is a topological space and A is a set.
(2) For each a € A, there is a continuous function A(a,—) : X — R.
(3) FEach unordered pair x,y € X is contained in a connected set vy(x,y) C X.
(4) For each a,b € A and ¢ € R the set
R.(a,b) ={zx € X | Ma,z) <. A(b,x)}
is convex in the sense that y(x,y) C Rc(a,b) whenever x,y € R(a,b).

Definition 8.3. Assume items (1), (2) of Hypothesis[8.2] Let o C A be a simplex.
We say that x € X is a weak e-witness for o with respect to A if A(a, z) <c A(b,x)

whenever a € o and b € A\ o. A weak e-witness z is said to be a strong e-witness
if additionally A(a,z) =, A\(b,z) for all a,b € 0.

Definition 8.4. We can now define e-relaxed versions of the strong and weak
Delaunay complexes. For any subset B C X:
o € Del(A,B;e) < o has a strong e-witness in B
o € Del(A, B;e) < every subsimplex 7 < ¢ has a weak e-witness in B
Since Del(A, B;e) C Del(A, B;€') whenever € < €, and likewise for Del™, we can
view the families
Del(A4, B) = {Del(A, B;€)}e>0, Del™(A4, B) = {Del™(A4, B;€) }e>o0,
as filtered complexes [25], with filtration parameter e.
Theorem 8.5 (approximate weak witnesses theorem). Assume Hypothesis , A
simplex o C A has a strong e-witness x € X with respect to A if and only if every

subsimplex T < o has a weak e-witness x, € X with respect to A. Moreover, x can
be taken to lie in the convex hull of the points ..

Remark. Theorem [R5 is equivalent to the assertion that the filtered complexes
Del(A, K), Del%(A, K) are equal for all convex K C X.

Remark. We can incorporate weights into Theorem by replacing each A(a, x)
with A(a,x) + pe. No further work is necessary.

The proof of Theorem appears at the end of this section.

Remark. In the Euclidean setting, Attali et al. [3] have a slightly sharper result,
the weak witnesses theorem for a-83 complexes. Their parameter 3 corresponds to
our €, and « is the same parameter as in the theory of a-shapes [I4]. The proof
in [3] is geometric, whereas our proof of Theorem is heavily algebraic.

In each of the following examples, it is easy to see that A is related to the
previously defined geodesic metric d via a monotone increasing transformation.
Thus there is an equivalence:

Ma,z) < A(b,z) & d(a,z) <d(b,x)
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Thus, when € = 0 these e-witnesses are the same as the (exact) witnesses from be-
fore. Each function A is derived in an obvious way from the corresponding Laguerre
function d,,.

Example 8.6 (approximate witnesses in R™). For a,z € R™ define
Ma,z) = tla — z|.

Then A(a,z) < (b, z) + € is equivalent to

(a=b)-z>5(la* —[b]*) — e
which is a convex condition.
Example 8.7 (approximate witnesses in 8™). For a,z € 8™ such that 6(a,z) <
/2, define

Aa,z) = —log(cos(0(a, x)))
Then A(a,z) < A(b,z) + € is equivalent to

(efa—b)-z>0

which is a convex condition on any open hemisphere S7. In practice, to satisfy the

condition on 6(a,x), we must work in a subset of S™ with diameter at most 7/2.
Example 8.8 (approximate witnesses in H"). For a,z € H", define
Aa, z) = log(cosh(u(a, x)))
Then A(a,z) < A(b,z) + € is equivalent to
(e “a—b)xx <0
which is a convex condition.

Example 8.9 (approximate witnesses in a tree). For a tree, A\(a,z) = £(a, z) does
the job (see Example .

Corollary 8.10. The approximate weak witnesses theorem holds in R™, in convex
subsets of S™ with diameter at most /2, in hyperbolic space H™, and in any tree T,
using the transformed geodesic distances A(a,x) defined in Ezamples . [

The proof of Theorem is similar to the proof of Theorem [2.5] The main
difference is that =, is not transitive, so we must keep track of all the points in o
even after we restrict the action to subspaces such as H(a,b) = Rc(a,b) N R.(b,a).
We adopt the following abstract framework. The idea is to use an equivalence
relation so that we can ‘merge’ points a, b without forgetting either.

Let (A, ~) be a set with an equivalence relation. We write ¢ C (A,~) if 0 C A
is a union of equivalence classes. Suppose we are in the setting of Hypothesis [8.2
For o C (A,~), a weak e-witness for o with respect to (4, ~) is defined to be a
point z € X such that the following conditions hold:

Ma,z) = A(b,x) for all a,b € A such that a ~ b
Ma,z) <. A(b,x) forallaco,be A\ o
Let ~ be obtained from ~ by merging distinct equivalence classes [ag], [a1], say,
to a single class [ag] = [a1]. Note that if 7 C (A4, =) then 7 C (A4, ~).
Lemma 8.11. In the preceding situation, let T C (A, =) be given.
(1) If T does not include the class [ao] = [a1], define 70,71 C (4,~) by 19 =
7 U [ag], and 71 = 7 U [aq].
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(2) If T includes the class [ao] = [a1], define 19,71 C (A,~) by 19 = 7\ [a1],
and 11 = 7\ [ao].
Suppose 1,7y, T1 have weak e-witnesses x, xo, 1 with respect to (A,~). Then T has
a weak e-witness with respect to (A,=) in the convex hull of x, g, 1.

Proof. (We can treat both cases simultaneously, except at the very end.) One of
the following must be true at x:

Abo,z) = Abi,7) for all by € [ag], b1 € [a1]
Abo,z) > Abi,z)+e for some by € [ao], b1 € [a1]
Ab,z) > Abo,xz) + € for some by € [ag], b1 € [a1]

The first possibility immediately implies that x is a weak e-witness for 7 with respect
to (A,~). It remains to consider the second possibility. (The third possibility is
treated symmetrically.)

Consider the closed set

R ={z € X|Abg, z) <c A(by, 2) for all by € [ag], b1 € [a1]}.

Then zp € R and « ¢ R. Since v(x,xq) is connected, there exists a point y €
v(z, zo) which is simultaneously in R and the closure of v(z, zo) \ R. We must have

MMy, y) = Mmq,y) +€ for some My € [ap], m1 € [a1]

where, moreover, A(My,y) is the largest of the terms A(bg,y), for by € [ap], and
A(my,y) is the smallest of the terms A(by,y), for by € [a;]. This implies that:

A(bo,y) = A(b1,9) for all by € [ag], b1 € [a1]

Convexity allows us to deduce statements about y from corresponding statements
about x and z¢. Specifically:

both cases: AMa,y) = Ab,y) for all a,b € A such that a ~ b
case (1): AMa,y) <c Ab,y) forallaer,be A\ 7, b ¢ [ao]
case (2): AMa,y) <¢ Ab,y) forallaer,be A\ T, a & [a1]

In case (1), if @ € 7 and by € [ag], then
Aa,y) < A(ma,y) + €= A(Mo, y) < Abo,y) + €
50 Ma,y) <c A(bo,y). In case (2), if ¢; € [a;] and b € A\ 7, then
Aler,y) < A(ma,y) + € = AMMo,y) < Ab,y) + ¢

SO /\(Clay) SG A(ba y)
Collating these statements, we find that y is a weak e-witness for 7 with respect
to (A4, =), in both cases (1) and (2). O

Proof of Theorem[8.5. Consider equivalence relations on A which are o-supported,
meaning that a nontrivial relation a ~ b is permitted only if a,b € 0. We say that
~ is o-complete if every nonempty 7 C o such that 7 C (A, ~) has a weak e-witness
with respect to (4, ~).

Let ~ be o-supported and o-complete, and let ~ be the o-supported relation
obtained from ~ by merging some two of the classes in ¢. Then Lemma [8.11
implies that = is o-complete. The hypothesis of Theorem asserts that the
trivial relation (where a ~ b only if a = b) is o-complete. After a finite sequence of
mergers, we deduce that the maximal o-supported relation ~, (where a ~, b for
all a,b € o) is itself o-complete. In particular, there is a weak e-witness = for o
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with respect to (A, ~,). It follows from the definitions that z is a strong e-witness
for o with respect to A. By construction, x lies in the convex hull of the original
weak e-witnesses. (]

9. MANIFOLDS OF CONSTANT CURVATURE

If X is a complete Riemannian manifold of constant sectional curvature, and
A C X is densely sampled, then Del(A4, X) = Del™(A, X). This is not surprising,
because such an X is locally isometric to R™, S™ or H"; and if A is sufficiently
dense then the weak and strong Delaunay complexes are completely determined by
local metric information.

In this section we give a precise theorem of this form. To state the result, we
need to quantify ‘sufficiently dense’ and ‘local’.

Definition 9.1. Let X be a metric space. We say that a subset A C X is e-dense
if for every x € X there exists a € A such that d(a,x) < e. Equivalently, for all
zeX,

B(x)NMA#0D

where B.(x) denotes the open ball with center x and radius e.

Definition 9.2. Let X be a complete Riemannian manifold. At each z € X,
consider the exponential map exp, : 7, X — X. The injectivity radius of X is the
following quantity:

px = 12)f( max {p € R | exp, is a smooth embedding on the open ball B,(0)}

Theorem 9.3 (localised weak witnesses theorem). Let X be a complete Riemann-
ian manifold with constant sectional curvature, not equal to a sphere. Suppose
A C X is e-dense, where € < px /3. Then Del(A4, X) = Del"(A, X).

Remark. The present argument can be made to work for X = §™ under the stronger
condition € < px/6. It is plausible that € < px/3 is sufficient for spheres. The
most conspicuous counterexample to Del = Del™ is the set of n + 2 vertices of a
regular simplex, in 8™. This is (just barely) ruled out by the weaker condition
€ < (px/m) cos~(1/n), and one would suspect this to be the correct bound. I have
not been able to prove it.

Our strategy is to transfer the problem to the universal cover X of X. If X
is a complete Riemannian manifold with constant sectional curvature, then X is
isometrically equal to R™, or (up to a constant scalar multiple) to 8™ or H"™. Thus
we can apply the weak witnesses theorem in X.

We begin with some notation and preliminaries. The universal cover comes
with a covering map 7 : X — X which is invariant under the group I' of deck
transformations of X. For any subset A C X, let A =n"1(A). If z € X, then & is
used to denote any particular lift of z to X; so 7m(Z) = z. The shortest-path metric
in X is related to the metric in X by the formula

d(z,y) = rgneip d(#,9(9)),= Igneip d(g(%),9),

where z, 9 are lifts of z,y.

Note that if 7(Z) = x then (B, (Z)) = B,(z) for any value of r, since paths can
be projected to X or lifted to X. One consequence is that if A is e-dense in X then
A is e-dense in X.
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If r < px then the map 7 : B,.(#) — B,(z) is 1-1. In that case, 7~ (B,(z)) is a
disjoint union of copies of B, (%):

7N (Br(@) = [] Br(9(@) = [] 9(B.(@))

gerl ger

Lemma 9.4. Let X be a complete Riemannian manifold. If A C X is e-dense and
o € Del™(A, X), then diam(o) < 2e.

Proof. For any a,b € o, let + € X be a weak witness for [ab]. Assume without
loss that d(b,z) < d(a,z) =: R, and let v be a minimal geodesic from z to a. By
continuity there exists y € v with d(a,y) = d(b,y) =: r. Since d(z,y) = R —r we
have an inclusion B,(y) C Bgr(z). Since B,(y) does not meet {a,b} and Br(x)
does not meet A\ {b} it follows that B,.(y) does not meet A. This would violate the
sampling condition unless r < e. Therefore d(a,b) < d(a,y)+d(y,b) = 2r < 2e. O

Lemma 9.5. Let X be a complete Riemannian manifold, with universal cover X,
covering group I', and injectivity radius p = px .

(1) Forany i € X, geT, g# 1, we have d(&, g(z)) > 2p.

(2) Let z,5 € X be lifts of x,y € X. If d(&,9) < p then d(x,y) = d(&,7).

Proof. The balls B,(Z) and B,(g(Z)) are disjoint. It follows that any path from &
to g(#) must have length at least 2p, implying (1). If g # 1 then

d(#,9(9)) = d(9,9(9)) — d(2,9) = 2p — p = p = d(Z, §)
Thus d(z,y) = minger d(z, g(9)) = d(Z, 7). O

Proof of Theorem assuming X # S8™. Suppose o € Del™(A, X). We must prove
that o € Del(4, X). Let a € o; then Lemmaimplies that o C Bac(a). For 7 C o,
let 2, € X be a weak witness for 7. Then z, € Bs.(a), since A is e-dense. Now
consider a fixed lift @ € X of a. Let 7 be the unique lift of 7 to By (@), and let &,
be the unique lift of z, to Bs.(a). Uniqueness is guaranteed by 3¢ < px.

The rest of the proof is divided into three steps:

(1) For each 7 C o, the lift 2, is a weak witness for 7 with respect to A;
(2) therefore, there exists a strong witness & € Bs.(a) for & with respect to A;
(3) therefore, z = 7(&) is a strong witness for o with respect to A.

(1): Suppose R > 0 is such that that the closed ball Bg(z,) contains 7, and the
open ball Br(z,) does not meet A\ 7. It immediately follows that Br(Z,) does not
meet 71 (A\ 7) = A\ 7~ (7). This accounts for most of the points of A. Step (1)
will be complete if we can show that Br(#,) N7 !(7) = 7. It is enough to show
that Bgr(#,) does not meet any of the balls g(Bac(a)) = Bac(g(a)), for g # 1, which
are the alternative lifts of Ba.(a).

In order for Br(Z,) to meet By (g(a)) it is necessary that

d(a, ;) + R+ 2e¢ > d(a, g(a))

and so d(a, &;) + R > 4e (by Lemmal[9.5]). We will see that this is impossible.
Construct a point ¢ by extending the minimal geodesic from a to & to a total
length 3e. The ball B.(3) does not meet Ba.(a); nor does it meet Ba.(g(a)) for any
g # 1, because d(a, 7)) + € = 4e. On the other hand, it must meet the e-dense set A.
So, in fact, B.(4) meets A\ 7~1(7). A consequence is that B.(7) is not contained
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in Bg(#,), since that ball does not meet A\ 7~ (7). However, if d(a, &, ) 4+ R > 4e,
then

d(&,,9) =d(a,9) —d(a,i;) <3¢+ R—4c=R—¢
which implies B.(§) C Br(&.), a contradiction.

(2): Except when X = 8", it is clear that Bs.(a) is convex, so Theorem
applies. If X # X = 8", then the group I has cardinality at least two. The different
lifts Bs(g(a)) are disjoint and have equal volume, which must therefore be at most
half the volume of §™. This implies that Bs.(a) is contained in a hemisphere, so
again Theorem applies. The only untreatable case is X = X = S", where
| = 1.

(3): Let R < 3¢ be the common distance from # to the points b € . By
Lemma d(z,b) = d(&,b) = R for any b € o. Finally, Br(#) N A = ) and hence
Br(z) N A =0. Thus z is the required strong witness. O

Theorem 9.6. Let X be a complete Riemannian manifold with constant sectional
curvature. If A C X is e-dense, where € < px /2, then Del(A, X) ~ X.

Remark. A much more impressive theorem was announced in [I7], which asserts
that Del(A, X) is homeomorphic to X for an arbitrary Riemannian manifold X,
provided that A is a generic e-dense finite subset of X, for a suitable explicitly-
defined e. Unfortunately, the full proof was never published.

Proof. 1t is enough to show that the Voronoi cells V,, are convex, in the sense that if
x,y € V, then x,y are connected by a unique minimal geodesic v in X, and v C V.
This implies that finite intersections of Voronoi cells are empty or contractible; and
so Del(A, X) ~ X follows from the nerve theorem.

Let a € A, and let & € X be a lift of a. The ball B,(a) is certainly convex; the
only doubtful case is X = 8™, but By (@) is known not to be the whole sphere,
so B.(a) is contained in a hemisphere. Next, if K C B.(a) is convex then so is
7(K) C Be(a). Indeed, if z,y € 7(K), then their lifts &,§ € B(a) are connected
by a minimal geodesic v C K of length less than px. The geodesic m oy C 7(K)
connects z to y and is minimal: any other path from x to y lifts to a path from &
to some g(7) and therefore must be longer than ~.

Finally, we know that Voronoi cells in R",S?,’H" are convex. Let V; denote
the Voronoi cell of & with respect to A. For x € Bc(a), with lift & € B.(a), let
R = d(x,a) = d(&,a). Then Br(x) N A =0 if and only if Br(#) N A = 0); in other
words V, = 7(V3). From the previous paragraph, V, is convex. ([

Corollary 9.7 (reconstruction theorem). Let X be a complete Riemannian man-
ifold with constant sectional curvature. Suppose A C X 1is e-dense, where ¢ <
px/3, ore < px/6 if X is a sphere of dimension at least 2. Then Del(A, X) =
Del™(A, X) ~ X. O

Remark. The results in this section have direct analogues in the case where X is a
graph and px is half the girth of the graph (that is, half the length of the shortest
cycle). In this case the universal cover of X is a tree.

10. TOPOLOGICAL DATA ANALYSIS

What happens to the weak witnesses theorem when the ambient space X is a
submanifold of Euclidean space? The proofs in this paper make heavy use of special
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geometric properties of the constant curvature manifolds R, 8™ and H". However,
the original motivation for this work was a desire to construct Delaunay triangula-
tions on Euclidean submanifolds, as part of a strategy for manifold reconstruction
[T, 2, @) and homotopy reconstruction [11, 13} [18].

The set-up is the same for both problems. Let X C R™ be an unknown subman-
ifold of Euclidean space, and let B C X be a known finite sample. The problem is
to recover from B alone the topological type of X (manifold reconstruction) or the
homotopy type of X (homotopy reconstruction). More concretely, construct a sim-
plicial complex S = S(B) which is provably homeomorphic or homotopy equivalent
to X under reasonable sampling conditions on B.

Solutions now exist to both problems. For manifold reconstruction, Cheng et
al. [9) use ‘cocone’ methods to identify a suitable subcomplex of the Delaunay
triangulation Del(B,R™). To exclude near-degenerate simplices called ‘slivers’, the
Delaunay triangulation is computed with respect to a carefully chosen system of
weights. When this is done, the resulting subcomplex is homeomorphic to X. For
homotopy reconstruction, Niyogi et al. [21] prove that if each point in B is thickened
to an e-ball, then the resulting union of balls is homotopy equivalent to X. It follows
that the nerve of that union of balls (also known as the Cech complex) is homotopy
equivalent to X. This complex tends to be rather large, but the corresponding a-
complex [I4], obtained by replacing each ball with its intersection with the Voronoi
cell for its center, is much smaller and has the same homotopy type.

In more recent work, Chazal et al. [7, [8] obtain powerful generalisations of the
reconstruction results of [2I] to the case where X is a compact subset of R™. One
major technical challenge is to quantify the irregularity of the boundary of X so
as to give effective sampling conditions for successful reconstruction. This is com-
paratively easily achieved in the case of a smooth manifold using the concept of
‘reach’ or ‘feature size’, which is the injectivity radius of the normal exponential
map. Chazal et al. develop a parametrised weak feature size which is applicable to
arbitrary compact subsets and leads to the desired sampling conditions.

The troublesome common feature of all of these constructions is that they require
Delaunay triangulation computations in the ambient space. As such their complex-
ity is subject to a curse of dimensionality in the ambient dimension n. Ideally,
the curse should apply to the (smaller) intrinsic dimension of X, but the necessary
techniques for such a reduction have not yet been developed for these algorithms.

Witness complexes were introduced in [I1] as a strategy for building homotopy
reconstructions relatively cheaply: using a small set of vertices, and depending only
on very crude geometric information. The method is very simple. Select a well-
distributed set of landmark points A C B, and construct Del(4, B) or Del™(A4, B)
using the ambient Euclidean metric. More robustly, construct the filtered complexes
Del(A, B), Del™(A, B) discussed in Section [8 Homological features of X are de-
tected (at least in principle) by computing the homology or persistent homology of
these complexes.

For a heuristic justification of this procedure, consider the approximation argu-
ment represented by the diagram in Figure@ The complexes Del(A, B), Del™(A4, B)
on the right are constructible from the available data B. The maps in the diagram
relate them to the unknown space X via intermediate spaces Del(A4, X), Del™(A, X).
We now consider each of these maps in turn.
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x — L pea,x) « " Del(a, B)

(d) (e)

Del™(4, X) + 2 Del"(A, B)

FIGURE 6. A diagram of approximations to X.

(a) The restricted Delaunay complex Del(A, X) is the nerve of the covering
of X by restricted Voronoi cells V, N X. By the Cech nerve theorem [I6], X is
homotopy equivalent to Del(A, X) provided that each nonempty finite intersection
VoNX =(yeo VaN X is contractible. Moreover, Edelsbrunner and Shah [15] show
that X is homeomorphic to Del(A, X) provided that each V, N X is a closed ball
of the expected dimension.

(b) Since X itself is unavailable, the sample set B is used as a approximation.
This works if VN B is nonempty whenever V,NX is nonempty. This almost always
fails, because B is discrete and V,, has positive codimension (except when o is just
a single vertex). Thus Del(A4, B) is almost surely 0-dimensional, and looks nothing
like Del(A, X).

(c) On the other hand, the weak witness regions

W, = {z € R" | z is a weak witness for o}

generically have codimension 0. There is a nonzero probability that a given nonempty
W, N X has a representative element in W, N B. It is therefore reasonable to hope
that Del™(A4, X) = Del"(A, B). This is the principal reason for introducing weak
witness complexes in the first place.

(d) The desired equivalence Del(A4, X') = Del"(A, X), if true, would be the weak
witnesses theorem for the nonlinear submanifold X C R™. One argument runs as
follows (following [4]). If every subsimplex 7 < o has a weak witness z, € X, then
o has a strong witness z in the convex hull of the z., by Theorem If this
convex hull lies close to X, then one can seek a nearby strong witness z’ € X. For
this to work, V,, must be sufficiently transverse to X.

(e) Since Del(A4, B) is almost surely 0-dimensional, this map is as useless as (b).

Thus, the sequence (a)—(d)—(c) gives us a plausible chain of equivalences:
X = Del(4, X) = Del"(4, X) = Del"(4, B)

How well is this supported by theoretical guarantees? When X is a smoothly-
embedded curve or surface, Attali et al. [4] establish that X = Del™(A, X) for any
sufficiently dense landmark set A. Difficulties arise in higher dimensions: Oudot has
constructed a 3-dimensional submanifold X C R™ and arbitrarily dense A C X such
that the restricted Voronoi intersection V, N X (for a particular 3-simplex o C A)
is not connected [22]. Tt can be confirmed in this case that Del(A4, X) is not even
homotopy equivalent to X. The good news is that all such counterexamples can be
disarmed using the weight-pumping strategy of Cheng et al. [9]. Boissonat et al. [5]
establish equality at (a), (d) for suitable choices of weights. To complete their
manifold reconstruction theorem, they establish equality at (c¢) with Del™(A, B)
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FIGURE 7. Persistence barcode for Del™(A, B) with A C B sam-
pled from X = S2%; |A| = 20, |B| = 400.

replaced by Del%(A, 3)7 where B is a union of balls centered at the points of B.
Since B is an open subset of R™, this last step necessitates a (localised) Delaunay
computation in R™. The problem remains open: to find a manifold reconstruction
strategy that avoids any sort of Delaunay computation in dimension n.

Some of the technical difficulties dissolve when the goal is merely to extract
homological invariants of X. The rather fragile witness complexes Del(4, B) and
Del*(A, B) can be replaced by their corresponding filtered complexes Del(A, B)
and Del™(A, B). These must be shown to encode the homology of X in their
persistent homology (under suitable sampling conditions). This is an easier task
for various reasons. One immediate advantage is that e-Voronoi intersections V (¢)
have positive volume when e > 0, so map (b) can actually be well behaved. More
importantly, persistent homology is fundamentally more robust than homology [10].
It is not necessary to show that any individual complex Del"(A, B;¢) is homotopy
equivalent to X. Instead, one can show that Del™(A, B) interleaves with some
other filtered complex known to correctly recover the homology of X. One strategy
is to compare Del(A, B) with the filtered Cech complex on A. Combining this idea
with the persistent homology stability theorem of Cohen-Steiner et al. [I0] and the
results of Niyogi et al. [21] for the Cech complex, one gets reconstruction theorems
for Del™(A4, B). Of course, the weak witness complex is supposed to improve on
the Cech complex, so such a proof necessarily leads to somewhat unsatisfactory
reconstruction sampling conditions. For the current state of the art regarding the
filtered weak witness complex (and much more besides), we refer the reader to work
by Chazal and Oudot [6].

Example. We finish with an empirical demonstration: it seems that the filtered
strong and weak complexes perform well at recovering homology in simple examples,
but the weak witness complex gives cleaner results. Figures [7] and [§] compare
persistent homology barcodes [I3], 25] for weak and strong witness complexes of a
point sample taken from the 2-sphere in R3. The horizontal axis corresponds to the
filtration parameter €. The correct answer for the 2-sphere is one long bar in Betti 0
and one long bar in Betti 2. Both complexes exhibit this, but the strong witness
complex has to overcome some initial noise for small values of € — inevitably, since
the complex has no edges at ¢ = 0. When € is the only parameter, this homological
noise is not a serious thing, but if there are other parameters involved then it
becomes much more important to have clean readings which are reliable across a
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large range in €. It is desirable to quantify this homological ‘cleanness’; Chazal and
Oudot [6] have the first results in this direction.
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