Vector Calculus

Lecture Notes

Adolfo J. Rumbos
© Draft date October 25, 2019






Contents

1 Motivation for the course
2 Euclidean Space
2.1 Definition of n—Dimensional Euclidean Space . . ... ... ...
2.2 Spans, Lines and Planes . . . . . ... ... .. ..........
2.3 Dot Product and Euclidean Norm . . ... .. ... ... . ...
2.4 Orthogonality and Projections . . . . ... ... ... ... ...
2.5 The Cross Product in R® . . . .. ... ... ... .......
2.5.1 Defining the Cross—Product . . . . . ... ... ... ...
2.5.2  Triple Scalar Product . . . .. ... ... ... ......
3 Functions
3.1 Types of Functions in Euclidean Space . . . . . . ... ... ...
3.2 Open Subsets of Euclidean Space . . . . . .. ... ... .....
3.3 Continuous Functions . . . . . . ... ... ... L.
3.3.1 Images and Pre-Images . . ... ... ... .. ......
3.3.2  An alternate definition of continuity . . . . ... ... ..
3.3.3 Compositions of Continuous Functions . . . . . .. .. ..
3.3.4 Limits and Continuity . . . . .. ... .. ... ... ...
4 Differentiability
4.1 Definition of Differentiability . . . . ... ... ... ... ....
4.2 The Derivative . . . . . . ... o
4.3 Example: Differentiable Scalar Fields . . . . . ... ... .. ...
4.4 Example: Differentiable Paths . . . . . . . ... ... ... ....
4.5 Sufficient Condition for Differentiability . . . . . . ... ... ..
4.5.1 Differentiability of Paths . . . . . . . ... ... ... ...
4.5.2 Differentiability of Scalar Fields . . . . . .. .. ... ...
4.5.3 C' Maps and Differentiability . . . . . . ... .. .....
4.6 Derivatives of Compositions . . . . .. ... ... ... ... ...
5 Integration
5.1 Path Integrals . . . . . . .. .. .. .. ... ... ...

51.1 ArcLength . . ... ... ... . ... ... ... ...

12
15
20
26
28
33

35
35
36
37
44
44
46
47

53
54
95
o7
65
69
69
70
72
74



5.1.2 Defining the Path Integral . . . . . . ..
5.2 Line Integrals . . . . . . . ... ... ... ...
5.3 Gradient Fields . . . . ... ... ... .....
5.4 Flux Across Plane Curves . . . . . . ... ...

5.5 Differential Forms . . ... ... ... ... ..
5.6 Calculus of Differential Forms . . . . . .. . ..
5.7 Evaluating 2—forms: Double Integrals. . . . . .

5.8 Fundamental Theorem of Calculus in R?

5.9 Changing Variables . . . . . . .. ... ... ..

A Mean Value Theorem

B Reparametrizations

CONTENTS



Chapter 1

Motivation for the course

We start with the statement of the Fundamental Theorem of Calculus (FTC)
in one-dimension:

Theorem 1.0.1 (Fundamental Theorem of Calculus). Let f: I — R denote a
continuous' function defined on an open interval, I, which contains the closed
interval [a,b], where a,b € R with a < b. Suppose that there exists a differen-
tiable® function F: I — R such that

F'(z) = f(z) forallzel.

Then X
/ f(x) de = F(b) — F(a). (1.1)

The main goal of this course is to extend this result to higher dimensions. To
indicate how we intend to do so, we first rewrite the integral in (1.1) as follows:
First, denote the interval [a,b] by M; then, its boundary, denoted by oM,
consists of the end—points a and b of the interval; thus,

OM = {a,b}.

Since F' = f, the expression f(z) dx is F'(z) dz, or the differential of F,
denoted by dF'. We therefore may write the integral in (1.1) as

/abf(x) dx:/M dF.

The reason for doing this change in notation is so that, in subsequent sections in
these notes, we can talk about integrals over regions M in Euclidean space, and

IRecall that a function f: I — R is continuous at ¢ € I, if (i) f(c) is defined, (ii) lii)n f(x)
x c

exists, and (iii) a%iglcf(x) = f(o).

2Recall that a function f: I — R is differentiable at ¢ € I, if lim M exists.

T—cC xr —cC
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not just integrals over intervals. Thus, the concept of the integral will also have

to be expanded. To see how this might come about, we discuss briefly how the

right-hand side the expression in (1.1) might also be expressed as an integral.
Rewrite the right-hand side of (1.1) as the sum

(=DF(a) + (+1)F(b);

thus, we are adding the values of the function F' on the boundary of M taking
into account the convention that, as we do the integration on the left—hand side
of (1.1), we go from left to right along the interval [a, b]; hence, as we integrate,
“we leave a” (this explains the —1 in front of F'(a)) and “we enter b” (hence the
+1 in front of F(b)). Since integration of a function is, in some sense, the sum
of its values over a certain region, we are therefore led to suggesting that the
right—hand side in (1.1) may be written as:

| r
oM

Thus the result of the Fundamental Theorem of Calculus in equation (1.1) may
now be written in a more general form as

/M dF:/aMF. (1.2)

This is known as the Generalized Stokes’ Theorem and a precise statement of
this theorem will be given in a subsequent section in these notes. It says that
under certain conditions on the sets M and OM, and the “integrands,” also to be
made precise later in these notes, integrating the “differential” of “something”
over some “set,” is the same as integrating that “something” over the boundary
of the set. Before we get to the stage at which we can state and prove this
generalized form of the Fundamental Theorem of Calculus, we will need to
introduce concepts and theory that will make the terms “something,” “set” and
“integration on sets” make sense. This will motivate the topics that we will
discuss in this course. Here is a broad outline of what we will be studying.

e The sets M and OM are instances of what is known as differentiable man-
ifolds. In this course, they will be subsets of n—dimensional Euclidean
space satisfying certain properties that will allow us to define integration
and differentiation on them.

e The manifolds M and OM live in n—dimensional Euclidean space and
therefore we will be spending some time studying the essential properties
of Euclidean space.

e The generalization of the integrands F' and dF will lead to the study of
vector valued functions (paths and vector fields) and differential forms.



Chapter 2

Euclidean Space

2.1 Definition of n—Dimensional Euclidean Space

Euclidean space of dimension n, denoted by R", is the vector space of column
vectors with real entries of the form

T

T2

Tn
where 1,2, ..., 1z, are real numbers.

Remark 2.1.1 (Interpretations of Vectors). In some texts on Vector Calculus,
elements of R™ are denoted by row—vectors; in the lectures and homework as-
signments, we will use column vectors. The convention that I will try to follow in
the lectures is that if we are interested in locating a point in space, we will use a

row vector; for instance, a point P in R™ will be indicated by P(x1,x2, ..., x,),
where 1, x9,...,z, are the coordinates of the point. Vectors in R™ can also be
used to locate points; for instance, the point P(x1,xa,...,x,) is located by the
vector

T

T2

orp=|""]1,
Ln

where O denotes the origin, or zero vector, in n dimensional Euclidean space.
This is illustrated in Figure 2.1.1 in three-dimensional Euclidean space R3. In

this case, we picture OP as a directed line segment (“an arrow”) starting at O
and ending at P.

On the other hand, the vector O? can also be used to indicate the direction
of the line segment and its length; in this case, the directed line segment can be

7
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op

Oy' y

Figure 2.1.1: A point P in R? and the vector OP

drawn as emanating from any point (see the illustration in Figure 2.1.1). The
direction and length of the segment are what matter in the latter case.

We will say that a vector v in R™ is in standard position if the directed
line segment defining v starts at the origin.

Remark 2.1.2 (Vector Notation). In some texts, vectors are denoted with an
arrow over the symbol for the vector; for instance, 7, 7>, etc. In other texts,
vectors are denoted in bold face type, v, r, etc. For the most part, we will do
away with arrows over symbols and bold face type in these notes, lectures, and
homework assignments (an exception will be the directed line segment from a

point P to a point (), denoted }@) The context will make clear whether a
given symbol represents a point, a number, a vector, or a matrix.

As a vector space, R™ is endowed with the algebraic operations of

e Vector Addition

T n
. L2 Y2 .
Givenv = | . and w= | . |, the vector sum v +w or v and w is
Tn Yn
1+ Y1
T2 + Y2
v+w= ) (2.1)

Tn + Yn
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Example 2.1.3. This is a 2—-dimensional example.

e (2) = (2). T,
e (00 ()0

Figure 2.1.2 shows a pictorial representation of the vector addition in
Example 2.1.3.

Figure 2.1.2: Parallelogram Rule

The vectors v, w and v+w are drawn in standard position in Figure 2.1.2.
The tip of v is then at P;(1,2), the tip of w is at P»(3,1), and the tip of
v4w is at Ps3(4,3). Figure 2.1.2 also shows the vector w translated so that
its starting point is at P;, and the vector v translated so that its starting
point is at P». We then see that w = ]ﬁ) and v = Iﬁ; in the figure.
gggsequently, O,P;, P, and Ps are the verticei—o_f> a parallelogram, since
OP, and P, P; are parallel to each other, and OP, and P, P; are parallel
to each other. Thus, vector addition is also called the Parallelogram
Rule. This rule also shows that

v+w=w+v, (2.2)

since, to go from O to P; along the parallelogram in Figure 2.1.2, one can
go from O to P; and then from P; to P (this is v + w), or from O to P
and then from P, from P3 (this is w + v).

The parallelogram rule illustrated in Figure 2.1.2 provides a geometric
interpretation of vector addition: To compute v+ w, sketch v in standard
position with its tip at point P;. Then, translate the vector w and place
it with starting point at the point P; and its tip at the point Ps;. The
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vector sum is the vector from O to Ps;. This is a vector along a diagonal
of the parallelogram shown in Figure 2.1.2.

The vector expression in (2.2) is called the commutative property of vector
addition. It can also be shown algebraically using the definition of vector
addition in (2.1).

e Scalar Multiplication

T
T2
Given a real number ¢, also called a scalar, and a vector v = | | the
g
scaling of v by t, denoted by tv, is given by
t$1
tl‘g
tv = A (2.3)
tr,

Example 2.1.4 (Scalar multiples of a vector in standard position). Let

Q) Qe

That is, L is the set of scalar multiples of v, where

v:(g).

Assume that a? + b% # 0; that is, <Z> is not the zero vector in R2.

Now, a vector <§) is in L, according to the definition of L in (2.4), if and

x at
(y) = (bt) ,  for some t € R,

from which we get the pair of equations

only if

r = at;
{y -~ for t € R. (2.5)

The equations in (2.5) are known as the parametric equations of the line
L. The variable t is known as a parameter. Thus, the equations in (2.5) are a
parametrization of a straight line from through the origin (0,0) and the point
(a,b) in R2. Thus, L is a straight line in the direction of the vector v. This is
shown in Figure 2.1.3. Hence, all the multiples of v lie in a line through the
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N

~

Figure 2.1.3: Line generated by v

origin along the vector v; that is, the line through the points (0,0) and (a,b).
We note that, if t > 0, tv lies along the direction of v; and, if t < 0, tv points in
the opposite direction to that of v. The sketch in Figure 2.1.3 shows the vector

5 for the case in which both a and b are assumed to be positive.

Properties of vector addition and scalar multiplication can be shown alge-
braically using the definitions of those operations in (2.1) and (2.3), respectively.
We state some of those properties in the following proposition.

Proposition 2.1.5 (Properties of Vector Addition and Sclar Multiplication).
Let u, v, w denote vectors in R™ and t and s be scalars.

(i) Commutativity of Vector Addition

v+w=w-+v.

(ii) Associativity of Vector Addition

(u4v)+w=u+ (v+w).

(iii) Existence of an Additive Identity

0

0
The vector 0 = | . | in R™ has the property that

v+0=0+v=v forallvinR".

This follows from the fact that x + 0 = x for all real numbers x.
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(iv) Existence of an Additive Inverse

X —T1
T2 —T2

Given v = . in R™, the vector w defined by v = . has the
Tn —Tn

property that
v+w=0.

The vector w is called an additive inverse of v, and is denoted by —wv.

(v) Associativity of Scalar Multiplication

Given scalars t and s and a vector v in R™,

t(sv) = (ts)v.

(vi) Identity in Scalar Multiplication
The scalar 1 has the property that

lv=v forallveR".

(vii) Distributive Properties
Given vectors v and w in R”, and scalars ¢t and s,
(a) t(v+w) = tv + tw;
(b) (t+ s)v =tv+ sv.

2.2 Spans, Lines and Planes
The span of a single vector v in R™ is the set of all scalar multiples of v:
span{v} = {tv | t € R}.

Geometrically, if v is not the zero vector in R, span{v} is the line through the
origin on R”™ in the direction of the vector v.

If P is a point in R™ and v is a non—zero vector also in R", then the line
through P in the direction of v is the set

OP + span{v} = {OP + tv | t € R}.

A possible picture of the line ﬁ + span{v} is shown in Figure 2.4.8.

2
Example 2.2.1 (Parametric Equations of a line in R?). Letv = | -3 | be a
1
vector in R® and P the point with coordinates (1,0 —1). Find the line through
P in the direction of v.
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Figure 2.2.4: Line through P in the direction of v

Solution: The line through P in the direction of v is the set

T T 1 2
y | e R3 yl=1 o|+t|-3]|,teR
z z -1 1

or
T 1+ 2t

—3t ,teR
z -1+t

T
y| eR?
z

<
I

x
Thus, for a point (y to be on the line, x, y and z must satisfy the equations
z

=14 2t;
y = —3t; for t € R. (2.6)
z=—1+41,

A sketch of the line parametrized by the equations in (2.6) is shown in Figure
2.4.8 under the label L. (]

In general, the parametric equations of a line through P(b1,bs,...,b,) in the
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ay
a2
direction of a vector v = . in R™ are

Qnp

x1 = by +agt
XTo = b2 +112t

Ty = by +ant

In some cases we are interested in the directed line segment from a point
Py(z1,22,...,2,) to a point Py(x1,zs,...,2,) in R". We will denote this set
by [Py Pz]; so that,

[P1P2]={O—P1>+tP1P2|0<t<1}-

The span of two linearly independent vectors, v; and vo, in R™ is a two—
dimensional subspace of R™. In three-dimensional Euclidean space, R?, span{v;,vs}
is a plane through the origin containing the points located by the vectors v; and
Vg.

If P is a point in R3, the plane through P generated by the linearly inde-
pendent vectors v, and vg, also in R3, is given by

O?‘F span{vy,ve} = {O—}% +tvg + svg | t, s € R}

2 6
Example 2.2.2 (Equations of planes R?). Let vy = | =3 | and vy = 2
1 -3

be vectors in R and P the point with coordinates (1,0 — 1). Give the equation
of the plane through P spanned by the vectors vi and vs.
Solution: The plane through P spanned by the vectors v; and vy is the set

x x 1 2 6
y | eR? yl=1 o|+¢t|[-3|+s| 2],tseR
z z -1 1 -3

This leads to the parametric equations

x=14 2t + 6s
y=—3t+2s
z=—-14+1t—3s.

We can write this set of parametric equations as single equation involving only
z, y and z. We do this by first solving the system

2+ 6s=x—1

—3Jt+2s=y
t—3s=z+1
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for ¢t and s.
Using Gaussian elimination, we get can determine conditions on x, y and z
that will allows us to solve for ¢ and s:

2 6 | -1 13 | =
-3 2 Yy — | -3 2 | Y —
1 -3 | z+1 1 -3 | z+1
N s N %
0 11 | S(z—1)+y -1 0 1 | 2@-1)+ 4y
0 —6 | —i@z-1)+(z+1) 0 -1 | —L@-1)+i(z+1)
13| o
0 1 | S@-1)+ Ly

0 0 | {me—1)+gy+i(z+1)
Thus, for the system to be solvable for ¢ and s, the third row must be a row of
zeros. We therefore get the equation

7 1 1
(@) +—y+-(24+1)=0

132 11 6
or
T(x—1)+12(y — 0) +22(2+ 1) = 0.
This is the equation of the plane. O

In general, the equation
a(r —xo) +b(y — yo)c(z — 2,) =0

represents a plain in R? through the point P(x,,%,,2,). We will see in a later
section that a, b and ¢ are the components of a vector perpendicular to the
plane.

2.3 Dot Product and Euclidean Norm

Z1
i)
Definition 2.3.1 (Euclidean Inner Product). Given vectors v = | . and
T,
Y1
Y2 ) .
w= | . |, the inner product, or dot product, of v and w is the real number
Yn
(or scalar), denoted by v - w, obtained as follows
Y1
T Y2
veow=viw=(z1 x2 o w) | | =2y Ty o+ Tl
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The superscript T in the above definition indicates that the column vector
v has been transposed into a row vector.

The inner product, or dot product, defined above satisfies the following
properties, which can be verified using Definition 2.3.1.

Proposition 2.3.2 (Properties of the Euclidean Inner Product). Let v, vy, v,
w, wy, and wy denote vectors in R™, and ¢; and ¢ be scalars. denote scalars.

(1) Positive Definiteness: v - v > 0 for all v € R™ and v - v = 0 if and only if v
is the zero vector.

(if) Symmetry: v-w = w - v.

(iii) Bi-Linearity:
(c1v1 + cava) - w = vy - W + v - W,

and
v (crwy + cowa) = c1v - Wy + c2v - wa,

for scalars ¢; and cs.

Thus, the Euclidean inner product is a real-valued, bi—linear form that is
symmetric and positive definite.

Given the Euclidean inner product in R™ defined in Definition 2.3.1, we can
define the Euclidean norm as follows.

Definition 2.3.3 (Euclidean Norm in R™). For any vector v € R”, its Euclidean
norm, denoted ||v||, is defined by

lv]] = Vv - v. (2.7)

Observe that, by the positive definiteness of the inner product, this definition
makes sense. Note also that we have defined the norm of a vector to be the
positive square root of the the inner product of the vector with itself. Thus, the
norm of any vector is always non—negative.

If P is a point in R™ with coordinates (z1, 2, ..., Z,), the norm of the vector

O? that goes from the origin to P is the distance from P to the origin; that is,

dist(O, P) = |OP| = \[a? + a3+ +a2.

If Py(x1,22,...,2,) and Po(y1,¥y2,-..,yn) are any two points in R”, then the
distance from P; to P, is given by

, P G
dist(Py, P2) = ||OP, — OP || = \/(yl —21)2 4+ (y2 —22)2 4+ + (Y — zp)2.

Figure 2.3.5 illustrates this situation in two—dimensional Euclidean space. The

vector OP, — OP; is shown in the figure as the directed line segment going from
P, to P,. This is justified by the parallelogram rule of vector addition, since

OP, + (OF, — OP,) = OP,,
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Yy
B OB —oP,
OF, P
o
OP,
O X

Figure 2.3.5: Distance between two points

by the properties of vector addition. The norm of 5—15; — 5—1?1 is the length of
the straight line segment connecting Py to Py; consequently, ||OP; — O—P1> || gives
the distance from P; to Ps.

As a consequence of the properties of the Euclidean inner product in Propo-
sition 2.3.2, we obtain the following properties of the Euclidean norm:

Proposition 2.3.4 (Properties of the Euclidean Norm). Let v denote a vector
in R™ and c¢ a scalar. Then,

(i) |lvll = 0 and ||v|| = 0 if and only if v is the zero vector.
(i) [levll = fefllv]l-
We also have the following very important inequality
Theorem 2.3.5 (The Cauchy—Schwarz Inequality). Let v and w denote vectors
in R™; then,
v - w] < [Joflw]l. (2.8)
Furthermore, equality in (2.8) holds if and only if v and w are linearly dependent.

Proof: Consider the function f: R — R given by
ft)=|v—tw|® forall tecR. (2.9)
Using the definition of the norm, we can write
f@) = (v—tw)- (v—tw).

We can now use the properties of the Euclidean inner product in Proposition
2.3.2 to expand this expression and get

F&) = vl = 2tv - w + ¢ lw]®.
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Thus, f(t) is a quadratic polynomial in ¢ that is always non-negative. Therefore,
it can have at most one real root, or solution of the equation f(¢) = 0. It then
follows that the discriminant, (2v-w)? — 4||w||?||v||?, cannot be positive; hence,

(20 w)? = 4f|w]?[lo]* <0,

from which we get
(v~ w)? < Jlwl[lo]|*.

Taking square roots on both sides yields the inequality in (2.8).
Equality in (2.8) occurs when there exists ¢, € R for which f(¢,) = 0, where
f is the function defined in (2.9). Consequently, ||v —t,w||?> = 0, from which we
get that v = t,w, which shows that v and w are linearly dependent.
Conversely, assume that v and w are linearly dependent; so that, there exists
a scalar ¢ such that v = cw. Then,

v-w = (cw) - w=cw-w = c|w|?

Consequently,
v - w| = [el[[w]® = |elw]lw]l = [lew][lw];
so that,
v - w] = [Jv][[fw],
and equality in (2.8) holds true. O

The Cauchy—Schwarz inequality, together with the properties of the inner
product and the definition of the norm, yields the following inequality known
as the Triangle Inequality.

Proposition 2.3.6 (The Triangle Inequality). For any v and w in R™,
l[w +wl| < vl + [Jwl].
Proof: This is an Exercise. O

Example 2.3.7 (Geometric Interpretation of the Euclidean Inner Product). Let
v and w denote two linearly independent vectors in R™ in standard position.
Figure 2.3.6 pictures the special case in which the vectors v and w are in R? and
are in standard position. The symbol 6 in the figure denotes the measure angle
determined by the vectors v and w (the acute angle between the two vectors).
The tips of the vectors v and w, together with the origin O, form a triangle
whose sides have lengths ||v||, |[w| and |[v — w||. Thus, the Law of Cosines
applies to yield the equation

lv = wl]* = [vl* + [lw]|* = 2[jv]| [w]| cos(6). (2.10)



2.3. DOT PRODUCT AND EUCLIDEAN NORM 19

Yy
v—w
w
2] v
0O x
Figure 2.3.6: Law of Cosines: |[v — w||? = ||v]|? + ||w]|? — 2||v||||w]| cos(6)

The left—-hand side in (2.10) can be expanded using the definition of the Eu-
clidean norm in (2.7) and the properties of the Euclidean inner product in
Proposition 2.3.2 to yield

[v—w|* = (v—w) (v—w)
= VU=V W—WwW-Vv+w-w

= [lvl* = 20w+ [lwl*

so that,
[o —wl* = [[o]* + [lw]]* — 2v - w. (211)

Comparing the equations in (2.10) and (2.11) we then see that
vew = [[o[lw]| cos(8), (2.12)

where 6 is the angle between v and w.
For the case in which v and w are nonzero vectors, the expression in (2.12)
yields
v-ow

cos(6) (2.13)

lollllwl”

The formula in (2.13) for two nonzero vectors, v and w, shows that the
Euclidean inner-product is related to the angle, 8, between the vectors v and w.
In particular, if v-w = 0, then cos(f) = 0; so that, § = 90°, 8 = 270°. In either
case, the vector w lies along a line that is perpendicular to the direction of v.
We say that v and w are orthogonal.

Definition 2.3.8 (Orthogonality). Two vectors v and w in R™ are said to be
orthogonal, or perpendicular, if

v-w =0.
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Remark 2.3.9 (Angle between two vectors convention). The formula in (2.12)
gives another way for computing the the-dot product of vectors, v and w, in
R™. Tt requires knowing the norms (or lengths) of the vectors, ||v|| and ||w]|,
and the angle, 0, between the vectors v and w (see Figure 2.3.6). What do we
mean by the expression “the angle between v and w?”

Y

(7]
L 9”

Figure 2.3.7: Angle between two vectors in R?

Figure 2.3.7 depicts the situation in the Cartesian plane. We see that we have
two options. There is the angle # that is swept by the arrow depicting v as we
imagine it rotating towards the direction of the vector w in the counterclockwise
sense. There is also the angle v that is swept by the arrow depicting w as
it rotates in the counterclockwise sense towards the arrow depicting v. By
convention, we take the angle between v and w to be the smaller of # and 1.
For the situation pictured in Figure 2.3.7, we take 6 to be the angle between v
and w.

2.4 Orthogonality and Projections

We begin this section with the following geometric example.

Example 2.4.1 (Distance from a point to a line). Let v denote a non—zero
vector in R™; then, span{v} is a line through the origin in the direction of v.
Given a point P in R3 that is not in the span of v, we would like to find the
distance from P to the line; in other words, the shortest distance from P to any
point on the line. There are two parts in the solution of this problem:

e first, locate the point, tv, on the line that is closest to P, and
e second, compute the distance from that point to P.

Figure 2.4.8 shows a sketch of the line in R? representing span{v}.
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T Y
span{v}

Figure 2.4.8: Line in R?

Let w = OP denote the vector from the origin to P (see sketch in Figure
2.4.8), and define the function f: R — R by

f(t) = |w—tv|?, for any t € R;

that is, f(t) is the square of the distance from P to any point on the line through
O in the direction of v. We wish to minimize this function.
Observe that f(t) can be written in terms of the dot product as

F(b) = (w—to) - (w— to),

which can be expanded by virtue of the properties of the inner product and the
definition of the Euclidean norm into

F@t) = [lwl® = 2tv - w + *|Jv]|*.
Thus, f(t) is a quadratic polynomial in ¢ that can be shown to have an absolute
minimum when 0w

el

Thus, the point on span{v} that is the closest to P is the point

v-w

v
vl

where w = O?

The distance form P to the line (i.e., the shortest distance) is then

o~
w — vl .
o]
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Remark 2.4.2. The argument of the previous example can be used to show that
the point on the line

s
OP, + span{v},

for a given point P,, which is the closest to P 1is given by

OF: + "

where w = Poﬁ, and the distance from P to the line is

HOP + wH

Definition 2.4.3 (Orthogonal Projection). The vector
v-w
v
o]l

is called the orthogonal projection of w onto v. We denote it by P,(w). Thus,

(v-w)

Polw) ="

P,(w) is called the orthogonal projection of w = O? onto v because it lies
along a line through P that is perpendicular to the direction of v. To see why
this is the case compute

(w—P,(w))-v = w-v—Py(w) v
IR
i
w-v

= w-v-— ||’U||2|| ||2

- w-v—w-v

so that, the vector w — P,(w) is perpendicular to v. We have therefore shown
that the point in the line span({v}) that is closest to P lies on line through P
that is perpendicular to the line through O in the direction of v. See the sketch
in Figure 2.4.9 for an illustration of this result in two—dimensional Euclidean
space.

Note that any vector w € R™ can be written as

w = Py(w) + (w — Py(w)). (2.14)

Thus, by the previous calculations we also see that any vector, w, in R™ can be
expressed as the sum of a vector that is parallel to v and another vector that is
perpendicular to v. See the sketch in Figure 2.4.9. The expression in (2.14) is
known as the orthogonal decomposition of w with respect to v.
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Figure 2.4.9: Orthogonal Projection

Example 2.4.4. Let L denote the line given parametrically by the equations

r = 1—1t
y = 2t (2.15)
z = 24t

for t € R. Find the point on the line, L, which is closest to the point P(1,2,0)
and compute the distance from P to L.

Solution: Let P, be the point on L with coordinates (1,0,2) (note that P, is
the point in R? corresponding to ¢ = 0). Put

0
w = Poﬁ = 2
-2
-1
Let v = 2 | ; that is, v is the direction of the line, L. Hence, any point on
1

——
L is of the form OP, + tv, for some ¢ in R.
The point on the line L that is the closest to P is

—
OP, + P,(w),
where P,(w) is the orthogonal projection of w onto v; that is,

(v-w) 2 1
P’U = _— = —V = —.
(w) TEIE v 6v 31}

Thus, the point on L that is closest to P corresponds to t = 1/3 in (2.15); that
is, the point Q(2/3,2/3,7/3) is the point on L that is closest to P.
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The distance form P to the line L is
dist(P,L) = dist(P,Q)

10P — 04|,

so that
1/3
dist(P,L) = 4/3
—7/3
1
zé 4
-7
1 66
= §V1+16+49:§'

O

Definition 2.4.5 (Unit Vectors). A vector u € R™ is said to be a unit vector
if [ul| = 1; that is, u has unit length.

If w is a unit vector in R™, then the orthogonal projection of w € R™ onto u
is given by
P, (w) = (w - u)u.

We call this vector the orthogonal component of w in the direction of u.
If v is a non—zero vector in R", we can scale v to obtain a unit vector in the

1
direction of v as follows: WU.
v

Denote this vector by v; then, v = W’U and
v

. 1 1
I8l = HH - L=
onll = e

so that, ¥ is indeed a unit vector.
As a convention, we will always denote unit vectors in a given direction with
a hat upon the symbol denoting the direction vector.

1 0 0
Example 2.4.6. The vectors i=1|o , 3\2 1], and k=|0]| are unit
0 0 1

vectors in R3. Observe also that they are mutually orthogonal; that is
i-7=0, i-k=0, and j-k=0.
Note also that every vector v in R? can be written us

v=(-1i+ (v-1)]+ (v-k)E.



2.4. ORTHOGONALITY AND PROJECTIONS 25
This is known as the orthogonal decomposition of v with respect to the basis
{i,j,k} in R3.

Example 2.4.7 (Normal Direction to a Plane in R3). We have seen that the
set of points, (z,y, z), satisfying the equation

ar+by+cz=d (2.16)

forms a plane in R3. We call (2.16) the equation of a plane determined by the
real constants a, b, ¢ and d.
Suppose that P,(z,, Yo, 2o) is a point on the plane represented by the equa-
tion in (2.16). Then,
azx, + by, + cz, = d. (2.17)

Similarly, if P(z,y,y) is another point on the plane, then
ar +by+c=d. (2.18)
Subtracting equation (2.17) from equation (2.18) we then obtain that
a(@ = xo) + b(y — yo) + c(z — 2) = 0.

This is the general equation of a plane derived in a previous example. This equa-

a
tion can be interpreted as saying that the dot product of the vector n = | b
c
T — X,
with the vector ﬁ = | y—Yo | iszero. Thus, the vector n is orthogonal, or
Z— 2

perpendicular, to any vector lying on the plane. We then say that n is normal
vector to the plane. In the next section we will see how to obtain a normal vec-
tor to the plane determined by three non—collinear points in three—dimensional
space.

Example 2.4.8 (Distance from a point to a plane). Let H denote the plane in
R3 given by
x
H = y| eR3 | ax+by+cz=d
z

Let P denote a point which is not on the plane H. Find the shortest distance
from the point P to H.
Solution: Let P,(x,, Yo, 2,) be any point in the plane, H, and define the vector,

w = ﬁ, which goes from the point P, to the point P. The shortest distance
from P to the plane will be the norm of the projection of w onto the orthogonal
direction vector,
a
n=1_25b],
c
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to the plane H. Then,
dist(P, H) = || P, (w)||,
w-n

where P, (w) = Wn
n

Example 2.4.9. Let H be the plane in R? given by the equation
2z 4+ 3y + 62 = 6.

Find the distance from H to P(0,2,2).
Solution: Let P, denote the z—intercept of the plane; namely, P,(0,0,1), and
put

0

w:ﬁ: 2

1
Then, according to the result of Example 2.4.8,

. |w - n
dist(P, H) = ,
([
where
2
n=1\| 3],
6
so that
w-n =12,
and
In||=v4+9+36=T1.
Consequently,
12
dist(P, H) = -

2.5 The Cross Product in R?

We begin this section by first showing how to compute the area of parallelogram
determined by two linearly independent vectors in R?.

Example 2.5.1 (Area of a Parallelogram). Let v and w denote two linearly
independent vectors in R? given by

V= (al) and w= <b1> .
ag b2

Figure 2.5.10 shows a sketch of the arrows representing v and w for the special
case in which they lie in the first quadrant of the zy—plane.
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Y
by +
h
as —+ w
v
0 by a z

Figure 2.5.10: Area of a parallelogram

We would like to compute the area of the parallelogram, P(v, w), determined
by v and w. This may be computed as follows:

area(P(v,w)) = ||v||h,
where h is given by ||w — P,(w)||; that is, the distance from w to its orthogonal

projection along v.
Squaring both sides of the previous equation we have that

(area(P(v,w)))* = [v*[lw — Py(w)|
= [vlP*(w = Py(w)) - (w = Py(w))
= olP(lwl* = 2w - Pu(w) + || Py (w)]*)

(v-w) (v-w)z)

2 2
f— _2 .
Il (”w” UE YT R

= ol (ol 2y )

Tk ol
(0 w? (0w
- ||v2<||w||22 + .
CETE
We then obtain that
(area(P(v, w)))? = ol wll® — (v - w)>. (2.19)

We note that the expression for the area of the parallelogram determined by
vectors v and w given in (2.19) also holds true for vectors in R™.
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Writing the expression in (2.19) in terms of the coordinates of v and w, we
then have that

(area(P(v,w))* = [v[*|w]* - (v w)?
= (a}+a3)(b] +b3) — (ar1by + azbs)?
= a2b? 4+ a3bs 4 a3b? + a3b3 — (a3b? + 2a1biagby + adbl)
= abs + a3b? — 2a1biasbs

= a?b? — 2(a1by)(aghy) + adb?;
so that,
(area(P(v,w)))? = (a1by — azby)>. (2.20)
Taking square roots on both sides of (2.20), we get

area(P(v,w)) = |a1ba — agby|.

Observe that the expression in the absolute value on the right-hand side of the
previous equation is the determinant of the matrix:

aiq bl
as bg ’

We then have that the area of the parallelogram determined by v and w is
the absolute value of the determinant of a 2 x 2 matrix whose columns are the
vectors v and w. If we denote the matrix by [v w], then we obtain the formula

area(P(v,w)) = | det([v w])].

Observe that this formula works even in the case in which v and w are not
linearly independent. In that case we get that the area of the parallelogram
determined by the two vectors is 0.

2.5.1 Defining the Cross—Product

Given two linearly independent vectors, v and w, in R, we would like to asso-
ciate to them a vector, denoted by v x w and called the cross product of v and
w, satisfying the following properties:

e v X w is perpendicular to the plane spanned by v and w.

e There are two choices for a perpendicular direction to the span of v and
w. The direction for v x w is determined according to the so called “right—
hand rule”:

With the fingers of your right hand, follow the direction of v
while curling them towards the direction of w. The thumb will
point in the direction of v X w.
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e The norm of v X w is the area of the parallelogram, P (v, w), determined
by the vectors v and w.

These properties imply that the cross product is not a symmetric operation;
in fact, it is antisymmetric:

wxv=—vxw foral v,weR3.
From this property we immediately get that
vxv=0 forall veR3

where 0 denotes the zero vector in R3.
Putting the properties defining the cross product together we get that

v X w = Farea(P(v,w))n, (2.21)

where 71 is a unit vector perpendicular to the plane determined by v and w. The
sign on the right—hand side of (2.21) is determined by the right hand rule and,
according to 2.19, area(P(v,w) satisfies the equation

(area(P(v, w)))? = [0l [wll? — (v - ). (2.22)

To compute v x w, we first consider the special case in which v and w lie
along the zy—plane. More specifically, suppose that

a1 b1
v= | as and w = [ by
0 0

Figure 2.5.10 illustrates the situation in which v and w lie on the first quadrant
of the zy-plane.
For the situation shown in Figure 2.5.10, according to (2.21), v x w is in the
0
direction of k = | 0 | . We then have, in view of (2.21), that
1

~

v X w = Farea(P (v, w))k, (2.23)
where the area of the parallelogram P (v, w) is computed as in Example 2.5.1 to

obtain
det < 1 bl) ‘
a2 b2

To determine the sign on the right-hand side of (2.23), we apply the right—
hand rule. It turns out that the sign of the determinant of the matrix

al bl
an bz ’

area(P(v,w)) =
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where the entries in the first column correspond to v and those in the second
column to w, agree with the sign convention dictated by the right—hand-rule.
We then have that

_ ar b1\ =

v X w = det <a2 b2> k. (2.24)

. . . . . . a ap a2
To simplify notation in (2.24), we will write for det .

as b2 bl b2

Thus,
gt bl -~

vxw=| oy, k. (2.25)

Observe that, since the determinant of the transpose of a matrix is the same
as that of the matrix, we can also write (2.25) as

_|ar az2| 7
UXW= oy k, (2.26)
for vectors
aq bl
v= | as and w = | by
0 0

lying in the zy—plane.
In general, the cross product of the vectors

a by
v=|as and w = | by
as b3
in R3 is the vector
__|a2 as ’.‘_ ay; ag|~ ar ag|
vxw=1" T by by Jj+ by by k, (2.27)
R 1 R 0 R 0
where i = (0], 7=1|1], and k= | 0| are the standard basis vectors in
0 0 1

Observe that if a3 = b3 = 0 in definition on v X w in (2.27), we recover the
expression in (2.26),

ap a2

VX W= by by k

for the cross product of vectors lying entirely in the xy—plane.

In the remainder of this section, we verify that the cross product of two
vectors, v and w, in R3 defined in the (2.27) does indeed satisfies the properties
listed at the beginning of the section.
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To check that v x w is orthogonal to the plane spanned by v and w, write

ay bl
v=|as and w = | by
as b3

and compute the dot product of v and v x w,

v-(vxw) = vT(vxw)
az as
by b3
— _|a1 as
- ( ay a2 az ) bl bd
ay asg
by by
so that
_ az az| ap as a; ao
v-(uxw) = by byl %2|b by +as by by (2.28)

We recognize in the right-hand side of equation (2.28) the expansion along the
first row of the determinant

a; a2 as
ap a2 agf,
by by b3
which is 0 because the first two rows are the same. Thus,

v (vxw)=0,

and therefore v X w is orthogonal to v. Similarly, we can compute

b1 by b3
’U)'(’UX’U}): ay az as :O,
b1 by b3

which shows that v x w is also orthogonal to w. Hence, v x w is orthogonal to
the span of v and w.

Next, we need to see that ||v x w|| gives the area of the parallelogram spanned
by v and w. According to (2.22), we need to show that

lv > w]]* = Jv]Pflw]® = (v w)?. (2.29)

To establish (2.29), use the definition of v X w in (2.27) to compute
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2
ap az
by by

2
a; as
by b3

2
az as

2
v Xw =
” ” bg b3

= (agbz — azbs)? + (a1bz — azby)? + (a1bs — azby)?
= a3b? — 2asbsazby + a3b3
+ a?b3 — 2a1bzazby + a3b?
+ a?b2 — 2a1byasby + a3b?.

Next, add and subtract the binomials a?b?, a3b3 and a3b3 on the right-hand
side of the previous expression, and simplify to obtain

lvxwl® = af(bF + b3 + b3)
+ a3 (b7 + b3 +b3)
+a3 (b7 + b3 + b3)
—2asbsaszby — 2a1b3zaszb; — 2a1boasby
)
or
loxwl? = (ai + a3+ a3)(b] + 05 + b3)
—(a3b? + a3b3 + a3b3 + 2azbzasbs + 2a1bzaszby + 2a1baasby),
which simplifies to
v x w||® = (af + a3 + a3) (b3 + b3 + b3) — (arby + azbs + azbs)?, (2.30)

Noticing on the right—hand side of (2.30) the product of the square of the
norms of v and w minus the square of the dot product of v and w, we see that
the expression in (2.30) implies the statement in (2.29). Consequently, in view
of (2.22), we see that (2.29) can we written as

[ x w||? = [area(P (v, w)]?,
from which it follows that

lv x w|| = area(P (v, w)). (2.31)

Consequently, the norm of the cross—product of vectors v and w in R? gives the
area of the parallelogram determined by the vectors v and w, which was to be
shown.
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2.5.2 Triple Scalar Product

Example 2.5.2 (Volume of a Parallelepiped). Three linearly independent vec-
tors, u, v and w, in R?® determine a solid figure called a parallelepiped (see
Figure 2.5.11 on page 33). In this section, we see how to compute the volume
of that object, which we shall denote by P(u,v,w).

n=vxuw

-

Figure 2.5.11: Volume of a Parallelepiped

First, observe that the volume of the parallelepiped, P(v,w,u), drawn in
Figure 2.5.11 is the area of the parallelogram spanned by v and w times the
height, h, of the parallelepiped:

volume(P (v, w,u)) = area(P(v,w)) - h, (2.32)

where h can be obtained by projecting u onto the cross—product, v x w, of v
and w; that is

u-n
h= 1Pl = | 73 7|
! [In]]?
where
n=uvxuw.
We then have that
lu- (v x w)|
h="—"—+
[l x wl|
Consequently, since area(P(v,w)) = ||[v x w||, according to (2.31), we get from
(2.32) that
volume(P (v, w,u)) = |u- (v X w)|. (2.33)

The scalar, v - (v X w), in the right—-hand side of the equation in (2.33) is
called the triple scalar product of u, v and w.
Given three vectors

c1 ap b1
u=|ca|, v=|as and w= | by
c3 as b3
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in R3, the triple scalar product of u, v and w is given by

az a3 a1 as ap a2
u-(vXxXw)=c —cC + c:
( ) Yoy, b 2lby b3 " by by
or
Ci C2 C3
u-(vxXw)=|a1 az agl;
b1 by b3

that is, u- (v X w) is the the determinant of the 3 x 3 matrix whose rows are the
vector u, v and w, in that order. Since the determinant of the transpose of a
matrix is the same as the determinant of the original matrix, we may also write

u-(vxw)=detfu v w],

the determinant of the 3 x 3 matrix whose columns are the vector u, v and w,
in that order.
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Functions

3.1 Types of Functions in Euclidean Space

Given a subset D of n—dimensional Euclidean space, R", we are interested in
functions that map D to m—dimensional Euclidean space, R™, where n and m
could possibly be the same. We write

F:D—R"
and call D the domain of F'; that is, the set where the function is defined.

Example 3.1.1. The function f given by
1

z,Y) = ———
1s defined over the set
D={(z,y) e R |2? +y* < 1},

or the open unit disc in R2. In this case, n =2 and m = 1.

There are different types of functions that we will be studying in this course.
Some of the types have received traditional names, and we present them here.

o Vector Fields. If m = n > 1, then the map
F:D—R"
is called a vector field on D. The idea here is that each point in D gets
assigned a vector. A picture for this is provided by a model of fluid flow

in which each point in region where fluid is flowing gets assigned a vector
giving the velocity of the flow at that particular point.

35
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e Scalar Fields. For the case in which m = 1 and n > 1, every point in
D now gets assigned a scalar (a real number). An example of this in
applications would be the temperature distribution over a region in space.
Scalar fields in this course will usually be denoted by lower case letters (f,
g, etc.). The value of a scalar field

f:D—=R
at a point P(x1,x2,...,%,) in D will be denoted by
flx1, 2, ... xy).
If D is a region in the xy—plane, we simply write
f(z,y) for (z,y) € D.
e Paths. If n =1, m > 1 and D is an interval, I, of real line, then the map
o: I —-R™
is called a path in R™.
Example 3.1.2. Let o(t) = (cost,sint) fort € (—m,x], then
o: (—m, 7] = R?

is a path in R%2. A picture of this map would a particle in the xy-plane
moving along the unit circle in the counterclockwise direction.

3.2 Open Subsets of Euclidean Space

In Example 3.1.1 we saw that the function f given by
1
/T— a2 — 2

has the open unit disc, D = {(x,y) € R? | 22 + y? < 1}, as its domain. The set
D is an example of what is known as an open set.

flz,y) =

Definition 3.2.1 (Open Balls). Given u € R™, the open ball of radius r > 0 in
R™ about u is defined to be the set

By(u) ={veR"||v—u| <r}.
That is, B, (u) is the set of points in R™ that are within a distance of v from u.

Definition 3.2.2 (Open Sets). A set U C R™ is said to be open if and only if
for every uw € U there exists r > 0 such that

B,.(u) CU.

The empty set, 0, is considered to be open.
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Example 3.2.3. For any R > 0, the open ball BR(O) = {v € R™ | ||v|| < R} is
an open set.

Proof. Let u be an arbitrary point in Br(O); then ||u|| < R. Putr = R—|ju|| >0
and consider the open ball B,.(u). If v € B,.(u), then, by the triangle inequality,

ol = [l —u+ul] < flv —ull + [Jul} <+ [Jull = R,
which shows that v € Bg(O). Consequently,
B,.(u) C Br(0).
It then follows that Br(O) is open by Definition 3.2.2. O

Example 3.2.4. The set A = {(x,y) € R? | y = 0} is not an open subset of
R2. To see why this is the case, observe that for any r > 0, the ball B,.((0,0)) is
is not a subset of A, since, for instance, the point (0,7/2) is in B.((0,0)), but
it is not an element of A.

3.3 Continuous Functions

In single variable Calculus you learned that a real valued function, f: (a,b) — R,
defined in the open interval (a,b), is continuous at ¢ € (a, b) if

lim f(z) = f(0).

T—cC

We may rewrite the last expression as

lim |f()— f(c)] =0.

|z—c|—0

This is the expression that we will use to generalize the notion of continuity
of vector—valued functions at points in subsets of Euclidean space. We simply
replace the absolute values with norms, when needed

Definition 3.3.1. Let U be an open subset of R™ and F': U — R™ be a vector—
valued map on U. F is said to be continuous at u € U if

lim ||F(v) — F(u)] =0.

[[v—u||—0
If F' is continuous at every u in U, we say that F' is continuous on U.
We present several examples of continuous functions.

Example 3.3.2. Let T: R™ — R be a linear transformation. Then, T is con-
tinuous on R™.
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Proof: Since T is linear, there exists a vector, w, in R™ such that
T(w)=w-v forall veR". (3.1)

This fact was shown to be true in Problem 4 of Assignment #3.
It follows from (3.1) that, for any v and v in R™,

Tw)—T(u) = w-v—w-u
= w-(v—u);
so that
|T(v) = T(u)| =|w-(v—u)|, forov,uecR" (3.2)

Thus, applying the Cauchy—Schwartz inequality on the right-hand side of (3.2)
then yields
|T(v) = T(u)| < ||wl|Jv—ul||, forv,ueR". (3.3)

Hence, applying the Squeeze (or Sandwich) Theorem in single—variable Calculus,
we obtain from (3.3) that

T(v) = T(u)| =0,

1m
||lv—ul|—0

and so T is continuous at u. Since u is any element of R", it follows that T is
continuous on R". O

Example 3.3.3. Let f: R? — R be given by
f(z,y) =xy, for all (z,y) € R

Prove that f is continuous at every (z,,y,) € R%.
Solution: We want to show that, for every (z,,y,) € R?,

|f(I,y) - f($o7yo)‘ =0. (34)

lim
1(z,9)—(20,y0)||—0

First, write

f(x7 y) - f(xmyo) =TY — ToYo = TY — ToY + ToY — ToYo,
or
f(xa Z/) - f(xoayo) = y(x - xo) + xo(y - yo)' (35)

Taking absolute values on both sides of (3.5) and applying the triangle inequality
yields that

[f(@,y) = [(@o, yo)| < |yllz — 2o| + [wo|ly — Yol- (3.6)
Restricting to values of (z,y) such that

||(x,y) - (%,yo)H < 1; (37)
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we see that

Y = Yol = V(¥ = 90)? S V(& = 20)? + (y —90)? < 1
so that, using the triangle inequality again,
|y|:|y*yo+yo| < |y7yo|+‘yo| <1+|y0‘7 (38)

provided that (3.7) holds true. Thus, using the estimate in (3.8) in (3.6), we
obtain that, if (x,y) satisfies (3.7),

[f(2,y) = F(0,50)| < (14 [gol)|2 = @o| + |2olly = yol- (3.9)

Next, apply the Cauchy—Schwarz inequality in (2.8) to the vectors
v= (1+|y0|) and w= ('x_%)
|0 [y — Yol

(1 + [yoD)la = @o| + |zolly = yol < V(1 + [yo))? + 22/ (z — 20)2 + (y — o).
We can therefore estimate the right-hand side of (3.9) to obtain

(@, y) = f@o, yo)l < V(L + [o])? + 22/ (2 — 20)2 + (y — y0)2,

to obtain

or
|f (2, y) = f(@o, Yo)| < Coll(z,y) — (%0, y0)]],

for values of (z,y) within 1 of (z,,y,), where C, = 1/(1 + |yo|)? + 2. We then
have that, if ||(z,y) — (20, ¥o)|| < 1, then

0< |f($7y) - f(moayo)l < CO||(x’y) - (xovyo>||' (310)

The claim in (3.4) now follows by applying the Squeeze Theorem to the expres-
sions in (3.10) because the rightmost term in (3.10) goes to 0 as

||(x,y) - (xo,yo)H — 0.

Example 3.3.4. Let F: R?2 = R? be given by

2
F<x>:<m> for all (”C)eR?.
y —y y

Prove that F is continuous at every (xo> € R%

o

-G
_y+yo

= (@ =23’ + (¥ — v)%,

Solution: First, estimate

() ()

2
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which may be written as

7 () -+ ()

after factoring.

2
= ($+$o)2($—$o)2+(y—yo)27 (311)

Next, restrict to values of (;) € R? such that

H <£L’) — ( 0) H < 1. (312)
Yy Yo
It follows from (312) that

& — 2o = /(2 = 20)2 < V(& = 20)2 + (y — y0)? < 1.
Consequently, if (3.12) holds, then

“T|:|x_mo+$o| < |IE—£EO|+|£EO| <1+|x0|7 (313)

where we have used the triangle inequality. It follows from the last inequality
n (3.13) that
|z + 20| < |2] + 70| < 1+ 2], (3.14)

where we have, again, used the triangle inequality. Applying the estimate in
(3.14) to the equation in (3.11), we obtain

() -+ ()
Y Yo
which implies that
IG) - ()
Y Yo

Taking the positive square root on both sides of the inequality in (3.15) then
yields

2
< (1 200])* (2 = 20)* + (y = ),

< (14 2lzo))*[(2 = 20)? + (¥ = ¥0)°]- (3.15)

17 (3) -7 ()| < 0+ 2V TG G0

From (3.16) we get that, if (3.12) holds, then

o<lr @)l <o |GGl o

Applying the Squeeze Theorem to the inequality in (3.17) we see that, since the

ORGIEE

MR

rightmost expression in (3.17) goes to 0 as

—0
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Hence, F' is continuous at (Io) . O

Yo

The function in Example 3.3.4 is an instance of more general situation ad-
dressed by the following proposition.

Proposition 3.3.5. Let U denote an open subset of R™ and F': U — R™ be a
vector valued function defined on U and given by

f1(v)

fa(v
Fv) = ) , forallveU,

fonl0)

where
firU=R, forj=1,2,...m,

are real valued functions defined on U. The vector valued function, F', is con-
tinuous at u € U if and only if each one of its components, f;, for j =1,2,...m,
is continuous at u.

Proof: F is continuous at u € U if and only if

lim |F(v) = F(u)]* =0,

[|lv—ul|—0

if and only if

[|lv—ul|—0

lim | ) |f() - fw)P | =0,
j=1

if and only if

Z valii?\llﬂo /() = fj(u)\Q =0,
j=1

if and only if

1irﬂ1 O|fj(v)—fj(u)|2:O7 forall j =1,2,...,m,
—ul|—

llv
if and only if

lim |[f;j(v) = fj(u)] =0, forall j=1,2,...,m,

[|lv—ul|—0
if and only if each f; is continuous at u, for i =1,2,...,m. O

As an application of Proposition 3.3.5, we obtain the following results for
paths.
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Example 3.3.6 (Continuous Paths). Let (a,b) denote the open interval from
a tob. A path o(a,b) — R™, defined by

1‘1(t)
z2(t)
o(t) = ) , forall te€ (a,b),
T (1)
where each x;, for i = 1,2,...,m, denotes a real valued function defined on

(a,b), is continuous if and only if each x; is continuous.

Proof. Let t, denote an arbitrary element in (a,b). By Proposition 3.3.5, o is
continuous at ¢, if and only if each z;: (a,b) — R is continuous at t,. Since,
this is true for every t, € (a,b), the result follows. O

A particular instance of the previous example is the path in R? given by
o(t) = (cost,sint)

for all ¢ in some interval (a,b) of real numbers. Since the sine and cosine
functions are continuous everywhere on R, it follows that the path is continuous.

Next, we use Proposition 3.3.5 to prove that linear functions are continuous.

Example 3.3.7 (Linear Functions are Continuous). Let F': R” — R™ be a
linear function. Then F' is continuous on R"; that is, F' is continuous at every
u e R™.

Proof: Let F: R™ — R™ be a linear transformation. Then, F' has the matrix
representation

F(v) = Av, for all v € R", (3.18)

with respect to the standard bases in R™ and R™, where A is an m X n matrix,

ai1 a12 te A1n
a21 a22 s a2n

A= . A (3.19)
am1l Am2 - Gmn

We can therefore write the expression for F in (3.18) as

Fw) = , forallveR", (3.20)
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where w,wl ... wl are the rows of the matrix A in (3.19). We then have
from (3.20) that
fi(v)
fa(v)
F(v) = ) , forallveR", (3.21)
an(U)
where
filv) =w;-v, forallveR", (3.22)

and j = 1,2,...,m. As shown in Example 3.3.2, each f; defined in (3.22)
is continuous at every u € R™. Thus, all the components of the function F
as given in (3.21) are continuous. Consequently, using Proposition 3.3.5, we
conclude that F' is continuous at every u € R™. O

The functions in the following examples are continuous because they are
linear functions, and linear functions are continuous as shown in Example 3.3.7.

Example 3.3.8. Define f: R* — R by f(z1,22,...,z,) = x;, for a fixed ¢ in
{1,2,...,n}. Show that f is continuous on R.
Solution: Observe that f is linear. In fact, note that

fv)=¢€;-v, forallveR",

where e; is the ith vector in the standard basis of R™. Tt follows from the result

of Example 3.3.7 that f is continuous on R™. O

Example 3.3.9 (Orthogonal Projections are Continuous). Let u denote a unit
vector in R™ and define P;: R™ — R"™ by

Ps(v) = (v-u)u, forallveR"™

Prove that Py is continuous on R".
Solution: Observe that Py is linear. In fact, for any ¢1,co € R and vy, v, € R™,

Pi(civg + cava) = [(crv1 + cov2) - Ulu
= (cv1 -0+ covg - 0)U
= (civ1 - @)U+ (cove - W)U
= c(vy - @)U+ co(ve - u)u
= 1 Pz(v1) + caPg(v2).

It then follows from the result of Example 3.3.7 that Py is continuous on R™. [
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3.3.1 Images and Pre-Images

Let U denote and open subset of R" and F: U — R™ be a map.

Definition 3.3.10. Given A C U, we define the image of A under F' to be the
set
F(A)={yeR™|y=F(x), forsome x € A}.

Given B C R™, we define the pre-image of B under F to be the set
FY(B)={x€U|F(z) € B}.

Example 3.3.11. Let o: R — R? be given by o(t) = (cost,sint) for all t € R.
If A= (0,27, then the image of A under o is the unit circle around the origin
in the xy—plane, or

o((0,27)) = {(z,y) € R? | 2® +y* = 1}.
Example 3.3.12. Let o be as in the previous example, and A = (0,7/2). Then,
c(A)={(z,y) eR? |2 +y*=1,0<2<1,0<y <1}

Example 3.3.13. Let D = {(x,y) € R? | 22 + y? < 1}, the open unit disc in
R2, and f: D — R be given by

fly) =V1—a?—y? for (z,y) €D

Find the pre—image of B = {0} under f.
Solution:

FH0) = {(z,y) € R*| f(z,y) = O}
Now, f(x,y) =0 if and only if

V1—22—9y2=0

if and only if

2 +y?=1.
Thus,
F7H0) = {(z,y) e R* | 2® +4* =1},
or the unit circle around the origin in R2. O

3.3.2 An alternate definition of continuity

In this section we will prove the following proposition

Proposition 3.3.14. Let U denote an open subset of R". A map F: U — R™
1s continuous on U if and only if the pre—image of any open subset of R™ under
F is an open subset of U.
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Proof. Suppose that F is continuous on U. Then, according to Definition 3.3.1,
for every u € U,
lim ||F(v)— F(u)]| =0.

[[v—u||—0

In other words, F'(v) can be made arbitrarily close to F(u) by making v suffi-
ciently close to u.
Let V denote an arbitrary open subset of R™ and consider

F'(V)y={uecU|F(u) €V}

We show that F~1(V) is open.
To see why this assertion is true, let w € F~1(V). Then, F(u) € V. There-
fore, since V' is open, there exists € > 0 such that

B.(F(u)) CV.

This implies that, any w € R" satisfying ||w — F(u)|| < ¢ is also an element of
V.

Now, by the continuity of F at u, we can make ||F(v) — F(u)|| < ¢ bay
making ||v — u|| sufficiently small; say, smaller than some § > 0. It then follows
that

|lv —u|| < ¢ implies that || F(v)— F(u)| < e,

which in turn implies that F(v) € V, or v € F~}(V). We then have that
v € Bs(u) implies that v € F~H(V).

In other words,
Bs(u) C F~H(V).

Therefore, F~1(V) is open; thus, the assertion is proved to be true.

Conversely, assume that for any open subset, V', of R™, F~1(V) is open. We
show that this implies that F' is continuous at any u € U. To see this, suppose
that w € U and let € > 0 be arbitrary. Now, since B.(F'(u)), the open ball of
radius ¢ around F'(u), is an open subset of R™, it follows that

F™H(B:(F(u)))

is open, by the assumption we are making in this part of the proof. Hence, since
u € F71(B.(F(u))), there exists § > 0 such that

Bs(u) € F~1(B.(F())).
This is equivalent to saying that
v — u| < & implies that v € F~1(B.(F(u))),

or
|lv — u|| < ¢ implies that F(v) € B.(F(u)),



46 CHAPTER 3. FUNCTIONS

or
|lv — u|| < & implies that ||F'(v) — F(u)|| <e.

Thus, given an arbitrary € > 0, there exists § > 0 such that
|lv — ul|| < ¢ implies that ||F(v) — F(u)]] < e.
This is precisely the definition of

lim ||F(v) — F(u)]] =0.

[[v—ul|—0

3.3.3 Compositions of Continuous Functions

Proposition 3.3.14 provides another definition of continuity: A map is contin-
uous if and only if the pre-image of any open set under the map is open. We
will now use this alternate definition prove that a composition of continuous
functions is continuous.

Let U be an open subset of R™ and ) an open subset of R™. Suppose that
we are given two maps, F: U — R™ and G: Q — R*. Recall that in order to
define the composition of G and F', we must require that the image of U under
F' is contained in the domain, @, of G; that is,

FU)CQ.
If this is the case, we define the composition of G and F', denoted G o F, by
GoF(v)=G(F(v)), forall veUl.

This yields a map
GoF:U — Rk

Proposition 3.3.15. Let U be an open subset of R™ and QQ an open subset of
R™. Suppose that the maps F: U — R™ and G: Q — R¥ are continuous on
their respective domains and that F(U) C Q. Then, the composition GoF: U —
R¥ is continuous on U.

Proof. According to Proposition 3.3.14, it suffices to prove that, for any open
set V' C RF, the pre-image (G o F)~!(V) is an open subset of U. Thus, let
V C R* be open and observe that

veE(GoF)Y(V) iff (GoF)(w)eV
ifft G(F(v)) eV
iff F(v)e G Y(V)
iff ve F~1(G7YV)),

so that



3.3. CONTINUOUS FUNCTIONS 47

Now, G is continuous; consequently, since V' is open, G~!(V) is an open subset
of @@ by Proposition 3.3.14. Similarly, since F' is continuous, it follows again
from Proposition 3.3.14 that F~1(G~1(V)) is open. Thus, (G o F)~1(V) is
open. Since, V was an arbitrary open subset of R¥, it follows from Proposition
3.3.14 that G o F' is continuous on U. O

Example 3.3.16 (Evaluating scalar fields on paths). Let (a,b) denote an open
interval of real numbers and o: (a,b) — R™ be a path. Let U denote an open
subset of R™ and let f: U — R be a scalar field defined on U. Suppose that
o(t) € U for all ¢t € (a,b). Then, we can define the composition

foo:(a,b) >R

by foa(t) = f(o(t)) for all t € (a,b). Thus, f oo is a real valued function
of a single variable like those studied in Calculus I and II. An example of a
composition f oo is provided by evaluating the electrostatic potential, f, along
the path of a particle moving according to o(t), where ¢ denotes time.

According to Proposition 3.3.15, if both f and ¢ are continuous, then so is
the function f o o. Therefore, if *ligl o(t) = u, for some t, € (a,b) and u, € U,
then ’

lim f(o(t)) = f(uo).

t—to

The point here is that, if f is continuous at u,, the limit of f along any con-
tinuous path that approaches u, must yield the same value of f(u,).

3.3.4 Limits and Continuity

Let U denote and open subset of R™ and F': U — R™ be a vector values function.
At end of the proof of Proposition 3.3.14 we remarked that the statement

for every € > 0, there exists d > 0, such that

o=l <6 = IF@) - Fu)] <e (323
is equivalent to the statement
limF() - Fla)] = o (3.24)
The statement in (3.24) is usually written as
lim F(v) = F(u). (3.25)

v—U

The statements in (3.24) and (3.25) are equivalent. These statements in turn
are equivalent to the statement in (3.23).
By replacing F(u) by w, where w denotes a vector in R™ in the statement
in (3.23), we can give meaning to the statement
lim F(v) = w. (3.26)

v—U
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Thus, we say that the statement in (3.26) is true if and only if

for every € > 0, there exists d > 0, such that

lo—ul <6 = |F(v) -l <e. (3:27)
Another way of writing the statement in (3.26) is
lim ||F(v) —wl| =0. (3.28)

[[v—u|[—0

Any of the assertions in (3.26), (3.27) or (3.28) is equivalent to saying that the
function F': U — R™ has limit w € R™ as v approaches u in U.

We note that the a functions F' needs not be defined at u for the limit in
(3.26) to exist. Here is an example to illustrate this point.

Example 3.3.17. Let U = R?\{(0,0)}; that is,

U={(z,y) €R* | (z,y) # (0,0)}.
Define f: U — R by

flz,y) = L, for (z,y) € U. (3.29)
/.1'2 + y2
In this example we show that
im  f(z,y) =0. (3.30)

1
(z,y)—(0,0)

To prove the assertion in (3.30) we show that

lim z,y)| =0, 3.31
‘I(M)'HOIJ”( y)| (3.31)
where, according to (3.29),
_
[z, y)|l = ———=, for (z,y) # (0,0). (3.32)
/IZ + y2

Using the estimate

lzy| < = (2% +4?%), for all z,y € R,

N | =

(see Problem 3 in Assignment #5), we obtain from (3.32) that

P )] < 5VaE R, for (n,y) # (0,0),
or

0< 15yl < M)l or (z.y) # (0,0) (33

We can now see that the assertion in (3.31) follows from the estimate in
(3.33) and the squeeze theorem.
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Remark 3.3.18. In Example 3.3.16 we saw that if a scalar field, f, is continuous
at a point u, € U, where U is an open subset of R", then, for any continuous
path o with the property that o(t) = u, as t — t,,

lim f(o(t)) = f(uo).

t—t,

In other words, taking the limit along any continuous path approaching u, as
t — t, must yield one, and only one, value.

In the next examples, we use the observation in Remark 3.3.18 to show that
certain limits do not exist.

Example 3.3.19. Let U = R?\{(0,0)}; that is,

U={(z,y) e R*| (z,y) # (0,0)}.
Define f: U — R by

Ly

m, for (Ly) e U. (334)

fla,y) =
In this example we show that

f(@,y) (3.35)

lim
(=,9)—(0,0)

does not exist.
We argue by contradiction.
Suppose the limit in (3.35) exists and denote it by L; so that,

lim x,y) = L. 3.36
e @) (3.36)

Define the function g: R2 — R as follows:

) flzyy), if (z,y) # (0,0);
g(z,y) = {L’ it (2.y) = (0.0 (3.37)

where L is given in (3.36).
It follows from (3.36) and the definition of g in (3.37) that

lim z,y) = ¢g(0,0);
(x’y)ﬁ(o’o)g( y) = 9(0,0)
so that, g is continuous at (0,0). Thus, in view of the observation in Remark
3.3.18, for any continuous path, o, with the property that o(¢t) — (0,0) as t — 0,
we would have that

lim g(o(?)) = 9(0,0) = L, (3.38)

since g o 0 would be continuous by Proposition 3.3.15.
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Observe that the path o1: R — R? given by o1(t) = (¢,0), for t € R, is
continuous and o1 (t) — (0,0) as t — 0. Also, for ¢t # 0,

g(a1(t)) = g(t,0)

= f(t0),
since t # 0; so that, using the definition of f in (3.34),
g(o1(t)) =0, forallt+#0,

from which it follows that
lim g(o1(t)) = 0.

t—0

Consequently, in view of (3.38),
L=0. (3.39)

On the other hand, the path o2(t) = (¢,t), for t € R, is also continuous with
o2(t) = (0,0) as t — 0. Now, for ¢t # 0,

glor(t)) = g(t,t)

so that,
. 1
lim g(o2(t)) = 5.
It then follows from (3.38) that
1
L=_,
2
which is in direct contradiction with (3.39). This contradiction shows that the
assertion in (3.36) cannot be true. Therefore, the limit in (3.35) does not exist.

Remark 3.3.20. The essential part of the argument used in Example 3.3.19
consists of finding two paths, o1 and o3, such that o1 (t) = (2,,y,) and o2(t) —
(T0,Yo) as t — t, for some t, € R, along which the values f(o1(t)) and f(o2(t))
have different limits as ¢t — t,. This is enough to conclude that

lim f(z,y)

(z,y) = (0,Y0)

does not exist. We use this reasoning in the following example.
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Example 3.3.21. Let f: R?\{(0,0)} — R be given by

|z
flz,y) = ——, for (z,y 0,0).
(e0) = e for () £ (0,0)
Show that  lim  f(x,y) does not exist.
(w,y)—(0,0)

Solution: Let o1: R — R? be given by o1(t) = (0,t) for t € R. Then, oy (t) —
(0,0) as t — 0 and, for ¢t # 0,

fler(@®) = f(0,8) = 0;

so that,
lim f(o1(t)) = 0. (3.40)

t—0

On the other hand, if o9: R — R is given by o9(t) = (¢,0) for ¢t € R, then
o2(t) = (0,0) as t — 0 and, for t # 0,

floa(t)) = [(t,0)

1t

NEEE

= 1
so that,
lim f(o2(t)) = 1. (3.41)

t—0

The fact that the limits in (3.40) and (3.41) are different implies that

A C:
(z,)=(0,0) /22 + 12

cannot exist, since both o1 (¢) and o3(¢) tend to (0,0) as t — 0. O
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Chapter 4

Differentiability

In single variable Calculus, a real valued function, f: I — R, defined on an an
open interval I, is said to be differentiable at a point a € I if the limit

i @) = f(a)

T—a T —a

exists. If this limit exists, we denote it by f’(a) and call it the derivative of f
at a. We then have that

) x)— f(a
i LI _ g
The last expression is equivalent to
t | - s <o

which we can rewrite as

tn @) = 7(0) = /()& — a)]

r—a |x — a|

—0. (4.1)

Expression (4.1) has the familiar geometric interpretation learned in a first
course in Calculus: If f is differentiable at a, then the graph of y = f(x)
can be approximated by that of the tangent line,

Ly(z) = f(z) + f'(a)(x —a), forall x€R,
in the sense that, if
Eo(z —a) = f(z) — La(x)

is the error in the approximation, then

E —
o |Eala = a)

z—a |z —al

53
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that is, the error of the linear approximation to f at a goes to 0 more rapidly
than |z — a| goes to 0 as x gets closer to a.

If we are interested in differentiability of f at a variable point = € I, and
not a fixed point a, then we can rewrite (4.1) more generally as

[f(y) = f(x) = f'(@)(y — @)

lim =0,
y—e ly — x|
or /
)~ @) - P -] s
ly—=|—0 ly — x|

The limit expression in (4.2) is the one we are going to be able to extend to
higher dimensions for a vector—valued function F': U — R™ defined on an open
subset, U, of R™. The symbols x and y will represent vectors in U, and the
absolute values will turn into norms. To see how the expression f'(z)(y —z) can
be generalized to higher dimensions, let f’(x) = m,, the slope of the tangent
line to the graph of f at x, and y = x + w; then,

fl@+w) = f(z) = mw + Ey(w),

where
E
NG
w—0 |’w‘
Observe that the map
W — MW

defines a linear map from R to R. We then conclude that if f is differentiable at
x, there exists a linear map such that the linear map approximates the difference
f(x 4+ w) — f(x) in the sense that the error in the approximation goes to 0 as
w — 0 at a faster rate than |w| approaches 0. This notion of using linear
maps to approximate functions locally is the key to extending the concept of
differentiability to higher dimensions.

4.1 Definition of Differentiability

Definition 4.1.1 (Differentiability). Let U denote an open subset of R™ and
F:U — R™ be a vector—valued map defined on U. The function F is said to
be differentiable at w € U if and only if there exists a linear transformation
Ty: R® — R™ such that

[1F(v) = F(u) = Tu(v = u)]|

l[o—ul|—0 [l —ull

= 0. (4.3)

Thus, F is differentiable at v € U if and only if it can be approximated by
a linear function for vectors sufficiently close to u.
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Rewrite the expression in (4.3) by putting v = u+w, then F is differentiable
at w € U iff there exists a linear transformation T, : R™ — R™ such that

g F At w) = Flu) = Tu(w)]
llw]| =0 [l

=0. (4.4)

We can also say that F': U — R™ is differentiable at = € U iff there exists a
linear transformation T, : R™ — R™ such that

Flu+w)=F(u)+Ty,(w) + E,(w), forw e B.(u), (4.5)
for r > 0 sufficiently small, where E, (w), the error term, has the property that

[ Ewu(w)]]

Jwl—0  |lw]]

= 0. (4.6)

4.2 The Derivative

Proposition 4.2.1 (Uniqueness of the Linear Approximation). Let U denote
an open subset of R™ and F: U — R™ be a map. If F is differentiable at u € U,
then the linear transformation, Ty, given in Definition 4.1.1 is unique.

Proof. Suppose there is another linear transformation, 7: R™ — R™, given
by Definition 4.1.1 in addition to 7;,. We show that T" and 7T are the same
transformation.

From (4.5) and (4.6) we get that

Flu+w)=F(u)+ Ty(w) + E,(w), for w € B,(u),

for r > 0 sufficiently small, where

[Eu(w)ll
lwl—0  [Jwl|

e

Similarly,
Flu+w)=F(u)+T(w)+ E(w), forw € B,.(u),

for r > 0 sufficiently small, where

B
lwi—0 [lwl|
It then follows that
T(w) 4+ E(w) =T, (w) + Ey(w), for w € B.(u), (4.7

for r > 0 sufficiently close to O.
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Let u denote a unit vector and put w = tu in (4.7) for ¢ € R sufficiently close
to 0. Then, by the linearity of T" and T,

{T(@) + B(t0) = 1T, (0) + By (t0), for |t| <r,

where r > 0 is small enough.
Dividing by ¢ # 0 we then get that

= T(@) + =5 D o<t < (4.8)

for r > 0 sufficiently small.
Next, observe that

o VB B

Ko Jt] jreall—»o [Jtal|
by (4.6). Similarly,
i MECDI _
itl—o |t

Thus, letting ¢ — 0 in (4.8) we get that
T(u) = Ty ().

Hence T agrees with T, on any unit vector 4. Therefore, T' and T, agree on the
standard basis {e1, es,...,e,} of R™. Consequently, since T and T, are linear

Tw)=T,(v) forall veR"
that is, T' and T, are the same linear transformation. O

Proposition 4.2.1 allows as to talk about the derivative of F': U — R™ at a
vector u € U.

Definition 4.2.2 (Derivative of a Map). Let U denote an open subset of R™
and F: U — R™ be a map. If F 1is differentiable at v € U, then the unique
linear transformation, T, given in Definition 4.1.1 is called the derivative of
F at u and is denoted by DF(u). We then have that, if F is differentiable at
u € U, there exists a unique linear transformation, DF(u): R™ — R™, such
that

F(u+w) = F(u) + DF(v)w+ E,(w), forw € B.(u),
for v > 0 sufficiently small, where

[ Eu(w)]]

= 0.
lwl—0  |jwl|
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4.3 Example: Differentiable Scalar Fields

Let U denote an open subset of R™ and let f: U — R be a scalar field on U. If
f is differentiable at u € U, there exists a unique linear map Df(u): R — R
such that

flu+w) = f(u)+ Df(u)w+ Ey(w), for w e B,(u), (4.9)

where r > 0 is sufficiently small, and

E,

e 21 )] (4.10)
lwii=o0 [Jw]]

Now, since D f(u) is a linear map from R"™ to R, there exists a vector v in R"

with the property that

Df(wyw=v-w forall weR" (4.11)

see the result of Problem 4 in Assignment #3. Thus, according to (4.11),
D f(u)w is the dot—product of v an w.

We would like to know what the differentiability of f implies about the
components of the vector v in (4.11). Write the vector v as

a1
a2
v = . ’
Gp
where a1, as, ... .a, are real numbers, or
UV =qa1€1 + as€s + -+ + apen, (4.12)
where {€1,€3,...,€,} is the standard basis in R™.

Next, apply (4.9) to the case in which w = te;, where t € R is sufficiently
close to 0 and € is the 4t vector in the standard basis for R™, to get that

Flu+18;) = f(u) + Df(u)(t&;) + Eu(t&;),  for |t| < r, (4.13)

where r > 0 is sufficiently small.
Using the linearity of Df(u) and (4.11) we get from (4.13) that

Flu+te,) — flu) =tv-& + Ey(te;), for [t <r,

for » > 0 is sufficiently small, where v is the vector in (4.12).
Dividing by t # 0 we then get that

te;) — E,(te;
flut e;) f) =a; + #, for 0 < |t| <, (4.14)

for r > 0 is sufficiently small.
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It follows from (4.10) that

E,(te; E,(te;
i B _ ] (Aej)l o,
=0 [t] t—o  ||tes]|

and therefore, we get from (4.14) that

Definition 4.3.1 (Partial Derivatives). Let U be an open subset of R,
f:U—=R
denote a scalar field, and v € U. If

o F 1) = f(w)

t—0 t

exists, we call it the partial derivative of f at w with respect to x; and denote it

bygf()

The argument leading up to equation (4.15) then shows that if the scalar
field f: U — R is differentiable at u € U, then its partial derivatives at u exist
and they are the components of the vector v in (4.12) used in the definition of
the map Df(u): R™ — R given in (4.11). Thus, in view of (4.12) and (4.15),

s, 9] 0
awfl 8‘/;( ) és + - +—f( ) €. (4.16)

(u) &1 + P

The vector on the right—hand side of (4.16) is called the gradient of the function
f at u.

Definition 4.3.2 (Gradient). Suppose that the partial derivatives of a scalar
field f: U — R exist at u € U. The expression

of of
8l‘1 ox X2

W+ + 2L w) e,

S-(w) e+ 5= pr.

is called the gradient of f at u. The gradient of f at u is denoted by the
symbol V f(u). We then have that

VI = @) @+ ) @t ()

Remark 4.3.3. If the partial derivatives of f: U — R exist, the gradient is
sometimes written as a row vector

Vi = (3w g g ).
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The preceding discussion establishes the following proposition.

Proposition 4.3.4. If f: U — R is differentiable at u € U, the partial deriva-
tives of f at w exist and the derivative map Df(u): R® — R is computed
according to the formula in (4.11) with v = V f(u); so that,

Df(w)w=Vf(u) -w, forall weR™ (4.17)
that is, D f(u)w is the dot—product of the gradient of f at w with the vector w.

Remark 4.3.5 (Notation). In the case in which U C R? and f: U — R, we
will denote the gradient of f at (z,y) € R? by

-~ o~

0 0
Vi) = G T+ G @)

where, according Definition 4.3.1,

of _ o f@thy) — flay)
provided that the limit on the right-hand side of (4.18) exists, and
of _ o f@y+k) = fzy)
2 (2. = Jim ) . (4.19)

provided that the limit on the right-hand side of (4.19) exists.

Remark 4.3.6 (Computing partial derivatives). For the case of a real-values
function of a single variable, g: I — R, where I is an open interval of real
numbers, and x € I, if
B) —
i 9@+ H) —g()
h—0 h

exists, we call it the derivative of g at 2 and denote it by ¢'(x); so that,

9(z +h) —g(x)

g (z) = lim (4.20)

h—0

Comparison of the right—side in (4.18) with the right—hand side in (4.20) suggests
that, to compute the partial derivative of f with respect, we may think of the
value of y as fixed (constant), and proceed by computing an ordinary derivative
with respect to x while holding y constant. The following examples illustrate
this procedure.

Example 4.3.7. Let f: R? — R be given by
f(z,y) ==y, forall (x,y) € R

Compute the partial derivatives of f with respect to x and with respect to y.
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Solution: Thinking of y as constant, we take the derivative with respect to x
to get
of

%(ac,y) =y, forall (z,y) € R?

Similarly, thinking of x as fixed and taking the derivative with respect to vy,
we get
0
—f(a:,y) =, forall (z,y) € R%

dy
Example 4.3.8. Let f: R? — R be given by
flz,y) = e_ZQ_yQ, for all (z,y) € R?.

Compute the partial derivatives of f with respect to  and with respect to y.
Solution: Thinking of y as constant, we take the derivative with respect to x

to get

af 0 P2

G

= e % [—2® — %],
where we have used the chain rule.
Consequently,
%(%y) = e (—22)
= 7258671273/2,

for (z,y) € R?.
Similarly, thinking of x as fixed and taking the derivative with respect to y,
we get
of

a—y(x,y) = _2y€7127y27 for all (z,y) € R

Example 4.3.9. Let f: R? — R be given by

f(x,y) =va2+y2, for (z,y) € R% (4.21)

Determine whether or not the partial derivatives of f at (0,0) exist.
Solution: For h # 0, use the formula for f in (4.21) to compute

f(0+1,0) - £(0,0) f(h,0)
h h

JiE
h

)
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so that 0+ h0 0.0 h
fO+ ’)7f(’):u, for h # 0. (4.22)
h h
Observe that

lim m =1

h—0+ h ’
lim — = -1

higlf h

f(0+ h,0) — £(0,0)

thus, in view of (4.22), we conclude that Airr}) o does not
—
exist; so, ?(0,0) does not exist. Similarly, g—f(0,0) does not exist. It then
€ Y
follows from Proposition 4.3.4 that the function f: R? — R defined in (4.21)
cannot be differentiable at (0, 0). O
Example 4.3.10. Let f: R?2 — R be given by
xy )
—, if (z,y) #(0,0)
fla,y) = Vo +y? (4.23)
0, it (x,y) # (0,0).

Compute the partial derivatives of f and its gradient at (0,0). Is f differentiable
at (0,0)?
Solution: Use the formula for f in (4.23) to compute

f(0+h70)_f(070) f(h,O)

- === 0, for h#0,
from which we get that
h—0 h
so that,
of
%(O, 0)=0.
Similarly,
of
a—y(O, 0) =0.
It then follows that R R
Vf(0,00)=0¢+0 j. (4.24)

Next, we show that f is not differentiable at (0, 0).
Arguing by contradiction, assume that f is differentiable at (0,0). Then,
there exists a linear map Df(0,0): R? — R such that

f(w) = £(0,0) + Df(0,0)w + E(w), for w € D,(0,0), (4.25)
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where D,.(0,0) is the open disc of radius r > 0 around the origin in R?,
Dr(0,0) = {(z,y) € R* [ 2® +y* <17},
for some r > 0, and where

e £1C)] BN (4.26)
lwl—0 |||

It follows from Proposition 4.3.4 that
Df(0,0)w = V£(0,0)-w, for all w € R?;

so that, in view of (4.24),

Df(0,0)w =0, for all w e R
Thus, we can rewrite (4.25) as

f(w) = E(w), for we D,(0,0), (4.27)
for some r > 0, where we have used the fact that f(0,0) = 0, according to the
definition of f in (4.23).

Letting w = (t,t), for t # 0, with |t|/v/2 < 7, we get from (4.27) and the
definition of f in (4.23) that

E(t,t t2 T
Tl = mrm O<H< s
or
B 1 o< < . (4.28)
1@ o1 2 V2
It follows from (4.28) that
|E(t,t)] 1

S0 & 2

which is in direct contradiction with the assertion in (4.26). This contradiction
shows that f is not differentiable at (0,0), O

Example 4.3.11. Let f: R2 = R be given by

1

flay)=Le TV i (2,y) £ (0,0)
0, if (z,y) # (0,0).

Compute the partial derivatives of f and its gradient. Is f differentiable at
(0,0)?
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Solution: According to Definition 4.3.1,

of
ox

Thus, we compute the rate of change of f as x changes while y is fixed. For the
case in which (z,y) # (0,0), we may compute df/0x as follows:

1
af 0 T2 42
— pr— —_— y
5 (& Y) 7 | €

1

_ e_:r2+y2.z v
or 2 + 92

1
_ e_x2+y2. 2
(22 + y2)2

1
2z T2 2
AT

That is, we took the one dimensional derivative with respect to x and thought
of y as a constant (or fixed with respect to x). Notice that we used the Chain
Rule twice in the previous calculation. A similar calculation shows that

1
af(a? y)=72y e TPHY?
J (22 + y2)2

for (x,y) # (0,0).

To compute the partial derivatives at (0,0), we must compute the limit in
Definition 4.3.1. For instance,

ox t—0 t
1
. e t?
= lim
t—0
1/t
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Applying L’Hospital’s Rule we then have that

0 1/t2
a—f(0,0) = 1m7/ 3
€Z t—0 2/t361/t
1. t
- 5}11% 1/42
— e /t

= 0.

0
Similarly, a—f(O, 0) = 0. It then follows that
)

Vf(0,0) = (0,0),
or the zero vector, and, for (z,y) # (0,0),

b
% x2 + y2
Vi(x,y) = W(lﬂy%
or
b
VHo) = Kt @ Ty )
T,Y)=——>55(T1+y])
(x2 _|_y2)2
To show that f is differentiable at (0,0), we show that
f(@,y) = f(0,0) + T(z,y) + E(z,y),
where

. |E(z,y)]
lim ——— =0,
(2,9)=(0,0) /22 + 12
and T is the zero linear transformation from R? to R.
In this case

1
B,y =c @+ i (2,y)#(0,0).
Thus, for (x,y) # (0,0),

1 1
E@y)| _e¢ @4y e w
Vel +y? o VaPey? o u
where we have set u = y/x2 + y2. Thus,
1

E w2
[E@@yl _ o€

lim ——2 =
(z,y)—(0,0) \/W u—0 U
by the same calculation involving L'Hospital’s Rule that was used to compute

Of /0x at (0,0). Consequently, f is differentiable at (0,0) and its derivative is
the zero map. O

=0,



4.4. EXAMPLE: DIFFERENTIABLE PATHS 65

We have seen that if a scalar field f: U — R is differentiable at v € U, then
flo+w)=fv)+Vf) w+ E,(w), forw e B,(v),
where r > 0 with sufficiently small, V f(v) is the gradient of f at v € U, and

i |Ee(@)l
lwl[—=0  [Jw]|

Applying this to the case where w = tu, for a unit vector «, and || < r, we get
that
flv+ta) — fv) =tV f(v) - u+ E,(tu)

for t € R sufficiently close to 0. Dividing by t # 0 and letting t — 0 leads to
tw) —
L f+18) — ()

t—0 t

= Vi),

where we have used (4.10).

Definition 4.3.12 (Directional Derivatives). Let f: U — R denote a scalar
field defined on an open subset U of R™, and let u be a unit vector in R™. If the

limit N
t —
o w4 1) — S )
t—0 t
exists, we call it the directional derivative of f at v in the direction of the unit
vector u. We denote it by Dy f(v).

We have then shown that if the scalar field f: U — R is differentiable at
v € U, then its directional derivative at v in the direction of a unit vector u is
given by
Dgf(v) = Vf(v) -

that is, the dot—product of the gradient of f at v with the unit vector w. In
other words, the directional derivative on f at v € U in the direction of a unit
vector U is the orthogonal projection of V f(v) along the direction of @.

4.4 Example: Differentiable Paths

Example 4.4.1. Let I denote an open interval in R, and suppose that the path
o: 1 — R" is differentiable at t € I. It then follows that there exists a linear
map Do (t): R — R™ such that

o(t+h)=0(t)+ Do(t)(h) + Ei(h), for |h] <, (4.29)
where r > 0 is sufficiently small, and

B
lim T (4.30)
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(a) Show that the linear map Do (t): R — R™ is of the form
Do(t)(h) = hu(t) for all h eR,
where the vector v(t) is obtained from
v(t) = Do(t)(1);

that is, v(¢) is the image of the real number 1 under the linear transformation
Do (t).

Solution: Let h denote any real number; then, by the linearity of Do (¢),

Do(t)(h) = Do(t)(h-1) = hDo(t)(1) = ho(t).

U
(b) Write
o(t) =x1(t) €1 +x2(t) €2+ -+ z,(t) €,, foralltel, (4.31)
where {€1,€3,...,€,} is the standard basis in R™.

Show that if o: I — R™ is differentiable at ¢t € I and v(¢) = Do(¢)(1), then
each function x;: I — R, for j =1,2,...,n, in the definition of ¢ in (4.31),
is differentiable at ¢, and

xi(t) = v;(t), foralltel, (4.32)
where v1,v9, ..., v, are the components of the vector v(t); that is,
v(t) =v1(t) er +va(t) e2+ - +vp(t) €,, foralltel. (4.33)

Solution: Writing ¢ and v(¢) as a column vector, equation (4.29) takes the
form

$1(t + Z) 1‘1(15) U1 (t)
xo(t x2(t vo(t

( ) - :( ) =h : ) + E(h), for |h| <,
Tn(t+h) ZTn(t) vn(t)

or, after division by h # 0,

xl(t + h) — l’l(t)

h (% (t)
T2 (t + h) — X2 (t) Vs

h = 2 + Etlgh), for 0 < |h| <. (4.34)
Talt +h) — 20 (t) on(t)

h
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Now, it follows from (4.30) that

lim == =0, (4.35)

where 0 is the zero vector in R™. Consequently, in view of (4.35), we obtain
from (4.34) that

. $j<t+h)—l‘j(t) o .
}112}) o =wv;(t) foreach j=1,2,...n,

which shows that each z;: I — R in (4.31) is differentiable at ¢ with
x(t) = w;(t), foralltel,

for each j = 1,2,...,n, which is the assertion in (4.32). O

Notation: If o: I — R" is differentiable at every ¢ € I, the vector valued
function v: I — R™ given by v(t) = Do(t)(1) is called the velocity of the path
o, and is usually denoted by o’(t). We then have that

Do(t)(h) = ho'(t) forall h e R

and all ¢t at which the path o is differentiable. We can then rewrite (4.29) as

o(t+h) =o(t)+ ho'(t) + Ey(h), for |h| <7, (4.36)
for some r > 0, where
B
}Lli% W 0. (4.37)

Rewriting the expression in (4.36) once more, by replacing t by ¢, and t + h
by t, we have that

o(t) =o(te) + (t —to)o' (to) + By, (t —t,), for |t —t,| <, (4.38)

for some r > 0, where, according to (4.37),

E; (t—t,
lim 1 Zelt —t)ll _ (4.39)
t—to |t - t0|
The expression
Ut) =0o(ty) + (t —to)o'(t,), forteR, (4.40)

on the right-hand side of (4.38) gives the vector-parametric equation of a
straight line through o(¢,) in the direction of the velocity vector, o’ (t,), of the
path o(t) at the t,. Thus, (4.38) and (4.39) yield the following interpretation
of differentiability of a path o(t) at t,:
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/ )

Figure 4.4.1: Sketch of graphs of o and its tangent line at o(t,)

If a path o: I — R"™ is differentiable at the t,, then it can be ap-
proximated by a straight line through o(¢,) in the direction of the
velocity vector o’ (t,).

Figure 4.4.1 shows this interpretation geometrically in two dimensions. In
this case the graph of o is a curve C in the plane and the graph of ¢ in (4.40)
is a line L that is called the tangent line approximation to o(t) for ¢ near ¢,.

Definition 4.4.2 (Tangent line to a path). The straight line given parimetri-
cally by the vector equation in (4.40) is called the the tangent line to the path
o(t) at the point o(t,).

Example 4.4.3. Give the tangent line to the path
o(t) = (cost,t,sint) for t€R
when t, = 7 /4.
Solution: The equation of the tangent line is given by
r(t) = o(to) + (t —to)a’' (to),
where o’ (t) = (—sint, 1, cost); so that, for t, = 7/4, we get that
r(t) = (\/5 m ﬁ) (- 1) (_ﬂ . \@)

27 47 2 4 2’ 72

for t € R.
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Writing (z,y, z) for the vector r(t), we obtain the parametric equations for
the tangent line:

4.5 Sufficient Condition for Differentiability
4.5.1 Differentiability of Paths

Let I be an open interval of real numbers and o: I — R™ denote a path in R™.
Write

o(t) =z1(t) €1+ x2(t) 2+ - -+ +x,(t) €,, foralltel,

and suppose that the functions x1,xs, ..., x, are all differentiable functions of
t in I. We show that the path o is differentiable according to Definition 4.1.1.

Let t € I and h € R be such that ¢t + h € I. Since each z;: I — R is
differentiable at ¢, we can write

zi(t+ h) = xi(t) + 2 (t)h + E;(t, h), forallj=1,2,...n. (4.41)
where B (4. 1)|
. i) .
Ali% 7\h| 0, forallj=1,2,...n. (4.42)
It follows from (4.41) that
zj(t 4+ h) — x;(t) — haly(t) = E;(t,h) for j=1,2,...,n. (4.43)
Putting
()
(1)
o'(t) = : , fortel, (4.44)
(1)

o(t+h)—o(t)—ho'(t) =
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where Fq(t,h), E2(t,h),...,E,(t,h) are given in (4.41) and satisfy (4.42). It
then follows that, for h # 0 and |h| small enough,

Eo(t, h)/h

Taking the square of the norm on both sides we get that

lo(t+h) —a(t) —ha'(O]* _ < ’
|h\2 - Z

E;(t,h)
h

j=1
Hence, by virtue of (4.42),

Lot h) — o(t) — ho' ()]
h—0 ||

=0,

which shows that o is differentiable at ¢. Furthermore, Do(t): R — R™ is given
by
Do(t)h = ho'(t), forall h € R,

where ¢/ (t) is given in (4.44).

4.5.2 Differentiability of Scalar Fields

Let U denote an open subset of R™ and f: U — R be a scalar field defined on
U. Suppose also that the partial derivatives of f,

9 oy, 9F of

Ox1 " Oz " Oz,

(w), (w),
exist for all uw € U. We show in this section that, if the partial derivatives
of f are continuous on U, then the scalar field f is differentiable according to
Definition 4.1.1.

Observe that V f defines a map from U to R™ by

Vf(u) = %(u) e+ g—gj;(u) ey + -+ aaxf;

(u) €,, forall uwel.

Note that, if the partial derivatives of f are continuous on U, then the vector
field
Vf:U—R"

is a continuous map.

Proposition 4.5.1. Let U denote an open subset of R™ and f: U — R be a
scalar field defined on U. Suppose that the partial derivatives of f are continuous
on U. Then the scalar field f is differentiable.
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Proof: We present the proof here for the case n = 2. In this case we may write
of
72 )

Vf(w,y) = of ’
?y(xay)

0 0
where we are assuming that the functions Bif and a—f are continuous on U.
z Y

Let (z,y) € U; then, since U is open, there exists r > 0 such that B, (z,y) C
U. It then follows that, for (h,k) € B,(0,0), (z + h,y + k) € U. For (h,k) €
B, (0,0) we define

E(h, k) = f(z+h,y+k) = f(z,y) = VI(z,y) - (h,F). (4.45)
We prove that
LB
(h,k)=(0,0) VVh? + k?
Assume that h > 0 and k& > 0 (the other cases can be treated in an analogous

manner). By the mean value theorem, there are real numbers 6 and 7 such that
0<f<landO0<n<1and

(4.46)

f(at-i—h,y-i-k:)—f(a:,y—i—k):g(m—kﬁh,y—&-kz)-h,

ox
and
of
Consequently,
0 0
flat b+ 1) = F(o9) = G (@ Oyt )bt G oyt

Thus, in view of (4.45), we see that

E(h,k):(gi(x—l—ﬁh,y—i-k) ) my+nk —%(x y))k

v(h, k) = (gi(a@ +6h,y+ k) — %(m,y)

of

Thus, E(h, k) is the dot product of the vector v(h, ) given by
O (wy -+ uk) — ()
dy Or

and the vector (h, k). Consequently, by the Cauchy—Schwarz inequality,
[E(h, k)] < [lv(h, B)IHI(R, B
Dividing by ||(h, k)| for (h,k) # (0,0) we then get

[E(h, k)|

Ty < Iob, B, (4.47)
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where

fo(h, Bl = \/(gﬁmah,w 0= @) + (Gt - Fwn)

tends to 0 as (h, k) — (0,0) since the partial derivatives of f are continuous on
U. Tt then follows from the estimate in (4.47) and the squeeze theorem that
L BB
(hk)=(0.0) VA2 + k%
which is (4.46). This shows that f is differentiable at (x,y). Since (x,y) was
arbitrary, the result follows. O

4.5.3 (! Maps and Differentiability

Definition 4.5.2 (C! Maps). Let U denote an open subset of R™. The vector
valued map
f1(u)

F(u) = f2w) for all weU,

fon10)

where f;: U — R are scalar fields on U, is said to be of class C', or a C! map,
if the partial derivatives

Ofi
a.’L'j

are continuous on U.

1=1,2,....omj53=12...,n,

Proposition 4.5.1 then says that a C! scalar field must be differentiable.
Thus, being a C'! scalar field is sufficient for the map being differentiable. How-
ever, it is not necessary. For example, the function

1
24y sin( ——— if 0,0
roy 2 @0 ()i @) # 00
0, if (z,y) = (0,0)
is differentiable at (0, 0); however, the partial derivatives are not continuous at
the origin (This is shown in Problem 5 of Assignment #9).

The result of Proposition 4.5.1 applies more generally to C! vector-valued
maps:

Proposition 4.5.3 (C*! implies Differentiability). Let U denote an open subset
of R™ and F': U — R™ be a vector field on U defined by

fi(w)

Flu) = R

fon 10
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where the scalar fields f;: U — R are of class C! in U, fori = 1,2, ..., m. Then,
the vector—valued F' is differentiable in U and the matrix representation of the
linear transformation

DF(u): R" - R™

is given by
Dy Ly o S
%“‘) %(u) %(W , foruel. (4.48)
%(u) %ﬁ(u) gﬁmm)

The matrix of partial derivative of the components of F' in equation (4.48) is
called the Jacobian matriz of the map F' at u. It is the matrix that represents
the derivative map DF(u): R™ — R™ with respect to the standard bases in
R™ and R™. We will therefore denote it by DF(u). Hence, DF(u)w can be
understood as matrix multiplication of the Jacobian matrix of ' at u by the
column vector w.

If m = n, the determinant of the square matrix DF(u) is called the Jacobian

6(f17f27"'7fn)

O(r1,T2,. ., Tp)

determinant of F at u, and is denoted by the symbols Jg(u) or
We then have that

_ a(flaf%'",fn)

8(.1717.’1,'2,...,1,‘”

Jr(u) = det DF(u).

Example 4.5.4. Let F: R?2 — R? be the map

2

a? —y? 2
F(z,y) = 2y for all (z,y) € R*.

Then, the Jacobian matrix of F is

2z

-2y 2
% 2 > for all (x,y) € R=,

DF() - (
and the Jacobian determinant is
Tr(x,y) = 42" +y*).
If we let u = 22 — y? and v = 2y, we can write the Jacobian determinant as

d(u,v)
Oz, y)




74 CHAPTER 4. DIFFERENTIABILITY

4.6 Derivatives of Compositions

The goal of this section is to prove that compositions of differentiable functions
are differentiable:

Theorem 4.6.1 (The Chain Rule). Let U denote an open subset of R™ and
Q and open subset of R™, and let F: U — R™ and G: Q — RF be maps.
Suppose that F(U) C Q. If F is differentiable at x € U and G is differentiable
at y = F(x) € Q, then the composition

GoF:U —RF
is differentiable at x and the derivative map D(G o F)(z): R™ — R¥ is given by
D(Go F)(x)w=DG(y)DF(x)w for all we R".

Proof. Since F is differentiable at « € U, for w € R™ with ||w|| sufficiently small,

F(z+w)=F(z)+ DF(z)w + E,(w), (4.49)
where 1B, ()]
llw]| =0 HFwII -0 (4.50)

Similarly, for v € R™ with ||v|| sufficiently small,

Gly+v)=G(y) + DG(y)v + E(v), (4.51)
where 1B, )]
foll >0 \Tvll =0 (4.52)

It then follows from (4.49) that, for w € R™ with ||w|| sufficiently small,

(GoF)(x+w) = GF(x+w))
= G(F(z)+ DF(x)w + E.(w)) (4.53)

_|_
— G(F(a) +v),

where we have set
v=DF(z)w+ E,(w). (4.54)
Observe that, by the triangle inequality and the Cauchy—Schwarz inequality,
[oll < IDF()[[[|w]] + [ Ex (w)]], (4.55)

where

IDF(x)| = ZZ(?Q )

=1 j=1

so that, by virtue of (4.50), we can make ||v|| small by making ||w]|| small. Tt
then follows from (4.51) and (4.53) that

(Go F)(x +w) =G(F(z))+ DG(F(x))v+ E,(v),
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where v as given in (4.54) can be made sufficiently small in norm by making
||w]| sufficiently small. It then follows that, for ||w]|| sufficiently small,

(GoF)(z4+w) =(GoF)(x)+DG(y)DF (z)w+ DG(y)E, (w)+ E,(v). (4.56)

Put
E(w) = DG(y)E.(w) + E_(v) (4.57)
for w € R™ and v as given in (4.54). The differentiability of G o F' at = will then

follow from (4.56) if we can prove that

[E(w)]|

m
lwl=0  [lw]]

=0. (4.58)

This will also prove that
D(Go F)(x)w = DG(y)DF(x)w for all we R".

To prove (4.58), take the norm of E(w) defined in (4.57), apply the triangle and
Cauchy—Schwarz inequalities, and divide by ||w|| to get that

1E: )l [1Ec @) [l
]l [l Nlwll’

el < ipewl

where, by virtue of the inequality in (4.55),

(4.59)

ol 1B, (w)]
— < ||DF(2)|| + —————.
Tl S IPE@IH =

The proof of (4.58) will then follow from this last estimate, (4.50), (4.52), (4.59)
and the Squeeze Theorem. This completes the proof of the Chain Rule. O

Example 4.6.2. Let U be an open subset of the xy-plane, R?, and f: U - R
be a differentiable scalar field. Let QQ be an open subset of the uv—plane, R?, and
®: Q — R? be a differentiable map such that ®(Q) C U. Then, by the Chain
Rule, the map

fod:Q—>R

1s differentiable. Furthermore, putting
g(u>v) = (f o <I>)(u, ’U),
where

d(u,v) = <$(“’”)>7 for (u,v) €Q,

we have that
Dg(u,v) = D f(z(u,v),y(u,v)) DP®(u,v).
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Writing this in terms of Jacobian matrices we get

or 0
B (e
Oou Ov Oz Oy dy ’
ou Ov
from which we get that
o9 _ oo ofoy
ou  Oxdu Oyou
and
dg _ 0o 0fdy
v Oxdv  Oyov

In the previous example, if ®: Q — R? is a one-to—one map, then ® is called
a change of variable map. Writing ® in terms of a its components we have

z = z(u,v)
y=y(u,v),

we see that ® changes from wv—coordinates to xy—coordinates. As a more con-
crete example, consider the change to polar coordinates maps

x =rcosf
Yy = rsind,

where 0 <7 < 0o and —7 < 6 < w. We then have that

of _ ofos, 010y

or Oz or Oyor
and

of _ ofor _ofoy

00  0x 00 Oy ol

give the partial derivatives of f with respect to the polar variables r and 6 in
terms of the partial derivatives of f with respect to the Cartesian coordinates
x and y and the derivative of the change of variables map

B(r, 0) = (”OS‘9>.

rsinf

Example 4.6.3. Let U denote an open subset of R™ and I an open interval
of real numbers. Suppose that f: U — R is a scalar differentiable field and
o: I — R" is a differentiable path with o(I) C U. Then, by the Chain Rule,
f(o(t)) is differentiable for allt € I, and

%f(a(t)) =Vf(o(t)) -o'(t) forall tel.
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Example 4.6.4 (Tangent plane to a sphere). Let f: R3 — R be given by
fla,y,2) =2® +y> + 2% forall (z,y,2) € R®.

Define the set
S={(z,y.2) R’ | f(z,y,2) = 1}.

Then, S is the sphere of radius 1 around the origin in R3, or the unit sphere in
R3.

Let 0: I — R3 denote a C' maps that lies entirely on the unit sphere; that
18,

fle®) =1 forall tel.

Then, differentiating with respect to t on both sides,

%f(a(t)) =0 foral tel,
and applying the Chain Rule, we obtain that
Vf(o(t)-o'(t)=0 forall tel.

Thus, the gradient of f is perpendicular to the tangent to the path o.

For a fized point, (o, Yo, 20), on the sphere S, consider the collection of all
C! paths, o: I — R3 on the sphere, such that o(t,) = (T0,Yo,20) for a fived
t, € I. What we have just derived shows that the tangent vectors to the path
at (To, Yo, 20) all lie on a plane perpendicular to V (o, Yo, 20). This plane is
called the tangent plane to S at (%o, Yo, 20), and it has Vf(Zo,Yo,20) as its
normal vector.

For example, the tangent plane to S at the point

i

n=vV£1/21/2,1/v2),

has normal vector

where R R R
Vi(x,y,z) =2xi+2y j+ 2z k;
so that R R
n=1i+7+V2k.
Consequently, the tangent plane to S at the point (1/2,1/2,1/+/2) has equation

W (o-3)+ 0 (s-3) + D (:- 75) =0

which simplifies to
T+y+ V2 z=2.
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Chapter 5

Integration

In this chapter we extend the concept of the Riemann integral

/ab f(z)dz

for a real valued function, f, defined on a closed and bounded interval [a, b].
We begin by defining integrals of scalar fields over curves in R™ which can be
parametrized by C! paths.

5.1 Path Integrals

Definition 5.1.1 (Simple Curve). A curve C' in R" is said to be a C*, simple
curve if there exists a C' path o: I — R™, for some open interval I containing
a closed and bounded interval [a,b], such that

(i) o([a,b]) = C,
(ii) o is one—to—one on [a,b], and
(#ii) o'(t) is never the zero vector for all t in I.
The path o is called a parametrization of the curve C.
Example 5.1.2. Let C denote the arc of the unit circle in R? given by
Cz{(a:,y)eR2|x2+y2=1; y>0; 0<z <1}
Figure 5.1.1 shows a picture of C. The path o: [0,7/2] — R? given by
o(t) = (cost,sint) for all t € [0,7/2]

provides a parametrization of C. Observe that o is a C path defined for allt € R
since sin and cos are infinitely differentiable functions in all of R. Furthermore,
observe that

o'(t) = (—sint,cost) forall teR

79
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(cost,sint)

Figure 5.1.1: Curve C'

always has norm 1; thus, condition (%i) in Definition 5.1.1 is satisfied.
To show that o is one—to—one on [0,7/2], suppose that

o(t1) = o(ts)
for some t1 and ty in [0,7/2]. Then,
(cos(t1),sin(t1)) = (cos(tz), sin(tz))

and so
cos(t1) = cos(tz).

Since cos is one—to—one on [0,7/2], it follows that
ty = ta,

and, therefore, o is one—to—one. Thus, condition (ii) in Definition 5.1.1 also
holds true for o.
Condition (i) in Definition 5.1.1 is left for the reader to verify.

There are more than one way to parametrize a given simple curve. For
instance, in the previous example, we could have used +: [0, 7] — R? given by

~(t) = (cos(t/2),sin(t/2)) for all t € [0,n].

v is called a reparametrization of the curve C. Observe that, since
/ ].
7 @) = 5, forall 1€R,

this new parametrization of C' amounts to traversing the curve C at a slower
speed.

Definition 5.1.3. Let o: [a,b] — R™ be a differentiable, one-to—one path.
Suppose also that o'(t), is never the zero vector. Let h: [¢,d] — [a,b] be a
one-to—one and onto map such that h'(t) # 0 for all ¢ € [¢,d]. Define

~v(t) = o(h(t)) forall ¢ € [e,d].

v: [e,d] — R™ is a called a reparametrization of o
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Observe that the path o: [0,1] — R? given by

o(t) = (t,v/1—1t?) forall t€][0,1]

also parametrizes the quarter circle C in the previous example. However, it is
not a C'* parametrization of C' in the sense of Definition 5.1.1 since the derivative
map

I t
a'(t) = (1,—m> for |t| <1,

does not extend to a continuous map on an open interval containing [0, 1] since
it is undefined at ¢ = 1.

Figure 5.1.2: Curves which are not simple

Definition 5.1.4 (Simple Closed Curve). A curve C in R™ is said to be a C?,

simple closed curve if there exists a C' parametrization of C, o: [a,b] — R",
satisfying:

(1) o(la,b]) = C,
(ii) o(a) = o(b),
(iii) o is one—to—one on [a,b), and

(i) o'(t) is never the zero vector for all t where it is defined.

Example 5.1.5. The unit circle, C, in R? given by

C={(z,y) eR?|2®+y* =1},



82 CHAPTER 5. INTEGRATION

is a C1, simple closed curve. The path o: [0,27] — R? given by
o(t) = (cost,sint) for all t € [0,2n]

provides a C' parametrization of C satisfying all the conditions in Definition
5.1.4. The verification of this is left to the reader.

Remark 5.1.6. Condition (i) in Definition 5.1.1 and condition (iii) in Def-
inition 5.1.4 guarantee that a simple curve does not have self-intersections or
crossings. Thus, the plane curves pictured in Figure 5.1.2 are not simple curves.

5.1.1 Arc Length

Definition 5.1.7 (Arc Length of a Simple Curve). Let C' denote a simple curve
(either closed or otherwise). We define the arc length of C, denoted ¢(C), by

b
(e) = / o’ ()],

where o [a,b] — R™ is a C parametrization of C, over a closed and bounded
interval [a, b], satisfying the conditions in Definition 5.1.1 (or in Definition 5.1.4
for the case of a simple closed curve).

Example 5.1.8. Let C denote the quarter of the unit circle in R? defined in
Ezample 5.1.2 (see also Figure 5.1.1). In this case,

o(t) = (cost,sint) for all t € [0,7/2]
provides a C' parametrization of C with
o'(t) = (—sint,cost) for all t €R,;

so that |0’ (t)|| = 1 for all t and therefore

/2 w/2 -
E(C):/ ||a’(t)||dt:/ P
0 0 2

To see why the definition of arc length in Definition 5.1.7 is plausible, con-
sider a simple curve pictured in Figure 5.1.3 and parametrized by the C'! path

o: la,b] — R™
Subdivide the interval [a,b] into N subintervals by means of a partition
a=t, <t1 <tag < - <ti1<t; < - <t <tny_1 <ty =0

This partition generates a polygon in R™ constructed by joining o(t;—1) to o(¢;)
by straight line segments, for ¢ = 1,2,..., N (see Figure 5.1.3). If we denote
the polygon by P, then we can approximate ¢(C) by ¢(P); we then have that

N
{C) = Z lo(ti) = o(ti-1)ll-
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Figure 5.1.3: Approximating arc length

Now, since ¢ is C', and hence differentiable,
o(ti) —o(ti-1) = (ti —tim1)o'(tio1) + Eilti — ti—1)
for each : =1,2,..., N, where

B

hoo Bl 0,

for each i = 1,2,..., N. Now, by making N larger and larger, while assuring
that the largest of the differences t; —t;_1, for each i = 1,2,..., N, gets smaller
and smaller, we can make the further approximation

N
UC) = Y o’ (i) (8 = timn).
i=1
Observe that the expression
N
> o’ (tim)ll(ts — ticy)
i=1

is a Riemann sum for the function ||o’(t)|| over the interval [a,b]. Now, since
we are assuming the o is of class C?, it follows that the map ¢t — [|o”(¢)]| is
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continuous on [a,b]. Thus, a theorem from analysis guarantees that the sums

Z o’ (tim1)|I(t: — tiz1)

converge as N — oo while

11%12525\[(2?7, — ti—l) — 0.

The limit will be the Riemann integral of ||¢’(¢)|| over the interval [a,b]. Thus,
it makes sense to define

b
am=/uﬂmw.

We next see that we will always get the same value of the integral for any
C' parametrization of o.

Let v(t) = o(h(t)), for all t € [c,d], be reparametrization of o: [a,b] — R™;
that is, h is a one-to—one, differentiable function from [c, d] to [a, b] with k' (¢) > 0
for all ¢ € (¢, d). We consider the integral

d
[ o
c
By the Chain Rule,

V(1) = %[a(h(t))] = h'(t)o’ (h(1)).

We then have that

I
=
S
~—

Q\
=
=
a

~

d d
/nwmwt

= llo” (h()II [ ()] de

d
= [ Io' ke wat,

since h'(t) > 0. Next, make the change of variables 7 = h(t). Then, d7 = h/(¢t)dt
and

d b
/|wwmmwww:/nath

It then follows from Definition 5.1.7 that

d
amzfnﬂmw
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for any reparametrization v = o o h of o, with A’ > 0. In the case in which
R’ < 0, we get the same result with the understanding that h(c) = b and
h(d) = a. Thus, any reparametrization of o will yield the same value for the
integral £(C) given in Definition 5.1.7.

It remains to see that any two parametrizations

o:[a,b] = R" and~: [c,d] - R"

of a simple curve C are reparametrizations of each other. This will be proved
in Appendix B.

5.1.2 Defining the Path Integral

Let U be an open subset of R™ and C be a C'! simple curve (closed or otherwise)
which is entirely contained in U. Suppose that f: U — R is a continuous scalar
field defined on U. We define the integral of f over the curve C, denoted by

Lﬂ

b
Lf=waMWMM&, (5.1)

where o: [a,b] — R" is a C'! parametrization of C, over a closed and bounded
interval [a, b, satisfying the conditions in Definition 5.1.1 (or in Definition 5.1.4
for the case of a simple closed curve).

as follows:

/ f is called the path integral of f over C. This integral is guaranteed to
c

exist as a limit of Riemann sums of the function f(o(t))||o’(t)|| over [a,b] by
virtue of the continuity of f and the fact that o is a C! parametrization of C.

Example 5.1.9. A metal wire is in the shape of the portion of a parabola
y =22 from x = —1 to x = 1. Suppose the linear mass density along the wire
(in grams per centimeter) is proportional to the distance to the y—axis (the axis
of the parabola). Compute the mass of the wire.

Solution: The wire is parametrized by the path

o(t)=(t,t*) for —1<t<1.

Let C denote the image of 0. Let f(x,y) denote the linear mass density of
the wire. Then, f(x,y) = k|x| for some constant of proportionality k. It then
follows that the mass of the wire is

1
M:Aj:[ﬂwﬂmm

o' (t) = (1,2t),

where
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so that

o' (®)] = V1 + 4t

Hence, by the symmetry of the wire with respect to the y axis

1
M:/f:2/ kty/1 + 4t2dt.
C

0

Evaluating this integral yields

k
= 6(5\/5— 1).

O

The definition of / f given in (5.1) is based on a choice of parametrization,
c
o: [a,b] — R™, for C. Thus, in order to see that / f is well defined, we need
C

to show that the value of / f is independent of the choice of parametrization;

c
more precisely, we need to see that if v: [¢,d] — R™ is another parametrization

of C, then
/f DIl (Bt = /f Dll’ (1)1t (5.2)

For the case in which v is a reparametrization of o¢; that is, the case in which
~(t) = a(h(t)), for all t € [¢,d], where h is a one-to-one, differentiable function
from [c,d] to [a,b] with A/(t) > 0 for all t € (c,d). We see that (5.2) follows
from the Chain Rule and the change of variables: 7 = h(t), for ¢t € [c,d]. In fact
we have

A (1) = Lo (h(e)] = W (0)o' ()

so that

/f NI (@)lldt /f NIl (@) ' (t)dt

since h/(t) > 0. Thus, since dr = h/(t)dt, we can write

/f vat/f Dllo’(7)ldr,

which is (5.2) for the case in which one of the paths is reparametrization of the
other. Finally, using the results of Appendix B in this notes, we see that (5.2)
holds for any two parametrizations, o: [a,b] — R"™ and o: [¢,d] — R", of the
C" simple curve, C.
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5.2 Line Integrals

In the previous section we saw how to integrate a scalar field on a C!, simple
curve. In this section we describe how to integrate vector fields on curves.
Technically, what we’ll be doing is integrating a component (which is a scalar)
of a vector field on the given curve. More precisely, let U denote an open subset
of R™ and let F': U — R™ be a vector field on U. Suppose that there is a curve,
C, which is contained in U and which is parametrized by a C'! path

o: [a,b] = R™.

We have seen that the vector o’(t) gives the tangent direction to the path at

o(t). The vector
1 /!
0= o

is, therefore, a unit tangent vector to the path. The tangential component of
the of the vector field, F', is then given by the dot product of F and T

F-T.

The line integral of F on the curve C parametrized by o is given by

b
/F~Tds:/ F(o(t) - T(t) |0 (1)]|dt.
C a

Observe that we can re—write this as

b 1 / / )
LFTm::Amewﬂmwwwmw,

therefore,
b
/ F.Tds — / Fo(t)) - o' ()dt. (5.3)
C a

Example 5.2.1. Let F: R*\{(0,0)| — R? be given by

—y ,‘\+ T
1
m2_|_y2 x2+y

F(x,y) = B) 3\ for (xay) # (0,0),

and let C' denote the unit circle traversed in the counterclockwise direction. FEval-
uate F -Tds.

c
Solution: The path
o(t) = (cost,sint), for t € [0,2n],
is a C'! parametrization for C' with

o'(t) = (—sint,cost), for teR.
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Applying the definition of the line integral in (5.3) yields

27
/ F-Tds = F(cost,sint) - (—sint, cost)dt
c 0
2
= / (sin? t 4 cos? t)dt
0
= 2.

Let

~

F(z,y,2) = P(z,y,2) i + Q(x,y,2) J

denote a vector filed defined in a region U of R?, where P and Q are continuous
scalar fields defined on U. Let

o(t) =x(t) i+ y(t) j, for tela,b],
be a C! parametrization of a C' curve, C, contained in U. Then
W)= t)i+y ()] for te(ab),

and, applying the definition of the line integral of F' on C in (5.3) yields

b
[pemas = [ (PG, v)a'0) + Qato) ey )t

b
= /(P(w(t),y(t))x’(t)dHQ(fﬂ(t),y(t))y’(t)dt)

Next, use the notation dz = 2/(¢)dt and dy = y'(¢)dt for the differentials of x
and y, respectively, to re—write the line integral as

/CF-Tds = /CPd:v+Qdy. (5.4)

Equation (5.4) suggests another way to evaluate the line integral of a 2—-dimensional
vector field on a plane curve.

Example 5.2.2. FEvaluate the line integral / —ydx + (x — 1)dy, where C is

the simple closed curve made up of the line secgment from (—1,0) to (1,0) and
the top portion of the unit circle traversed in the counterclockwise direction (see
picture in Figure 5.2.4).

Solution: Observe that C is not a C! curve since no tangent vector can be
defined at the points (—1,0) and (1,0). However, C' can be decomposed into
two C! curves (see Figure 5.2.4):
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&

(=10) (1,0) *
Figure 5.2.4: Example 5.2.2 Picture

(i) Cp: the directed line segment from (—1,0) to (1,0), and

(i) Co = {(z,y) € R? | 22 +y? = 1,y > 0}; the top portion of the unit circle
in R? traversed in the counterclockwise sense.

Then,

/ —ydz + (z — 1)dy = / —ydx + (z — 1)dy + / —ydx + (z — 1)dy.
C Cq Ca

We evaluate each of the integrals separately.
On Ci: z=tand y =0 for —1 <t < 1; so that dez = dt and dy = 0. Thus,
/ —ydx + (z — 1)dy = 0.
C1

On Cy: x = cost and y = sint for 0 < t < 7; so that de = —sintdt and
dy = costdt. Thus

/ —yde + (z — Ddy = / (—sint(—sint)dt + (cost — 1) costdt)
Cs 0

= / (sin?t 4 cos® t — cost)dt
0

/ (1 — cost)dt
0

= [t—sint];

- .

It then follows that

—ydz + (z — 1)dy = .
c
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We can obtain an analogous equation to that in (5.4) for the case of a three
dimensional field
F=Pi+Qj+ RE,
where P, Q and R are scalar fields defined in some region U of R? which contains
the simple curve C:

/ F-Tds= / Pdz + Qdy + Rdz. (5.5)
c c

5.3 Gradient Fields

Suppose that a field F: U — R” is the gradient of a C! scalar field, f, defined
on U; that is, F = Vf. Then, for any C' parametrization,

o:[0,1] = R"™,

of a curve C' in U connecting a point z, to x1, also in U,

/F~Td5
c

1
/0 F(o(t))-o'(t)dt

/O VF(o(t) - o’ (bt

1
- / 4oty at

= fz1) = f(2o).

Thus, the line integral of F' = V f on a curve C' is determined by the values of
f at the endpoints of the curve.

A field F with the property that F = V£, for a C! scalar field, f, is called
a gradient field, and f is called a potential for the field F'.

Example 5.3.1 (Gravitational Potential). According to Newton’s Law of Uni-
versal Gravitation, the earth exerts a gravitational pull on an object of mass m
at a point (x,y,z) above the surface of the earth, which is at a distance of

T:\/ﬂm

from the center of the earth (located at the origin of three dimensional space),
an s given by

Fla,y,2) = ——5T, (5.6)
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where T is a unit vector in the direction of the vector ¥ = x i+ Y 3—}— 2 k. The

minus sign indicates that the force is directed towards the center of the earth.
Show that the field F is a gradient field.

Solution: We claim that F' = V f, where

_km

f(r)—T and r=+z2+y2+22#£0. (5.7)
To see why this is so, use the Chain Rule to compute
of ., . 0r  kmzx
or =/ (T)ax o2y
Similarly,
of _ _kmy of _ kmz
oy  rzr’ 0z r2
It then follows that
Of ~ O0f ~ Of ~
Vf = of i+ of Jj+ of k

r2 r2r r2r
k ~ R

- - (f i+2542 k;)
r2 \r r
k‘m 1 ~ -~ ~
km

= —TT s

which is the vector field F' defined in (5.6). O

It follows from the fact that the Newtonian gravitational field F' defined in
(5.6) is a gradient field that the line integral of F' along any curve in R3, which
does not go through the origin, connecting 7, = (o, Yo, 20) to ™1 = (z1, Y1, 21),
is given by

T1 To

km  km
/F-Tdszf(l'laylyzl)_f(xmymZO):7_ ,
C

where r, = /22 + y2 + 22 and r; = \/2? + y} + 22. The function f defined in
(5.7) is called the gravitational potential.
5.4 Flux Across Plane Curves

According the Jordan Curve Theorem, a simple closed curve in the plane divides
the plane into two connected regions:
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(i) a bounded region called the “inside” of the curve, and
(ii) an unbounded region called the “outside” of the curve.

Let C denote a C', simple, closed curve in the plane parametrized by the C!
path
o: [a,b] — R2.

We can then define a unit vector, 71, perpendicular to to the tangent unit vector,
T, to the curve, and pointing towards the outside of the curve. 7 is called the
outward unit normal to the curve.

Example 5.4.1. The outward unit normal to the unit circle, C', parametrized
by the path
o(t) = (cost,sint), fort e [0,m],

is the vector
n(t) = (cost,sint), fort € [0,7].

In general, if the parametrization of a C*, simple, closed curve, C, is given
by
o(t) = (z(t),y(t)) for a<t<b,

where x and y are C! functions of ¢, then the vector

0=y (a5 7).

where the sign is chosen appropriately, will be the outward unit normal to the
curve. We assume, for convenience, that the path o is always oriented so that
the positive sign indicates the outward direction.

Given a vector field, F' = P i+ Q 3, defined on a region containing a C*,
simple, closed curve, C, we define the flux of F across C' to be the integral

/CF.ﬁds _ /:F(a(t)) HUl()H (dyA if >||o()||dt
/j(PﬂQB-(fﬁ i”; )dt
[ (- a

Thus, using the definitions of the differentials of x and y, we can write the flux
of F' across the curve C as

/CF-ﬁds:/cde—Qda:. (5.8)
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Example 5.4.2. Compute the flux of the field F(z,y) = = i+ Y /j\ across the
unit circle
C={(z,y) eR?|2* +y* =1}

traversed in the counterclockwise direction.
Solution: Parametrize the circle with z = cost, y = sint, for ¢t € [0, 27]. Then,
dz = —sintdt, dy = cost, and, using the definition of flux in (5.8),

/F~ﬁds = /de—de
c c

2m
= / (cos? t + sin® t)dt
0

= 2.
O

Remark 5.4.3 (Interpretation of the flux of a vector field). An interpretation of
the flux of a vector field is provided by the following situation in fluid dynamics:
Let V(z,y) denote the velocity field of a plane fluid in some region U in R?
containing the simple closed curve C. Then, at each point (z,y) in U, V(x,y)
gives the velocity of the fluid as it goes through that point in units of length
per unit time. Suppose we know the density of the fluid as a function, p(z,y),
of the position of the fluid in U (this is a scalar field) in units of mass per unit
area (since this is a two—dimensional fluid). Then, the vector field

F(z,y) = p(z,y)V(z,y),

in units of mass per unit length per unit time, gives the rate of fluid flow per
unit length at the point (z,y). The integrand

F - nds,

in the flux definition in (5.8), is then in units of mass per unit time and measures
the amount of fluid that crosses a section of the curve C' of length ds in the
outward normal direction. The flux then gives the rate at which the fluid is
crossing the curve C' from the inside to the outside; in other words, the flux
gives the rate of flow of fluid out of the region bounded by C.

Notation 5.4.4. Let U denote an open subset of R? and F: U — R? be a
continuous vector field defined on U. Let C' C U be a piecewise C*, simple,
closed curve oriented in the counterclockwise sense. We usually denote the flux

of F across C by
f F-dn, (5.9)
c

where the circle across the integral sign in (5.9) reminds us that the line integral
is computed along a closed curve. Thus, if F(x,y) = P(z,y) ¢ + Q(z,y) j, for
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(z,y) € U, where P and @ are real valued continuous functions defined in U,
we have write

?{CF-dnzj{Cde—de, (5.10)

to denote the flux of F' across C.

If the curve C in (5.10) is not C*, but is piece-wise C'!, we can still compute
the flux of F = Pi+ Q} across C' by decomposing C' as a union of finitely many
C" pieces, Cq,Csy,...,Ck, and then computing

k
]{F-dn:Z/de—Qda:, (5.11)
c i=i 7 Ci

k
where C' = U C;, and the orientation of each C;, fori = 1,2, ..., k, is consistent

i=1
with that of C'.

Example 5.4.5 (Flux across the boundary of a rectangular region). Let U
denote an open subset of R? and suppose that P: U — R and Q: U — R
are C1, real-valued, functions defined on U. Let (z,,¥,) denote a point in U
and suppose that h > 0 and k£ > 0 are sufficiently small so that the rectangle

h h k k
To — 51 %o + 2} X [yo — 5% + 2] lies entirely in U, where, denoting the

rectangle by R,

h h k k
——<z<zo+ = o — — SYS Yo+ = ¢. 12
To—5 S $+2andy 5 SV y+2} (5.12)

R= {(m,y) e R?

Let C denote the boundary of the rectangle R in (5.12) oriented in the counter-
clockwise sense; this is pictured in Figure 5.4.5, where P;, P5, P3 and P, denote

P4 03 P3
A
C4 ° CQ
(%os Yo)
P1 Ol Pg

Figure 5.4.5: Boundary of R

the points

LR (kY (B Ry bk
To 2ayo 5 ) Lo 27yo 5 ) To 27yo B an To 271/0 B)

).
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respectively, and C1, Cy, C3 and Cy are the directed line segments
[PlaPQ]) [P27P3}7 [P37P4] and [P4)P1}7

respectively.
According to (5.11), the flux of F across the boundary of the rectangle R
defined in (5.12) is given by

4
ﬁF-dn:;/Cide—de. (5.13)

We evaluate each one of the line integrals on the right-hand side of (5.13)
separately.
On (' we use the parametrization

k h
x:tandy:yo—§7 forxo—§<t<xo—|—§;
so that,
dr=dt and dy=0dt.
Consequently,
To+h/2
Pdy—Qdx= —/ Q(t,yo — k/2) dt. (5.14)
Ch xo—h/2
On Cs, we use the parametrization
r=z —|—ﬁand =t for —E<t< —|—@-
TToTy y=1i Yo o SUS Yo 9
so that,
dr=0dt and dy=dt.
We then have that
yo+k/2
/ Pdy—Q dx = / P(xz,+ h/2,t) dt. (5.15)
C> Yo—k/2

On Cj, use the parametrization

h k
r=z,+-—hrandy=y,+ -, where0<7<1;

2 2’

so that,
de=—hdr and dy=0dr.

Thus,

1
Pdy—Q da::/ Qo+ BJ2 — h7,yo + K/2) b dr. (5.16)
C3 0
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Next, make the change of variables ¢t = x, + h/2 — h7 in the integral on the
right-hand side of (5.16) to get

zo—h/2
Pay-Qde=— [ QU+ 1/2) dt
C3 $o+h/2
which can be written as
To+h/2
Pdy—Qdx= / Q(t,yo + k/2) dt. (5.17)
Cs Zo—h/2

On (Y4, use the parametrization
h
x:mo—gandyzyo+k/2—hr, for 0 <7< 1;

so that,
dr=0dt and dy=—hdr.

We then have that
1
/ dedex:f/ P(zy — h/2,y, + k/2 — hT)h dr. (5.18)
C4 0

Next, make the change of variables t = y, + k/2 — h7 in the integral on the
right-hand side of (5.18) to get

Yo—k/2
de—de:/ Pz, — h/2,t) dt,
Cy yo+k)/2
from which we obtain
Yo+k/2
/ Pdy—Qdr= —/ P(z, —h/2,t) dt. (5.19)
Cy Yo—k/2

Putting together the results in (5.14), (5.15), (5.17) and (5.19) into (5.13),
we obtain that

Yo+k/2
}{ Podn — / [P(zo + h/2,t) — P(zy — h/2,1)] dt
C Y

o—k/2
(5.20)

xTo+h/2
+ / [Q(t,yo + k/2) — Q(t,yo — k/2)] dt.

o—h/2

Example 5.4.6 (Divergence of a vector field). In this example, we continue
with the set up laid out in Example 5.4.5. Up to this point, we have not used
the assumptions that P and Q are C! scalar fields defined in an open region U
that contains the rectangle R defined in (5.12) and pictured in Figure 5.4.5.
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Since we are assuming the P: U — R is a O function, the partial derivative

P
— is continuous; hence, we can apply the Mean Value Theorem to obtain a

x
real value &;(z,,t, h) such that

h h k k
2 2 foryy— C <t < yo+ 2, 21
To 2<§1(Jco,t,h)<aco—i-27 or Yo — 3 t<uy. —1—2 (5.21)
and P
P(x,+ h/2,t) — P(z, — h/2,t) = ha—(fl(xmt, h),t), (5.22)
z
k
foryo—§<t<y0+§.
Observe that it follows from (5.21) that
lim & (zo,t,h) = for —E<t< —&—E (5.23)
ey 1(ZLo, T, = To, or Yo o SUS Yo 9" .

Similarly, since Q: U — R is O, there exists 12(y,,t, k) € R such that

k k h
Yo — = < M2(Yor t, k) < Yo+ =, foraz,— - <t<azo+ =, (5.24)
2 2 2 2
and 90
Q(t7 Yo + k/2) - Q(ta Yo — k/2) = kaiy(u 7]2(%7 ta k))’ (525)
h h
forx0—§§t<x0+§.
Note that, as a consequence of (5.24),
. h h
lm 75 (Yo, t, k) = Yo, foraz, — - <t < x,+ = (5.26)
k—0 2 2

We can now substitute the expressions in (5.22) and (5.25) into the inte-
grands on the right hand side of (5.20) to get

yo+k/2
}{F-dn - / WO () (st 1), ) dt
C Y, 0

o—k/2 €z
(5.27)

To+h/2
+ k= (t,m2(yo, t, k)) dt.
L gy ol )

Assume for the moment that the integrands on the right-hand side of (5.27)
are continuous (recall that we are also assuming that P is a C* scalar field); so,
we can apply the Mean Value Theorem for Integrals to get that there exists a
real value 11 (yo, k) such that

k k
Yo — 5 <MY, k) <o+ 5 (5.28)

2 2’
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and

Yo+k/2 oP op
/yok/2 %(gl(ﬁﬂmt, h),t) dt = k%(gl(xo,m,h),m), (529)

where we have written 1 for 11 (yo, k).
We note from (5.28) that

llim M (Yo, k) = Yo- (5.30)
—0

Similarly, there exists & (o, h) € R such that

h h
To— = < &(xo,h) < xo+ =, (5.31)
2 2
and Th/2
o 0 oQ
Z 4 0 (Yo, £, k) dt = hEE (€9, 112 (Yo, €9, K)), 5.32
L By emn k) di=nG e b))

where we have written &; for & (z,, h).
As a consequence of (5.31) we have that

lim & (x,, h) = . (5.33)
h—0

Substituting the expressions in (5.29) and (5.32) into the right—hand side of
(5.27), we get

ng ~dn = hk [f;];(gl(xo,m,h),m) + %(&,w(ymffz,k}) : (5.34)

Next, assume that hk > 0 and divide the equation in (5.34) by hk to get

9 9
ﬁ(mﬁﬂdn = %(gl(xoﬂhah)ﬂh) + 6—5(52,772(%,52,1{;))7 (5.35)

where we have written area(R) for hk, the area of the rectangle R defined in
(5.12). Note that the simple, closed curve C is the boundary of the rectangle
R, which we shall denote by OR.

Finally, use the assumptions that P and @ are C" scalar fields defined in U,
together with the limit facts in (5.23), (5.26), (5.30) and (5.33), to obtain from
(5.35) that

_op aQ
j(iRF ~dn = %(l'oa yo) + aiy(xovyo)' (536)

lim
h2+k2—0 area(R)

The expression on the right-hand side of (5.36) is called the divergence of
the vector field F': U — R? given by

F(z,y) = P(z,y)i + Q(z.y)j, for (z,y) € U], (5.37)

where P and ) are assumed to have partial derivatives in U, at the point
(moayo)'
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Definition 5.4.7 (Divergence of a vector field in R?). Let U be an open subset
of R? and F: U — R? be a vector field in U given by (5.37), where the compo-
nents of F', P and @, have partial derivatives defined in U. The divergence of
F in U is a scalar field, denoted by div(F): U — R, given by

div(F)(z,y) = a—P(x,y) + @(x,y), for all (z,y) € U. (5.38)
or dy

Remark 5.4.8 (Interpretation of Divergence). For the case in which F' is the
flow field discussed in Remark 5.4.3 on page 93 in these notes, and F is C!, the
left—hand side of (5.36) measures the rate of fluid, in units of mass per unit time
per unit area, emanating from the point (z,,y,). Thus, divF(z,,y,) gives the
rate of fluid emanating from the point (x,,y,) per unit area; hence, the name
of divergence for the expression on right-hand side the equations in (5.36) and
(5.38).

5.5 Differential Forms

The expression Pdx + Qdy + Rdz in equation (5.4), where P, @ and R are
scalar fields defined in some open region in R? is an example of a differential
form; more precisely, it is called a differential 1-form. The discussion presented
in this section parallels the discussion found in Chapter 11 of Baxandall and
Liebeck’s text.

Let U denote an open subset of R™. Denote by £(R™,R) the space of linear
transformations from R™ to R. The space £L(R",R) is also referred to as the
dual of R and denoted by (R™)*.

Definition 5.5.1 (Preliminary Definition of Differential 1-Forms in U). A dif-
ferential 1-form, w, is a map w: U — L(R™,R) which assigns to each p € U, a
linear transformation w,: R™ — R.

It was shown in Problem 4 of Assignment 3 that to every linear transforma-
tion wy: R™ — R there corresponds a unique vector, w, € R", such that

wp(h) =wyp - h, for all h € R". (5.39)

Denoting the vector wy, by (Fi(p), F2(p),. .., Fn(p)), we can then write the ex-
pression in (5.39) as

wp(h) :Fl(p)h1+F2(p)h2++Fn(p)hn, for (hl,hg,...,hn) e R™. (540)
Thus, a differential 1-form, w, defines a vector field F': U — R"™ given by
F(p) = (Fi(p), Fx(p), ..., F.(p)), forallpeU. (5.41)

Conversely, a vector field, F': U — R™ as in (5.41) gives rise to a differential
1-form, w, by means of the formula in (5.40). Thus, there is a one—to—one
correspondence between differential 1-forms and the space of vector fields on U.
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In the final definition of a differentiable 1-form, we will require that the vector

field associated to a given form, w, is at least C'; in fact, we will require that
the field be C°°, or smooth.

Definition 5.5.2 (Differential 1-Forms in U). A differential 1-form, w, on U
is a (smooth) map w: U — L(R™ R) which assigns to each p € U a linear
transformation, wy,: R” — R, given by

wp(h) = Fi(p)h1 + F2(p)ha + - + Fy(p)ha,

for all h = (hq, he,...,h,) € R™, where the vector field F' = (Fy, Fs,..., F,) is
a smooth vector field in U.

Example 5.5.3. Given a smooth function, f: U — R, the vector field Vf: U —
R™ gives rise to a differential 1-form denoted by df and defined by

d d d
dfp(h) = aTi(p) hi + aTi(p) ho + -+ a—ai(p) P, (5.42)

for all h = (hy, ha,..., h,) € R™.

Example 5.5.4. As a special instance of Example 5.5.3, for j € {1,2,...,n},
consider the function z;: U — R given by

zj(p) =p;, forall p=(pi,p2,...,pn) €U.

The differential 1-form, dx; is then given by

- 8xj 8xj 813]'
() () = 520) B+ 52 9) o+ -+ 57 9)
for all h = (hqy,ha,..., h,) € R™; so that,
(dzj)p(h) = h;, for all h = (hy,he,..., hy,) € R™. (5.43)

Combining the result in (5.42) in Example 5.5.3 with that of (5.43) in Ex-
ample 5.5.4, we see that for a smooth function f: U — R,

_of af of
o) = 52-(p) dar () + 52 (0) daa(h) -+ + ==(p) da (),
for all h € R™, which can be written as
_of af of

dfp = 6751(19) dxy + 8762(17) dro + -+ @(P) dy,

for pe U, or
_9f of of
df = Do dxry + D75 dro + - + D, dxy,, (5.44)

which gives an interpretation of the differential of a smooth function, f, as
a differential 1-form. The expression in (5.44) displays df as a linear combi-
nation of the set of differential 1-forms {dz1,dzs,...,dz,}. In fact, the set
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{dz1,dxs,...,dx,} is a basis for the space of differential 1-forms. Thus, any
differential 1-form, w, can be written as

w=F dxi+ Fy deo +--- + F,, dxy,, (545)

where F' = (Fy, Fy, ..., F,) is a smooth vector field defined in U.

Differential 1 forms act on oriented, smooth curves, C', by means on integra-
tion; we write

W(C):LWZLFl dey + Fy dog + -+ Fy, dz,,.

Example 5.5.5 (Action on Directed Line Segments). Given points P; and P
in R™, the segment of the line going from P; to P, denoted by [Py, Ps], is called
the directed line segment from P; to P,. Thus,

S
[P, By = {OP| +tP Py [0 <t <1},

where O is the origin in R™. Thus, [P, P»] is a simple, C* curve parametrized
by the path

o(t) = OP, + tPi Py, 0<t<1.

The action of a differential 1-form, w = F} dx1 + F5 dxy + - - - + F,, dx,, is then

([P, Py)) =/ Fod7

[P1,P:]

Example 5.5.6. Evaluate the differential 1-form w = yzdx + xzdy + zydz on
the directed line segment from the point P;(1,1,0) to the point P5(3,2,1).
Solution: We compute

w([Py, P2]) = / yzda + zzdy + xydz,
[Pr,P2]

where [Py, P,] is parametrized by

r=142t
y=1+¢

z =

for 0 <t < 1. Then,
dr =2dt
dy = dt
dz = dt,
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and

1
/ yzdx + zzdy + zydz / 21+t + (14 2t)t + (1 +2t)(1 + ¢)]d¢
c 0

1
/ (2t + 22+t + 262 + 1 + ¢ + 2t + 2t%)dt
0

1
/ (1 + 6t + 6t%)dt
0

= 6.

Thus, the differential 1-form, w = yzdx + xzdy + xydz maps the directed
line segment [(1,1,0),(3,2,1)] to the real number 6. O

Example 5.5.7. Let w = ky dxy1+ks deo+- - -+k, dx,, where k1, ko, ..., k, are
real constants, be a constant differential 1-form. For any two distinct points,
P, and Py, in R™, compute w([P,, P1])

Solution: The vector field corresponding to w is

F(z) = (k1,ke, ..., kn), forallzeR™

/ F-d7
[P07P1]

JRACORICER

Compute

w([Po, P1])

where
—
o(t)=0P,+tv, for0<t<1,

—
where v = P, Py, the vector that goes from P, to P;. Thus,
w([Po, P1]) = K-v,

where K = (ky, ko,...,ky) is the constant value of the field F. O

Definition 5.5.8 (Differential 0-Forms). A differential O—form in U C R™ is a
C* scalar field f: U — R which acts on points in U by means of the evaluation
the function at those points; that is,

fp=1f(p), forallpel.

Definition 5.5.9 (Differential of a 0—Form). The differential of a 0 form, f, in
U is the differential 1-form given by
_of of of

df—aixldl‘l—Faindl‘g-‘r“"i‘@dxn.
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Example 5.5.10. Given a O—form f in R™, evaluate df ([P1, Ps]).
Solution: Compute the line integral

/ df / ﬁdﬂh-ﬁ-ﬁdl‘gﬁ-'““rﬁdajn
[Py, P2] [Py

,P3) al'l axg axn

1
| Vi oo a.
0
where .
O’(t):OP1+tP1P2, 0<t<1
Thus, by the Chain Rule,

'd
/[pl,pg] 4 = [ GUeo)a

= f(P) - f(P).

where we have used the Fundamental Theorem of Calculus. Thus df([Py, P2])
is therefore determined by the values of f at the end—points of the directed line
segment [Py, Py]. O

Example 5.5.11. For two distinct points P,(zo, Yo, 2o) and Pi(x1,y1,22) in
R3, compute dx([P,, P1]), dy([P,, P1]) and dz([P,, P1]).

Solution: Apply the result of the previous example to the function f(z,y,z) =
z, for all (z,y,2) € R", to obtain that

dx([PwPl]) :f(Pl) _f(Po) =1 — Zo-
Similarly,

dy([Ps, P1]) = y1 — Yos

and
dz([P,, P1]) = 21 — 2.

O

Next, we define differential 2—forms. Before we give a formal definition, we
need to define bilinear, skew—symmetric forms.

Definition 5.5.12 (Bilinear Forms on R™). A bilinear form on R" is a function
from R™ x R™ to R which is linear in both variables; that is, B: R™ x R" —» R
is bilinear if

B(eyv1 + cave, w) = ¢y B(vy, w) + caB(va, w),
for all v1,vo,w € R™, and all ¢1,cs € R, and

B(v, cywy + cows) = c1 B(v,w1) + caB(v, wa),

for all v, wy,ws € R™, and all ¢1,cs € R.
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Example 5.5.13. The function B: R™ x R™ — R given by B(v,w) = v-w, the
dot—product of v and w, is bilinear.

Definition 5.5.14 (Skew—Symmetric Bilinear Forms on R™). A bilinear form,
B: R" x R™ — R on R"”, is said to be skew—symmetric if

B(w,v) = —B(v,w), for all v,w € R".

Example 5.5.15. For a fixed vector, u, in R3, define B: R3 x R — R by
B(v,w) = u- (v X w), the triple scalar product of u, v and w, for all v and w in
R3. Then, B is skew symmetric.

Example 5.5.16 (Skew—Symmetric Forms in R?). Let B: R? x R? — R be a
skew-symmetric bilinear form on R?. We than have that B(i,i) = B(j,7) = 0
and B(j,i) = —B(i,7). Set A = B(i,7). Then, for any vectors v = ai + bj and

o~

w = c¢i + dj in R?, we have that
B(v,w) = B(ai+bj,ci+dj)
= ac B(i,i) + ad B(i, ) + be B(j,7) + bd B(j,7)
= (ad —bc) B(i, )

= Mad — bc)

a c¢
= /\det(b d)'

We have therefore shown that for every skew—symmetric, bilinear form,
B:R? x R? - R,
there exists A € R such that
B(v,w) = Adet[v w], forall v,w € R? (5.46)

where [ v w | denotes the 2 x 2 matrix whose first column are the entries of v,
and whose second column are the entries of w.

Example 5.5.17 (Skew—Symmetric Forms in R3). Let B: R3 x R® — R be a
skew—symmetric bilinear form on R?. Then,

B(i,i) = B(j.j) = B(k. k) =0 (5.47)
and R R
B(]al) = _B(Zvj)v
B(k,i) = —B(,k), (5.48)
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Set R
)\1 = B(]ak)a
X2 = B(i,k), (5.49)

Then, for any vectors v = avi + aﬁ+ aglk\f and w = bii + bﬁJr b;g% in R3, we
have that

B(?), w) = B(aﬁ—&— a2_/j\ + agjf\, bl/l\—f— b23 + bgif\)
= abeB(i,)) + arbsB(i, k) R
+a2blB(j7 ’L) + a2b3B(j7 k)

s

+a3blB(k,?) + angB(E, /j\),
where we have used (5.47). Rearranging terms we obtain

B(v,w) = absB(j, E)j‘ asbyB(k, ) R
+CL3blB(k/’,i) +a1b33(i,k’) (550)

NN~

+a1b2B(i,7) + azb1 B(j,1).
Next, use (5.48) and (5.49) to rewrite (5.50) as
B(v,w) = Ai(asbs — asba) — Aa(a1bs — azb1) + Az(aiba — azb1),
which can be written as

az as
by b3

ayp as
by b3

ap a2

B(v,w) = A\ by by

— A + A . (5.51)

Recognizing the term on the right—hand side of (5.51) as the triple scalar product
of the vector A = )\1/11\—1— A23+ )\32 and the vectors v and w, we see that we have
shown that for every skew—symmetric, bilinear form, B: R3 x R? — R, there
exists a vector A € R? such that

B(v,w)=A-(vxw), forall v,weR> (5.52)

Let A(R™ xR"™, R) denote the space of skew—symmetric bilinear forms in R™.

Definition 5.5.18 (Differential 2-Forms). Let U denote an open subset of R™.
A differential 2—form in U is a smooth map, w: U — A(R™ x R™ R), which
assigns to each p € U, a skew—symmetric, bilinear form, w,: R" x R® — R.

Example 5.5.19 (Differential 2-forms in R?). Let U denote an open subset of
R? and w: U — A(R? x R? R) be a differential 2—form. Then, by Definition
5.5.18, for each p € U, w, is a skew—symmetric, bilinear form in R?. By the
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result in Example 5.5.16 expressed in equation (5.46), for each p € U, there
exists a scalar, f(p), such that

wp(v,w) = f(p)det[v w], forall w,w € R (5.53)

In order to fulfill the smoothness condition in Definition 5.5.18, we require that
the scalar field f: U — R given in (5.53) be smooth.

Example 5.5.20 (Differential 2-forms in R?). Let U denote an open subset of
R3 and w: U — A(R? x R? R) be a differential 2-form. Then, by Definition
5.5.18, for each p € U, w), is a skew—symmetric, bilinear form in R3. Thus, using
the representation formula in (5.52) of Example 5.5.17, for each p € U, there
exists a vector, F(p) € R3, such that

wp(v,w) = F(p) - (v x w), for all v,w € R®, (5.54)

The smoothness condition in Definition 5.5.18 requires that the vector field
F: U — R3 given in (5.54) be smooth.

Definition 5.5.21 (Wedge Product of 1-Forms). Given two differential 1-
forms, w and 7, in some open subset, U, of R", we can define a differential
2—form in U, denoted by w A n, as follows

(WAN)p(v, w) = wp(v)np(w) —wp(w)ny(v), for pe U, and v,w € R". (5.55)

To see that the expression for (w A7), given in (5.55) does define a bilinear
form, compute

(wWAN)p(crvy + cove,w) = wp(crvr + cav)np(w) — wyp(w)ny(c1v1 + c2v2)

= [Clwp(vl) + 02‘*’1)(”2)}%(“’)
—wp(w)[e1ny (v1) + camp(va)]

= cywp(v1)mp(w) + caw, (v2) 1 (w)
—crwp(w)ny(v1) — cawp (w)np(va),

so that

(wAnN)p(crvr + c2v2,w) = erfwp(v)mp(w) — wp(w)mp(v1)]
+eafwp (v2)np (W) — wy(w)np(v2)]

= ca(wAn)p(vi,w) + ca(w A n)p(v2, w),
for all vy,ve,w € R™ and ¢1,co € R. A similar calculation shows that
(wWANp(v, crwr + cowe) = c1(wAN)p(v, w1) + ca(w A n)p(v,ws),

for all v, wq,wy € R™ and ¢y, ¢ € R.
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Similarly, to see that (w An),: R™ x R" — R is skew—symmetric, compute
(WA N)p(w,v) = wp(w)ny(v) — wp(v)p(w)
= —lwp(v)np(w) — wp(w)mp(v)]
= —(wAn)(v,w)

Proposition 5.5.22 (Properties of the Wedge Product). Let w, n and v denote
1-forms in U, an open subset of R™. Then,

(i) wAn=—nAuw;

(ii) w Aw = 0, where 0 denotes the bilinear form that maps every pair of
vectors to 0;

(ili) (WH+n)Ay=wAy+nAy;
(iv) wA(n+v)=wAn+wAn.

Example 5.5.23. Let P,(x0,9,), Pi(x1,y1) and Pa(z2,y2) denote three non—
collinear points in the xy—plane. Put

~

P o
v=P,P; = (1 —20)i+ (Y1 — Yo)J

and

w = 170733 = (2 — 20)i + (Y2 — ¥Yo)J-
Then, according to (5.55) in Definition 5.5.21,
(de ANdy)(v,w) = dz(v) dy(w) — dz(w) dy(v)
= (21— 20)(Y2 = ¥o) — (32 — 7o) (Y1 — o),
where we have used the result of Example 5.5.11. We then have that

1 — Tp T2 — Tp
(dx A dy)(v,w) = )
Y1 — Yo Y2 — Yo

which is the determinant of the 2 x 2 matrix, [v w], whose columns are the
vectors v and w. In other words,

(dz N dy)(v,w) = detlv w]. (5.56)

We have therefore shown that the (dz A dy)(v,w) gives the signed area of the
parallelogram determined by the vectors v and w.
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Example 5.5.24. Let P,(%o, Y0, 20), Pi(x1,y1,21) and Pa(x9,ys2,22) denote
three non—collinear points in R3. Put

~ o~

N ~
v=PFP,P = (371 _$0)2+ (yl _yo)] + (21 _Zo)k

and

~

== -~ -~
w=PFP,P = (31‘2 - mo)l + <y2 - yo).j + (Zl - Zo>k'

Then, as in Example 5.5.23, we compute

1 — o T2 — Tp
(dx ANdy)(v,w) = ,
Y1 — Yo Y2 — Yo

which we can also write as
T1 — To Y1 — Yo

(dx AN dy)(v,w) = ) (5.57)

T2 — To Y2 — Yo

Similarly, we compute

Y1 — Y 21 — %o
(dy ANdz)(v,w) = ) (5.58)

Y2 — Yo 22 — Zo

and
Z1 — %o Tr1 — Tp
(dz Ndz)(v,w) = )

22 — Zo T2 — To

or
T1 — %o 21 — %o
(dz Ndz)(v,w) = — . (5.59)

T2 — To 22 — Zo

We recognize in (5.58), (5.59) and (5.57) the components of the cross product
of the vectors v and w,

Y1 — Yo Zl_ZoA T1 — To Zl_ZoA T1 — Zo Y1 — Yo

vXW = 1— j+ k.
Y2 — Yo 22 = Zo T2 — Lo 22 — Zo T2 — To Y2 — Yo
We can therefore write
(dy Ad2)(v,w) = (vxw)-i, (5.60)
(dz Adz)(v,w) = (vxw)-7, (5.61)

and
(dx ANdy)(v,w) = (vxw)-k. (5.62)
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Differential 0O—forms act on points. Differential 1-forms act on directed line
segments and, more generally, on oriented curves. We will next see how to define
the action of differential 2—forms on oriented triangles. We first define oriented
triangles in the plane.

Definition 5.5.25 (Oriented Triangles in R?). Given three non—collinear points
P,, P, and P; in the plane, we denote by T = [P,, Pi, P5] the triangle with
vertices P,, P, and P,. T is a 2-dimensional object consisting of the simple
curve generated by the directed line segments [P,, P1], [P1, P»], and [P, P,] as
well as the interior of the curve. If the curve is traversed in the counterclockwise
sense, then T has positive orientation; if the curve is traversed in the clockwise
sense, then T has negative orientation.

Definition 5.5.26 (Action of a Differential 2-Form on an Oriented Triangle
in R?). The differential 2-form, da A dy, acts on an oriented triangle T by
evaluating its area, if T has a positive orientation, and the negative of the area
if T has a negative orientation:

dz A dy(T) = + area(T).
We denote this by

dx A dy = signed area of T. (5.63)
T
According to the formula (5.56) in Example 5.5.23, the expression in (5.63)
may also be obtained by computing

1 - —
/ dz ANdy = g(dx A dy)(PoPy, PyPs), (5.64)
T

since (dac/\dy)(fo’O.P? , FO’OOP? ) gives the signed area of the parallelogram generated
by the vectors ITPI and FTP; By embedding the vectors lTPI and lTP; in
the xy—coordinate plane in R3, we may also use the formula in (5.62) to obtain
that
/ de A dy = (PP, x P,B) - T (5.65)
[P, Py Py] 2

Example 5.5.27. Let P,(0,0), P;(1,2) and P»(2,1) and let T = [P,, P1, P,]
denote the oriented triangle generated by those points. Evaluate | dx A dy.

T
Solution: Embed the points P,, P; and P, in R3 by appending 0 as the last
coordinate, and let

1 2
v=PP =1 2 and w=P,P,=11
0 0

1
Then / dx A dy is the component of the vector 50 x w along the direction of
T
k; that is,
1 ~
/dx/\dyzf(vxw)-k,
T 2
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where L
ik N ~
vxw=|1 2 0=01-4)k=-3k
2 1 0
It then follows that 5
de Ady = —=.
/ 2

1 ~
We see that §(v x w) - k gives the appropriate sign for the dady(T') since in this

case T has negative orientation. d

In general, for non—collinear points P,, P; and P in R?, the value of dz Ady
on T = [P,, Py, P5] is obtained by the formula in (5.65); namely,

1 ~
da:/\dy(T)z/da:/\dyzi(vxw)%,
T

where
v=PFP,P and w=P,P;.

This gives the signed area of the orthogonal projection of the triangle T onto
the zy—plane. Similarly, using the formulas in (5.60) and (5.61), we obtain the
values of the differential 2—forms dy A dz and dz A dz on the oriented triangle
T = [Poplpg]l

-

~

dy/\dz(T):/dy/\dz:%(vxw)~
T

and

1 ~
dz/\dx(T):/dz/\dxzi(vxw)-j.
T

Example 5.5.28. Evaluate / dy A dz, /dz Adzx, and / dz A dy, where
T T T
T = [P,, P1, P;] for the points

P,(-1,1,2), Pi(3,2,1) and Py(4,7,1).

Solution: Set

4 5
v=P,P = 1 and w=P,P, = 6 |,
-1 -1

and compute

~

i j ok . R o
vxw=4 1 —1|=(-246)i—(—8+5)j+(24—-5)k=47+3;+19F.
5 6 —2
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It then follows that

/dy/\dz:Q7
T

/dz/\dx:§
T 2
1
/dfz:/\dy:—g.
T 2

and

We end this section by showing that, in R, the space of differential 2-forms
in an open subset U of R? is generated by the set

{dy Ndz, dz N\ dzx, dx A dy}, (5.66)

in the sense that, for every differential 2—from, w, in U, there exists a smooth
vector field F': U — R3,

F(x,y,z) = F]_(Lll’,y7Z) /Z\J’_ Fg(l‘,y,Z) ./7\+ Fg(l‘7y,2) k\a
such that
wp = Fi(p) dy ANdz + Fo(p) dz Adx + F3(p) de ANdy, forall peU.

Let w: U — A(R? x R?,R) be a differential 2-form in an open subset, U, of R3.
We consider vectors

U:allz'\—l—ag}—l—ag,ﬁ
and

w=b1?+b23+b3/k\i
in R®. For each p € U, we compute

wp(v,w) = wp(al?—l—ag}—l-ag,bl?—l—bg?—kbg E)

albgwp(/i\, 3\) + albgwp(?, /];)A (567)

agblwp(ﬁz) i‘ a2b30Jp(j, ]f\)t
agblwp(k‘, ’L) + a3b2wp(k7j)7

where we have used the fact that

A~ o~ o~

wp(ivi) = Wp(jvj) = wp(/k?ak\) =0,
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which follows from the skew-symmetry of the form w,: R? x R® — R. Using
the skew—symmetry again, we obtain from (5.67) that

wp(va w) = a2b3wp (./]\7 E)A+Aa3b2wp (/k?v 3\)/\ =N
+a1b3wp(i, k) + Clgblwp(k, ’L)

+a1b2wp(i7j) + a2blwp(ja Z)

(5.68)
= wp(j, k‘)/(\a/g\bg — a3b2)
+wp(ka/i\)£a3b1 — a1bs)
+wp(i,j)(a1b2 — agbl).
Next, use Definition 5.5.21 to compute
dy Ndz(v,w) = dyw)dz(w) — dy(w)dz(v)
(5.69)
= agbs — baag,
dz Ndz(v,w) = dz(v)dx(w) — dz(w)dz(v)
(5.70)
= asb; — bszay,
and
dz Ndy(v,w) = dx(v)dy(w) — de(w)dy(v)
(5.71)
= a162 — blag.

Substituting the expressions obtained in (5.69)—(5.71) into the last expression
on the right-hand side of (5.68) yields

wp(v,w) = wp(},,lg) dy N dz(v, w)

+wp(k, i) dz A dx(v, w)
_H"JP(ia.j) dl? /\ dy(’U,’LU),

from which we get that

wp = wp(}, k) dy Adz + wp(ic\,?) dz A da + wy(i, §) dx A dy. (5.72)
Setting
Fip) = w(j.k),
Bp) = wplk,i),
Fi(p) = wp(i,J),

we see from (5.72) that

wp = Fi(p) dy Ndz+ Fa(p) dz Adx + F3(p) dz A dy, (5.73)
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which shows that every differential 2-form in R? is in the span of the set in
(5.66).
To show that the representation in (5.73) is unique, assume that

Fi(p) dy Ndz+ Fa(p) dz Adx + F3(p) de Ady =0, (5.74)

the differential 2-form that maps every pair of vectors (v,w) € R3 x R3 to the
real number 0. Then, applying the form in (5.74) to the pair (j, k) we obtain
that

Fi(p) dy A dz(7, k) + Fa(p) dz A de(7, k) + F3(p) dx A dy(j. k) =0,

which implies that
Fy (p) =0,

in view of the results of the calculations in (5.69)—(5.71). Similarly, applying
(5.74) to (k,i) and (i, 7), successively, leads to

F>(p) =0 and F3(p) =0,

respectively. Thus, the set in (5.66) is also linearly independent; hence, the
representation in (5.73) is unique.

5.6 Calculus of Differential Forms

Proposition 5.5.22 on page 107 in these notes lists some of the algebraic prop-
erties of the wedge product of differential 1-forms defined in Definition 5.5.21.
Properties (i) and (ii) in Proposition 5.5.22 can be verified for the differen-
tial 1-forms dx and dy directly from the definition and the results in Example
(5.5.11). In fact, for non—collinear points P,(zo,Yo), Pi(x1,y1) and Pa(x2,y2)
in R2, using Definition 5.5.21 we compute

(dy Ndx)(P, Py, P,Py) = dy(P,Py)dx(P,P2) — dy(P,P2)dx(P,P)

—[dz (P, Py)dy(P,Py) — dz(P,Ps)dy(P,P1)]
—(d.’L‘ AN dy)(Popl,POPQ).
Consequently,

dy N dx = —dx A dy. (5.75)

From this we can deduce that
dx Adx = 0. (5.76)

Thus, the wedge product of differential 1-forms is anti-symmetric.
We can also multiply 0—forms and 1-forms; for instance, the differential
1-form,
P(z,y) dx,
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where P: U — R is a smooth function on an open subset, U, of R?, is the
product of a 0—form and a differential 1-form.

The differential 1-form, P dzx, can be added to another 1-form, @ dy, to
obtain the differential 1-form for example,

P dx+Q dy, (5.77)

where P and @) are smooth scalar fields. We can also multiply the differential
1-from in (5.77) by the 1-form dx:

(Pder+Qdy) Nde =P dx ANdx+ Q dy ANde = —Q dx A dy,

where we have used (5.75) and (5.76).
We have already seen how to obtain a differential 1-form from a differential
0—form, f, by computing the differential of f:

O g O Of
df = o dx—|—ay dy+8z dz.

This defines an operator, d, from the class of 0—forms to the class of 1-forms.
This operator, d, also acts on the 1-form

w= P(z,y) de+ Q(z,y) dy

in R2, where P and @ are smooth scalar fields, as follows:

dw = (dP)Adz+ (dQ)Ady
(0P op 9Q 9Q
= (ax deray dy)/\d:z:+(ang deray/\dy) dy
= 8—Pdx/\da:%—ajdyAdx+a£dxAdy+8£dyAdy
oz dy ox dy
B 0Q OP

where we have used (5.75) and (5.76). Thus, the differential of the 1-form
w=Pdx+Qdy

in R? is the differential 2—form

_[0Q 0P
d (33:_83/) dx N dy.

Thus, the differential, dw, of the 1-form, w, acts on oriented triangles,

T= [P17P27P3}7
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in R%2. By analogy with what happens to the differential, df, of a O-form, f,
when it is integrated over a directed line segment, we expect that

/dw
T

is completely determined by the action of w on the boundary, 9T, of T', which
is a simple, closed curve made up of the directed line segments [Py, P], [Pz, Ps)
and [Ps, Pi]. More specifically, if 7" has positive orientation, we expect that

/wa=/aTw. (5.78)

This is the Fundamental Theorem of Calculus in two—dimensions for the special
case of oriented triangles, and we will prove it in the following sections. We will
first see how to evaluate the 2—form dw on oriented triangles.

5.7 Evaluating 2—forms: Double Integrals

Given an oriented triangle, T' = [Py, P, P3], in the zy—plane and with positive
orientation, we would like to evaluate the 2—form f(z,y)dz A dy on T, for a
given continuous scalar field f; that is, we would like to evaluate

/ fz,y) dx A dy.
T
For the case in which T has a positive orientation, we will denote the value of
/ f(z,y)dz Ady by
T
/ f(z,y) dzdy (5.79)
T

and call it the double integral of f over T. In this sense, we then have that

/f(x,y)dyAdw= —/ f(z,y) drdy,
T T

for the case in which 7" has a negative orientation.
We first see how to evaluate the double integral in (5.79) for the case in
which T is the unit triangle U = [(0,0), (1,0), (0,1)] in Figure 5.7.6, which is

oriented in the positive direction. We evaluate f(z,y)dady by computing
T

two iterated integrals as follows

/Uf(x,y)da;dy: /01 {/Ol_wf(x,y) dy} dz. (5.80)

Observe that the “inside” integral,

1—x
/ f(z,y) dy,
0
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Y
(0,1)
r+y=1
(0,0) (1,0) *

Figure 5.7.6: Unit Triangle U

yields a function of z for x € [0,1]; call this function g; that is,

1—x
g(x) = /0 f(z,y) dy for all = €[0,1];

Then,
1
| $adsty= [ gta) da.
U 0

We could also do the integration with respect to x first, then integrate with

respect to y:
1 1—y
[ szt = [{ [ ) aef au (5.81)

In this case the inner integral yields a function of y which can then be integrated
from 0 to 1.

Observe that the iterated integrals in (5.80) and (5.81) correspond to alter-
nate descriptions of U as

U={(z,y) eR*|0<2<1,0<y<1—x}

or
U={(z,y) eR*|0<z<1—y, 0<y<1},

respectively.

The fact that the iterated integrals in equations (5.80) and (5.81) yield the
same value, at least for the case in which f is continuous on a region containing
U, is a special case of a theorem in Advanced Calculus or Real Analysis known
as Fubini’s Theorem.

Example 5.7.1. FEvaluate / T dxdy.
U
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Solution: Using the iterated integral in (5.80) we get

/Ua:d:rdy = Al{Al_dey}dx
= [ ]}
= /le(l—a?) dz

= /Ol(x—xQ) dx

5
We could have also used the iterated integral in (5.81):

1 1-y

/xdxdy = / {/ xdx}dy

U 0 0

1 1—

[ 15

o L2 Jo
1 /!
5/ (1- Z/)2 dy

0

1 O
= —7/ u? dz
2.

O

Iterated integrals can be used to evaluate double—integrals over plane regions
other than triangles. For instance, suppose a region, R, is bounded by the
vertical lines z = a and = = b, where a < b, and by the graphs of two functions
g1(z) and go(x), where g1 (z) < g2(x) for a < x < b; that is

R={(z,y) eR? | g1(z) <y < g2(x),a < = < b}

f(x,y) dedy = f(z,y) dy » da.
fersse= [ s )

then,
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Example 5.7.2. Let R denote the region in the first quadrant bounded by the
unit circle, x> +y? = 1; that is, R is the quarter unit disc. Evaluate / y drdy.
R

Solution: In this case, the region R is described by

R={(z,y) eR*|0<y<V1-22,0<z <1},

1 pv1—x2
/ydxdy = // y dydx
R o Jo
1

1 V1—zx2
fyz‘ dz
27 1o

/01(1 —2%) dz

so that

I
S~

N |

Wl

Alternatively, the region R can be described by
R={(,y) € ®* | hi(y) < < ha(y),c <y < d},

where hi(y) < ha(y) for ¢ <y < d. In this case,

| st oty = [ d{ / h(()) F(,y) dx}dy.

Example 5.7.3. Identify the region, R, in the plane in which the following
iterated integral

1 1
1

——dxd,

/o /y V1+ a2 v

is computed. Change the order of integration and then evaluate the double inte-

gral
1
/7 dxdy.
r V14 a2

Solution: In this case, the region R is
R={(z,y) eR?* |y <o <1,1<y <1}
This is also represented by

R={(z,y) eR*[0<z <L, 1<y<zh;
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Figure 5.7.7: Region R in example 5.7.3

see picture in Figure 5.7.7. It then follows that

1 |
——dady = ——— dydx
/R 1+ 22 Y /0/0 V1 + 22 Y

N
dx
0

1
1
/0 \/1+x2y
[
—— zdx
o V14 a2

1
1
/0 2v1 + x2

2
= —d
/12ﬁu

|
=

If R is a bounded region of R?, and f(z,y) > 0 for all (z,y) € R, then

/ f(z,y) dady
R

gives the volume of the three dimensional solid that lies below the graph of the
surface z = f(x,y) and above the region R.

Example 5.7.4. Let a, b and c be positive real numbers. Compute the volume
of the tetrahedron whose base is the triangle T = [(0,0), (a,0), (0,b)] and which
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lies below the plane

T z
T 82
a b ¢

Solution: We need to evaluate / z dxdy, where
T

Then,

/Tzd:vdy = c/T(l—g—%)dxdy

:bc[ﬁ,ﬂ 9}
2 2 6
_ abe
6

5.8 Fundamental Theorem of Calculus in R2

In this section we prove the Fundamental Theorem of Calculus in two dimensions
expressed in (5.78). More precisely, we have the following theorem:

Proposition 5.8.1 (Fundamental Theorem of Calculus for Oriented Triangles
in R?). Let w be a C' 1-form defined on some plane region containing a posi-
tively oriented triangle T'. Then,

/TduJZ/aTw. (5.82)

More specifically, let w = Pdx + Qdy be a differential 1-form for which P
and Q are C! scalar fields defined in some region containing a positively oriented
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triangle T'. Then

oQ 8P>
< 2 dedy = [ Pdz+ Qdy. 5.83
/T<8m oy v= Qdy (5.83)

This version of the Fundamental Theorem of Calculus is known as Green’s
Theorem.

Proof of Green’s Theorem for the Unit Triangle in R?. We shall first prove Propo-
sition 5.8.1 for the unit triangle U = [(0,0), (1,0), (0,1)] = [Py, Ps, P3]:

0Q OP B
/U <8$ - 8y> daxdy = /SU Pdx + Qdy, (5.84)

where P and Q are C'! scalar fields defined on some region containing U, and U
is made up of the directed line segments [Py, P], [P, P3| and [Ps, Py] traversed
in the counterclockwise sense.

We will prove separately that

/ 99 dxdy = Qdy, (5.85)
U ox ou
and op
— [ — dady —/ Pdz. 5.86
/U dy au ( )

Together, (5.85) and (5.86) will establish (5.84).

Ps
r+y=1

P P T

Figure 5.8.8: Unit Triangle U

Evaluating the double integral in (5.85) we get

/—dxdy—/ /1 y—dedy

Using the Fundamental Theorem of Calculus to evaluate the inner integral we
then obtain that

/ dady = /0 QL —y.y) — Q(0,y)] dy. (5.87)
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Next, we evaluate the line integral in (5.85) to get

/ Qdy = / Qdy + / Qdy + / Qdy
ou [P1,P3] [P2,Ps] [Ps,P1]

Qdy = / Qdy + / Qdy, (5.88)
oUu [P2,Ps] [P3,P1]

since dy = 0 on [Py, P5].
r=1-y
y=1y,

Now, parametrize [Py, P3] by
for 0 < y < 1. It then follows that

or

1
/ Qdy = / Q1 — y,y)dy. (5.89)
[P2,Ps] 0

xTr =

yzl_t7
dz = 0dt
dy = —dt,

1
/ Qdy = - / Q0,1 t)a,
[Ps,P1] 0

which we can re-write as

Parametrizing [P3, P1] by

for 0 <t < 1, we get that

and

0 1
/[PS,PI] Qdy = - /1 Q0,y)(~dy) = — /0 Q(0,y)dy. (5.90)

Substituting (5.90) and (5.89) into (5.88) yields

1 1
6UQdy:/0 Q(l—y,y)dy—/o Q(0,y)dy (5.91)

Comparing the left-hand sides on the equations (5.91) and (5.87), we see that
(5.85) is true. A similar calculation shows that (5.86) is also true. Hence,
Proposition 5.8.1 is proved for the unit triangle U. O

In subsequent sections, we show how to extend the proof of Green’s Theorem
to arbitrary triangles (which are positively oriented) and then for arbitrary
bounded regions which are bounded by positively oriented simple curves.
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5.9 Changing Variables

We would like to express the integral of a scalar field, f(z,y), over an arbitrary
triangle, T', in the xy—plane,

/ f(z,y) dzdy, (5.92)
T

as an integral over the unit triangle, U, in the uv—plane,

/ g(u,v) dudv,
U

where the function g will be determined by f and an appropriate change of
coordinates that takes U to T

We first consider the case of the triangle T' = [(0,0), (a,0), (0, )], pictured
in Figure 5.9.9, where a and b are positive real numbers.

Yy
b
Az
L 1Ay
(7,9)

Figure 5.9.9: Triangle [(0,0), (a,0), (0,b)]

Observe that the vector field
P: R? - R?

) (“) - <““) . for all (“) € R,
v bu v

maps the unit triangle, U, in the uv—plane pictured in Figure 5.9.10, to the trian-
gle T in the zy—plane. The reason for this is that the line segment [(0,0), (1,0)]
in the uv—plane, parametrized by

u=t
v =0,
xr =at
y =0,

defined by

for 0 <t < 1, gets mapped to
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(0,0)
Figure 5.9.10: Unit Triangle, U, in the uv—plane

for 0 < ¢t < 1, which is a parametrization of the line segment [(0,0), (a,0)] in
the zy—plane.
Similarly, the line segment [(1,0), (0,1)] in the uv—plane, parametrized by

u=1-—1t
v =t,

x=a(l—1t)

v = bt,
for 0 < t < 1, which is a parametrization of the line segment [(a,0), (0,b)] in
the zy—plane.

Similar considerations show that [(0,1), (0,0)] gets mapped to [(0,b), (0,0)]
under the action of ® on R?.

Writing
(”3(“’“)) -3 (“) for all (“) € R?,
y(u,v) v v

we can express the integrand in the double integral in (5.92) as a function of u
and v:

for 0 <t < 1, gets mapped to

flz(u,v),y(u,v)) for (u,v) in U.

We presently see how the differential 2—form dzdy can be expressed in terms of
dudv. To do this consider the small rectangle of area AuAwv and lower left—hand
corner at (@, ) pictured in Figure 5.9.10. We see where the vector field ® maps
this rectangle in the zy—plane. In this case, it happens to be a rectangle with
lower—left hand corner ®(w,v) = (Z,7y) and dimensions aAu x bAv. In general,
however, the image of the Au x Awv rectangle under a change of coordinates ®
will be a plane region bounded by curves like the one pictured in Figure 5.9.11.
In the general case, we approximate the area of the image region by the area
of the parallelogram spanned by vectors tangent to the image curves of the line
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Figure 5.9.11: Image of Rectangle under ®

segments [(@,7), (T + Au,?)] and [(w,?), (@,7 + Av)] under the map ® at the
point (@,7). The curves are given parametrically by

o(u) = ®(v,v) = (z(u,v),y(u,v)) for ©w<u<u+ Au,

and

y(v) = ®(w,v) = (z(u,v),y(w,v)) for < v <T+ Av.
The tangent vectors the the point (@,v) are, respectively,

» or ~ 0y ~
(a7 —
Aua(u)—Au(auz+au3>,

and

_ or ~ 0y ~
Av ~(T) = A
vy = v<8v2+8v]>’

where we have scaled by Au and Aw, respectively, by virtue of the linear ap-
proximation provided by the derivative maps Do (u) and D~y (7), respectively.
The area of the image rectangle can then be approximated by the norm of the
cross product of the tangent vectors:

AzAy =~ ||Auo'(w) x Av ' (0

= |lo'@) x+' (@)[| AuAv
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Evaluating the cross—product o’(@) x +/(v) yields

_ _ 3x¢ 3yA 8x¢ ay/\
/ / _ el ~J - 7
o'(@) x (@) = (8uz+8uj)x<8vl+avj>
&T@yA -~ 8y8:17A -~
%%ZXJ—F%%]XZ

_ (2=0y 9y dryg
n Oudv  Oudv

_ @yp

(u, )

o))

D
Q

(z,9)
o(u,v
It then follows that

where

denotes the determinant of the Jacobian matrix of the ® at (@, 7).

<
=

O(z,y)
O(u,v)

which translates in terms of differential forms to

O(z,y)
A(u,v)

We therefore obtain the Change of Variables Formula

[ e asty = [ st 520

AxAy ~ ‘ AulAv,

dzdy = ‘ ‘ dudwv.

dudwv. (5.93)

This formula works for any regions R and D in the plane for which there is a
change of coordinates ®: R? — R? such that ®(D) = R:

[ s sy = [ statun ) | 550

dudv. (5.94)

Example 5.9.1. For the case in which T = [(0,0), (a,0),(0,b)] and U is the
unit triangle in R?, and ® is given by

u\ _ fau U 9
) (v) = (bv) for all (v) e R,
The Change of Variables Formula (5.93) yields

/ f(z,y) dedy = ab/ flau,bv) dudv.
T U

Example 5.9.2. Let R = {(z,y) € R? | 2% +y? < 1}. Evaluate

/ g% v dxdy.
R
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Solution: Let D = {(r,0) € R? | 0 < r < 1,0 < < 27} and consider the
change of variables

r\ _ (rcosf r 2
o <9) = (TSiHG) for all (0> € R,

x =rcosf
y =rsiné.
The change of variables formula (5.94) in this case then reads

‘3(1‘7 )
d(y,0)

or

/f(a:,y) dmdy:/ f(rcosf,rsinf) ’ drdf,
R D

where f(z,y) = e~ " and

o o
a(l’, y) — det or 00
ar 00

cos) —rsinf
- det(sin@ 7"0059)

Hence,

/6_932_1’2 dedy = /e_rzr drdé
R D

27 1 5
/ / e " rdrd 6
o Jo

Example 5.9.3 (Green’s Theorem for Arbitrary Triangles in R?).
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Appendix A

The Mean Value Theorem
in Convex Sets

Definition A.0.1 (Convex Sets). A subset, A, of R" is said to be convex if
given any two points x and y in A, the straight line segment connecting them is
entirely contained in A; in symbols,

{z+tly—z) e R"|0<t<1} CA
Example A.0.2. Prove that the ball B,(O) = {x € R™ | ||z|| < r} is a convex
subset of R™.

Solution: Let x and y be in B, (O); then, ||z|| < r and ||y|| < 7. For 0 <t < 1,
consider

z+tly—x)=(1-t)x+ty.
Thus, taking the norm and using the triangle inequality

I(1 =) + ty]|
(1 =)zl + ¢yl
(I=tyr+tr=r.

[+ t(y — )|

AAM

Thus, « + t(y — z) € B,(O0) for any t € [0,1]. Since this is true for any z,y €
B, (0), it follows that B,(O) is convex. O
In fact, any ball in R™ is convex.

Proposition A.0.3 (Mean Value Theorem for Scalar Fields on Convex Sets).
Let B denote and open, convex subset of R™, and let f: B — R be a scalar field.
Suppose that f is differentiable on B. Then, for any pair of points x and y in
B, there exists a point z is the line segment connecting x to y such that

fy) = f(z) = Daf(2)lly — =],

where U is the unit vector in the direction of the vector y — x; that is,

1
TR

a:

129
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Proof. Assume that x # y, for if x = y the equality certainly holds true.
Define g: [0,1] — R by

gt)=flz+tly—x)) for 0<t< 1.
We first show that g is differentiable on (0, 1) and that
Jt)=Vflx+tly—=x))-(y—z) for 0<t<1.

(This has been proved in Exercise 4 of Assignment #10).
Now, by the Mean Value Theorem, there exists 7 € (0, 1) such that

9(1) = g(0) = ¢'(T)(1 = 0) = ¢'(7).
It then follows that
fy) = fla)=Vfl@+7y—=) (y—2)

Put z = 2 4+ 7(y — x); then, z is a point in the line segment connecting x to y,

and
fly) = fx) = V() (y-=)
e
= V1@ =l —al
= Vi) ully—=|
= Daf(2)lly — =l
Whereﬂ:$(y—x). O

ly — |



Appendix B

Reparametrizations

In this appendix we prove that any two parameterizations of a C'' simple curve
are reparametrizations of each other; more precisely,

Theorem B.0.1. Let I and J denote open intervals of real numbers containing
closed and bounded intervals [a,b] and [c, d], respectively, and ~;: I — R™ and
y2: J — R™ be C! paths. Suppose that C' = v ([a, b]) = v2([c,d]) is a C! simple
curve parametrized by =1 and 7. Then, there exists a differentiable function,
7:J — I, such that

(i) 7/(t) > 0 for all t € J;
(ii) 7(c) = a and 7(d) = b; and
(iii) v2(t) = y1(7(¢)) for all t € J.

In order to prove Theorem B.0.1, we need to develop the notion of a tangent
space to a C'! curve at a given point. We begin with a preliminary definition.

Definition B.0.2 (Tangent Space (Preliminary Definition)). Let C' denote a
C" simple curve parameterized by a C! path, o: I — R", where I is an open
interval containing 0, and such that and o(0) = p. We define the tangent
space, T,(C), of C' at p to be the span of the nonzero vector ¢’(0); that is,

T,(C) = span{c’(0)}.

Remark B.0.3. Observe that the set p+T,(C') is the tangent line to the curve
C' at p, hence the name “tangent space” for T,,(C').

The notion of tangent space is important because it allows us to define the
derivative at p of a map g: C' — R which is solely defined on the curve C'. The
idea is to consider the composition g o o: I — R and to require that the real
valued function g o o be differentiable at ¢ = 0. For the case of a C'! scalar field,

131
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f, which is defined on an open region containing C', the Chain Rule implies that
f oo is differentiable at 0 and

(f20)'(0) =Vf(e(0) - 0'(0) = Vf(p) - v,
where v = 0/(0) € T,,(C). Observe that the map
v Vf(p)-v for veT,C)

defines a linear map on the tangent space of C' at p. We will denote this linear
map by dfy; that is, df,: T,,(C) — R is given by

Af,(0) = Vi) v, for veT(C).
Observe that we can then write, for h € R with |h| sufficiently small,

(f 00)(0+h) = f(0(0) + dfy(ha’(0)) + Eo(h),
where

1o LEo(h)

=0.
h—0 |h‘

Definition B.0.4. Let C denote a C'' curve parametrized by a C* path, o: I —
R"™, where J is an open interval containing 0 and such that o(0) = p € C. We
say that the function ¢g: C — R is differentiable at p if there exists a linear
function

dg,: T,(C) = R

such that
(9o 0)(h) = g(p) + dgp(ha'(0)) + Ep(h),
where B ()|
fm e o

We see from Definition B.0.4 that, if g: C' — R is differentiable at p, then

i 90(1) — 9(p)
h—0 h

exists and equals dg,(c’(0)). We have already seen that if f is a C! scalar field
defined in an open region containing C', then

dfy(0’(0)) = V f(p) - o' (0).

If the only information we have about a function ¢ is what it does to points on
C, then we see why Definition B.0.4 is relevant. In the general case it might not
make sense to talk about the gradient of g.

An example of a function, g, which is only defined on C' is the inverse of a
C" parametrization, v: J — R™, of C where J is an interval containing 0 in its
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interior with v(0) = p. Here we are assuming that «y is one—to—one and onto C,
so that
g=~7"t:C—>J

is defined. We claim that, since 7/(0) # 0, according to the definition of C!
parametrization in Definition 5.1.1 on page 79 in these notes, the function g is
differentiable at p according to Definition B.0.4. In order to prove this, we first
show that g is continuous at p; that is,

Lemma B.0.5. Let C be a C! curve parametrized by a C! map, o: I — R",
where I is an interval of real numbers containing 0 in its interior with ¢(0) = p.
Let v: J — R™ denote another C'! parametrization of C, where J is an interval
of real numbers containing 0 in its interior with v(0) = p. For every ¢ € C,
define ¢g(¢) = 7 if and only if v(7) = ¢. Then,

lim g(o(h)) = 0. (B.1)
h—0
Proof: Write
7(h) = g(o(h)), forhel. (B.2)
We will show that
lim 7(h) = 0; (B.3)
h—0

this will prove (B.1).
From (B.2) and the definition of g we obtain that

v(r(h)) =0o(h), forhel. (B.4)

Letting h = 0 in (B.4) we see that

1(7(0)) = p, (B.5)
from which we get that
7(0) =0, (B.6)
since v: J — R™ is a parametrization of C' with (0) = p.
Write
o(t) = (x1(t),z2(t),...,zn(t)), foralltel, (B.7)
Y1) = (y1(7),y2(7), .. ., yn(7)), forall T € J, (B.8)
and
p=(p1,p2,-- - Pn)- (B.9)
Since v/(7) # 0 for all 7 € J, there exists j € {1,2,...,n} such that
y;(0) # 0.

Consequently, there exists § > 0 such that

|y5(0)]
-

7 < 8 = [y}(r)] > (B.10)
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It follows from (B.4), (B.7) and (B.8) that
y;i(r(h)) =x;(h), forhel. (B.11)

Next, use the differentiability of the function y;: J — R and the mean value
theorem to obtain 6 € (0, 1) such that

y;(7(h)) = p; = 7(h)y; (07 (h)), (B.12)
where we have used (B.5), (B.6) and (B.9). Thus, for
[7(h)] <6,

it follows from (B.10) and (B.12) that

m |7 (k)| < |y;(7(h)) — p;l, (B.13)
where we have set W (0)]
m = ij > 0. (B.14)

On the other hand, it follows from (B.11) and the differentiability of x; that

y;(t(h)) =p; + hx;(O) + Ej(h), forhel, (B.15)
where (1)
. i _
}1}3}) — 0. (B.16)

Consequently, using (B.13) and (B.15), if 7(h)| < 4,
m | (h)] < [hf(0)] + [ E;(h)]. (B.17)

The statement in (B.3) now follows from (B.17) and (B.16), since m > 0 by
virtue of (B.14). O

Lemma B.0.6. Let C, 0: I — R" and ~: J — R" be as in Lemma B.0.5. For
every g € C, define g(q) = 7 if and only if v(7) = ¢. Then, the function 7: I — J
is differentiable at 0. Consequently, the function g: C — J is differentiable at

p and
gyl (0)) = tim TONZ9B) _ 1)
Furthermore,
+/(0) = %0/(0). (B.18)

Proof: As in the proof of Lemma B.0.5, let j € {1,2,...,n} be such that
yé(O) £ 0. (B.19)
Using the differentiability of v and o, we obtain from (B.11) that

pi +7(h)y;(0) + Ex(7(h)) = p; + ha's(0) + Ea(h), (B.20)
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where

lim ) _o. (B.21)

r(h)—=0  7(h) h—0

7(h) Ei(r(h)) | _ «5(0) 1 Ey(h)
Il R = ]y;m)*y;(m o
from which we get
£0) 1 B®)
r(h)  y;(0)  yi(0) A
(B.22)
h 14+ 1 Ei(r(h))

Next, apply Lemma B.0.5 and (B.21) to obtain from (B.22) that

h—0 h y;(0)

which shows that 7 is differentiable at 0, in view of (B.6).
Finally, applying the Chain Rule to the expression in (B.4) we obtain

7(0)7'(0) = &' (0),
which yields (B.18). O

The expression in (B.18) in the statement of Lemma B.0.6 allows us to ex-
pand the preliminary definition of the tangent space of C' at p given in Definition
B.0.2 as follows:

Definition B.0.7 (Tangent Space). Let C denote a C! simple curve in R and
p € C. We define the tangent space, T,(C), of C at p to be

1,(C) = span{o’ (0)},

where o: (—¢,¢) — C is any C! map defined on (—¢,¢), for some ¢ > 0, such
that o’/ (t) # 0 for all t € (—¢,¢) and o(0) = p.

Indeed, if v: (—¢,&) — C is another C* map with the properties that /() #
0 for all t € (—¢,¢) and v(0) = p, it follows from (B.18) in Lemma B.0.6 that
span{c’(0)} = span{+’(0)}.

Thus, the definition of 7,,C in Definition B.0.7 is independent of the choice of
parametrization, o.

Next, let v: J — C be a parametrization of a C' curve, C. We note for
future reference that +'(t) € T,4)(C) for all t € J. To see why this is the case,
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let € > 0 be sufficiently small so that (t—e,t+¢) C J, and define : (—¢,¢) = C
by

o(t)=~(t+7), forallTe(-—¢c¢).
Then, o is a C* map satisfying o/(7) = /(7 +t) # 0 for all 7 € (—¢,¢) and
a(0) = ~(¢). Observe also that o’(0) = +4/(¢). It then follows by Definition B.0.7
that /(t) € Ty C for all t € J.

Proposition B.0.8 (Chain Rule). Let C be a C! simple curve parametrized
by a C! path, v: J — R™. Suppose that g: C — R is a differentiable function
defined on C. Then, the map go~y: J — R is a differentiable function and

Lloa0)] = dg,, ((1), Torall i< (B.23)

Proof: Put o(h) = ~v(t + h), for |h| sufficiently small. By Definition B.0.4,

gyt +h) = g(v(®) + d, ., (WY (1) + E,, (h), (B.24)
where B ()
: ¥ (®) _
Jim = 0. (B.25)
The statement in (B.23) now follows from (B.24), (B.25), and the linearity of
the map dg_,,: T, (C) — R. O

Proof of Theorem B.0.1: Let I and J denote open intervals of real numbers con-
taining closed and bounded intervals [a,b] and [¢, d], respectively, and v, : I —
R"™ and 72: J — R™ be C*! paths. Suppose that C' = 1 ([a, b]) = y2([c,d]) isa C*
simple curve parametrized by v; and 7. Define 7: J — I by 7 = g o 7y, where
g= 7{17 the inverse of ;. By Lemma B.0.6, g: C' — I is differentiable on C'. It
therefore follows by the Chain Rule (Proposition B.0.8) that 7 is differentiable
and
m'(t) = dg, ., (15(t), forallte J

In addition, we have that
Y1 (7(t)) = 72(t), forallte J.
Thus, by the Chain Rule,
T ()v (7(t)) = v5(t), forallt e J. (B.26)

Taking norms on both sides of (B.26), and using the fact that v and o are
parametrizations, we obtain from (B.26) that

N /10| P
POl gy ralte (B.27)

Since v4(t) # 0 for all t € J, it follows from (B.27) that

7'(t) #£0, forallteJ.
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Thus, either
7'(t) >0, foralltel, (B.28)

or

7'(t) <0, forallteJ (B.29)

If (B.28) holds true, then the proof of Theorem B.0.1 is complete. If (B.29) is
true, consider the function 7: J — I given by

Tt)=7(b+a—1t), forallteJ

Then, 7 satisfies the the properties in the conclusion of the theorem. O



