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Chapter 1

Preface

This course is an introduction to the theory and applications of partial differ-
ential equations (PDEs). PDEs are expressions involving functions of several
variables and its partial derivatives in which we seek to find one of the func-
tions, or a set of functions, subject to some initial conditions (if time is involved
as one of the variables) or boundary conditions. They arise naturally when
modeling physical or biological systems in which assumptions of continuity and
differentiability are made about the quantities in question. In these notes we
will discuss several modeling situations that give rise to PDEs.

In problems involving PDEs we are mainly interested in the question of ex-
istence of solutions. In some cases, answering this questions amounts to coming
up with formulas for the solutions. In these notes we will discuss a few tech-
niques for constructing solutions (e.g., separation of variables, series expansions
and Green’s function methods) for the special case of linear equations.

Linear partial differential equations are very important because they come
up in many applications in the natural sciences. There are three major classes of
linear PDEs: hyperbolic, parabolic and elliptic equations. Archetypal instances
of these classes of PDEs are the classical equations of mathematical physics:
the wave equation, the heat or diffusion equations, and Laplace’s or Poisson’s
equations, respectively. In simple instances of these equations in one and two—
dimensional space, we will show how to construct solutions subject to some
initial conditions and some boundary conditions. These constructions will be
based on the method of Fourier series expansions. We will also explore other
methods for constructing solutions involving Green’s functions and transform
methods. All these methods rely on the linear structure of the equations.

In most cases, however, explicit constructions of solutions are not possible.
In these cases, the only recourse we have is analytical proofs of existence, or
nonexistence, and qualitative analysis to deduce properties of solutions. Once
an existence theorem is obtained for a particular PDE problem, the next step
in the analysis might involve approximation techniques to get information on
the behavior and property of solutions. In these notes, we will discuss a few of
those computational techniques.



CHAPTER 1. PREFACE



Chapter 2

How Do PDEs Arise?

In general, a partial differential equation for a function, u, of several variables,

w(xy,xa,...,Ty,), is an expression of the form
F(z,uyUpy s e Uy s Uy gy e v o s Uy« - -) = 0, (2.1)
where © = (21,...,2,) and Ugy, ..., Uz, s Ugiggy - -« Uz, - - - denote partial

derivatives of wu, for some function, F', of several variables. For example, in
the simplest case in which u is a function of time, ¢ € R, and a single space
variable z € R, an instance of (2.1) is provided by

U — kg, = 0, (2.2)

for some constant k.

While we are usually interested in knowing when equations like (2.1) and
(2.2) have solutions subject to some initial and/or boundary conditions, in this
chapter we will focus on the questions of how those equations arise in practice.
For instance, the equation in (2.2) describes one—dimensional heat flow (u(x,t) in
this case denotes the temperature at time ¢ and location z), or one-dimensional
diffusion (u(z,t) denotes the concentration of a substance at time ¢ and location
x). We begin by deriving a system of PDEs that describe the motion of fluids.

2.1 Modeling Fluid Flow

In this section we illustrate the use of a very important modeling principle,
which we shall refer to as a conservation principle. This is a rather general
principle that can be applied in situations in which the evolution in time of the
quantity of a certain entity within a certain system is studied. For instance,
suppose the quantity of a certain substance confined within a system is given
by a continuous function of time, ¢, and is denoted by Q(¢) (the assumption
of continuity is one that needs to be justified by the situation at hand). A
conservation principle states that the rate at which a the quantity Q(t) changes

7



8 CHAPTER 2. MODELING WITH PDES

has to be accounted by how much of the substance goes into the system and
how much of it goes out of the system. For the case in which @ is also assumed
to be differentiable (again, this is a mathematical assumption that would need
some justification), the conservation principle can be succinctly stated as
dQ .
P Rate of @ in — Rate of Q out. (2.3)
In the cases to be considered in this section, the conservation principle in (2.3)
might lead to a differential equation, or a system of differential equations, and
so the theory of differential equations will be used to help in the analysis of the
model.
In the derivation of the equations governing fluid motion, we will have the
opportunity to apply the conservation principle in (2.3) several times.
Suppose we are following the motion of a fluid in some region R in three—
dimensional space; see Figure 2.1.1. We assume that the fluid is a continuum

Figure 2.1.1: Region R

with density function p(z,y,z,t), in units of mass per unit volume, so that the
mass of a fluid element of volume dV = dxdydz around a point (z,y, z) at time
t is, approximately,

p(z,y,z,t)dV,

where dV denotes the volume of the fluid element. It then follows that the mass
of fluid contained in a subregion B of R (see Figure 2.1.1) at time ¢ is given by

M(B,t) = / / /B (2,2, t) dV. (2.4)

We assume throughout this discussion that p is a continuous function.

We also assume that each fluid element located at (z,y, z) at time ¢ moves
according to a velocity vector 4@ = (uq,us,us3), where uj, ug and ug are dif-
ferentiable functions of (z,y, z,t). Thus, the path that a fluid element located



2.1. MODELING FLUID FLOW 9

at (z,y,z) at time t = 0 will follow is determined by the following system of
ordinary differential equations

= w00, 2(0), 1)

dy

o = ) y(),2(0),); (2.5)

L= uslalt) ), 201,

subject to the initial conditions

z(0) = =
y(0) = (2.6)
z(0) = =z

If we assume that the components of the velocity field @ are differentiable with
continuous derivatives throughout the region R and for all times ¢ (i.e., @ is a
C! vector field), then a solution to the system of ordinary differential equations
in (2.5) subject to the initial conditions in (2.6) is guaranteed to exist over
some maximal interval of time containing 0. The solution (z(t),y(t),y(t)) of
the system in (2.5) subject to the initial conditions in (2.6) defines a path in
space,
te (x(t),y(t), y(t)),

for ¢ in the maximal interval of existence, which describes the motion of a fluid
element located at (z,y, z) at time ¢ = 0. The path traced by the fluid element
as it moves in time is called a pathline; Figure 2.1.1 shows what a pathline
through (z,y, z) might look like. If we knew the velocity field at any point
in space and at any time, we could compute the pathline through (z,y,z) by
integrating the equations in (2.5) and imposing the initial conditions in (2.6):

8
—~
o~
~—
Il

1:+/0 uy (z(7),y(7), 2(7), 7) dr;
W) = v+ [ )20, i (2.7)

z(t) = z+/o us(x(7),y(7), 2(1), T) dT.

However, the velocity field is usually not known, and we need to do more mod-
eling to find equations involving uq, us and ug that we hope we can solve.

2.1.1 The Continuity Equation

Consider a subregion, B, of R, with smooth boundary 0B, as that pictured in
Figure 2.1.1. The mass of the fluid contained at time ¢ in that region, Mp(t),
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is given by equation (2.4),

Mg(t) = ///B plx,y,z,t) dV. (2.8)

By the principle of conservation of mass, the rate of change in the mass of fluid
contained in B has to be accounted for by how much fluid is entering the region
and how much is leaving per unit of time:

dMp
dt

= Rate of fluid into B — Rate of fluid out of B. (2.9)

The equation in (2.9) is an instance of the conservation principle in (2.3).
If we assume that p is a C! function in R, we can compute the left-hand
side of the equation by differentiating under the integral in (2.8):

My ap

Next, we compute the right—hand side of the expression in (2.9). Let 7 denote
the unit vector normal to the boundary, 0B, of the region B pointing outward.
The outward unit normal, 7(x, y, z), to the boundary of B is guaranteed to exist
at every point (z,y,z) € 0B if we assume that 0B is a smooth surface. Then,
the rate of fluid passing through an element of area, dA, on the surface 0B can
be expressed, approximately, as

p - dA, (2.11)

where # - 77 denotes the dot product of # and 7i. Note that the expression in
(2.11) is in units of mass per unit of time. Integrating the expression in (2.11)
over the boundary of B yields the net flux of mass across the surface 0B,

//aBpﬁﬂdA. (2.12)

Since the outward unit normal, 7, points away from the region B, the expression
in (2.12) measures the flux of fluid away from the region B, if it is positive; if
the expression in (2.12) is negative, it measures the net amount of fluid per unit
time that enters B. We can therefore write the conservation principle in (2.9)

as
M
dJ:_// p @i dA. (2.13)
dt .

To understand the reason for the minus sign on the right-hand side of the
expression in (2.13), observe that a net increase in the amount of fluid in the
region B, which yields a positive sign for the derivative in the left—hand side of
(2.13), corresponds to a net amount of fluid flowing into the region B across the
boundary 9B.
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Since we are assuming that the boundary of B is smooth, we can apply the
Divergence Theorem to rewrite the integral in the right—hand side of (2.13) as

follows:
// pfrﬁdAz// V- (ptD) dV, (2.14)
OB B

where V - (pt) denotes the divergence of the vector field pi; that is,

V- (pu) = %(pul) + %(puz) + %(pus). (2.15)

In view of (2.10) and (2.14), we see that we can rewrite the conservation
equation in (2.13) as

IS av == [[[ v-m av
/// {*V ﬁ)} dv =0. (2.16)

If we assume that the vector field @ and the scalar field p are C* functions over
R and for all times t, then the fact that (2.16) holds true for any subregion B of
R with smooth boundary implies that integrand on the left—hand side of (2.16)
must be 0 over R and for all ¢; that is,

% + V- (pi) =0, in R and for all ¢. (2.17)
The equation in (2.17) is an example of a partial differential equation (PDE)

involving the functions p, u1, us and ug; in fact, using the definition of divergence
(see (2.15)), the PDE in (2.17) can be rewritten as

0 1o} 0 0
l+fmm+@mm+$w@:o (2.18)

ot 0
The PDE in (2.17) is called the continuity equation and it expresses the
conservation principle for a quantity of density p that flows according to a veloc-
ity field @ in some region in space. For one-dimensional flow with linear density
p(x,t) and scalar velocity field u(z,t), for x € R and ¢ € R, the continuity
equation reads

dp 0 o
2t 67(’0 u) = 0; (2.19)

see (2.18). The equation in (2.19) is an example of a first order PDE because
the first derivatives of the functions p and u are involved. As it stands, the PDE
in (2.19) involves two unknown functions, the density, p, and the velocity, u
Thus, we will need one more relation or equations in order for us to even begin
to solve the problem posed by the modeling that led to the PDE in (2.19). An
interesting example is provided by the following application to modeling traffic
flow.
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Example 2.1.1 (Modeling Traffic Flow). Consider the unidirectional flow of
traffic in a one-lane, straight road depicted in Figure 2.1.2. In this idealized
road, vehicles are modeled by moving points. The location, x, of a point—vehicle
is measured from some reference point along an axis parallel to the road. We

ue—* Uge—>

Figure 2.1.2: One-lane unidirectional flow

postulate a traffic density, p(z,t), measured in units of number of cars per unit
length of road at location x and time ¢t. We interpret p(x,t) as follows: Consider
a section of the road from x to x + Ax at time ¢. Let AN([z,z + Az], t) denote
the number of cars in the section [z, x + Ax] at time t. We define p(z,t) by the
expression

p(a,t) = lim ANz +Az)¢)

Az—0 Az ’ (220

provided that the limit on the right—hand side of (2.20) exists. It follows from
(2.20) that, if a continuous traffic density, p(z,t), is known for all x and ¢, then
the number of cars in a section of the road from z = a to x = b, where a < b,
at time t is given by

b
AN([a, ], 1) = / p(z,1) da.

We assume that at each point x along the road and at each time ¢ the velocity
of vehicle at that location and time is dictated by a function u(z,t), which we
also assume to be a C' function. It follows from these assumptions and the
derivations in this section that the one-dimensional equation of continuity in
(2.19) applies to this situation.

Ideally, we would like to find a solution, p, to (2.19) subject to some initial
condition

p(x,0) = po(x), (2.21)

for some initial traffic density profile, p,, along the road. In order to solve this
problem, we postulate that u is a function of traffic density—the higher the
density, the lower the traffic speed, for example. We may therefore write

u=f(p,A), (2.22)

where f is a continuous function of p and a set of parameters, A. Some of the
parameters might be a maximum density, pmax, dictated by bumper to bumper
traffic, and a maximum speed, Vmax; for instance, vyay is a speed limit. Given



2.1. MODELING FLUID FLOW 13

the parameters pypax and vy, the simplest model for the relationship between
v and p is the constitutive equation

U = VUpax <1 B > . (2.23)

pmax

We therefore arrive at the initial value problem (IVP):

%.vaaxg [p(l— p )} = 0 forxzeR, t>0;
x Pmax (224)
p(z,0) = po(), for z € R,

where we have incorporated the continuity equation in (2.19), the initial con-
dition in (2.21), and the constitutive relation in (2.23), which is an instance of
(2.22).

The partial differential equation model for traffic flow (2.24) presented in this
section, based on the equation of continuity in (2.19) and a constitutive relation
for the traffic velocity, u, and the traffic density p (of which (2.23) is just an
example), was first introduced by Lighthill and Whitman in 1955 (see [LW55]);
it was also treated by Richards in 1956, [Ric56]. In a subsequent section in
these notes we will present an analysis of this model based on the method of
characteristics.

We end this section with an alternate derivation of the conservation of mass
equation in (2.17). In this approach we focus on the amount of fluid contained
in a region B as the fluid in this region moves according to flow dictated by
the velocity field 4. Suppose we begin to observe a portion of fluid in B at
time ¢ = 0. We assume that B is bounded and has smooth boundary 9B. At
some time ¢ > 0, the portion of fluid in B has moved as a consequence of the
fluid motion. We denote by B; the portion of the fluid that we are following at
time ¢ (see Figure 2.1.3). To see how B; comes about, consider a fluid element
located at (z,y, z) at time ¢t = 0. At time ¢ > 0, the fluid element will be located
at (z(t),y(t), 2(t)), where the functions z(t), y(t) and z(t) are solutions to the
system of ordinary differential equations in (2.5) subject to the initial conditions
n (2.6). We denote the point (z(t),y(t), 2(t)) by ¢:(z,y, z), and note that the
map

(z,y,2) — ¢i(x,y,2), forall (z,y,2) €R,

yields a C' map from R to R. Furthermore, ; is an invertible map for each t
in the interval of existence for the initial value problem in (2.5) and (2.6). We
shall refer to ¢; as the fluid flow map; it gives the location of a fluid element
initially at (z,y,y) at time t as a result of fluid motion. It then follows that B
is the image of B under the flow map ¢y; that is,

B, = ¢u(B). (2.25)

The total mass of the fluid in By is a function of time that we compute as follows

mi) = [[[ gl 2).0) v (2.26)
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By

Figure 2.1.3: Balance of Forces

0= [[[ o0 av =m, (2.27)

which is the mass of the portion of fluid in the region B. As the flow of the fluid
moves the region B, its shape might change. However, because of conservation
of mass, the mass of fluid contained in B; must the same as that contained in
the region B at time ¢ = 0; that is,

Note that

m(t) = m,, for all ¢, (2.28)
where m,, is the constant given in (2.27). It follows from (2.28) that

dm

E = O, for all ¢. (229)

d
Before we compute d—rtn, we first rewrite the integral defining m(t) in (2.26)

by means of the change of variables provided by the flow map ¢; (see (2.25).

We have
mt):/// p(x,y, 2, t)J (2,9, 2,t) dedydz
B

where J(z,y, z,t) the Jacobian of the map ¢;; that is, J(x,y, z,t) is the deter-
minant of the derivative map of ¢;. We then have that

ane_ / / /B %[pJ] dwdyds,
/// [ —— + J} dxdydz. (2.30)

or
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Making the change of variables provided by the flow map in the integral in (2.30)
we obtain that

///Bt {P(@t(%y,z)i)w;J(%(%yaz)vt) (2.31)

It can be shown that

O .2 1) = Tl ) 0) Vil 200, (232)

see page 8 in [CM93]. Thus, substituting (2.32) into (2.31), we get

T ]| a0 000 + Sotaten 0] av

///B [ Dﬂ v, (2.33)

which we can write as

where we have set

20— Dipeutay2).0)
= D pla®), (1), 2(0), 1) (2:34)

Oopd Opd Opd %)

opdz  Opdy  Opdz  Op

Ordt QOydt Ozdt Ot

where we have used the Chain Rule in the last step of the calculations in (2.34)
and assumed that the density p is a C! field. We therefore have that

2 o0 D0 00 Op
S0,y 2(0).0) = 5 +m gl w2l w2l @3

where we have used the fact that (z(t),y(t), z(¢)) solves the system of ordinary
differential equations in (2.5). Writing (2.35) in vector notation we obtain

0 dp
5 P@®):y(0), (1), 0)] = Z- +a@ - Vp, (2.36)
where Vp = %, g—Z, g'z) is the gradient of p. The expression in (2.36) is

called the material derivative of the field p. It is also referred to as the
D
convective derivative of p and is usually denoted by Ff’ so that

Dp _dp

Dy =g TV (2.37)
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In general, given a C' scalar field, g, defined in a region R, the material
derivative of g is given by

Dg _ 9

Dt —§+u-Vg. (2.38)

The material derivative of g in (2.38) expresses the rate of change of g along the
pathlines as a result of the fact that the field g might change in time as well as
a result of the motion of the fluid. The material derivative of a C! vector field,

= (91392393)3 is

Dé Dg, Dgs Dgs
Dt ’

“\Dt’ Dt Dt
which can be written as

p¢ a¢ .
o= (- v)G. (2.39)

Combining (2.29) with (2.33) we get that

///B [(V Hi)p + gﬂ dV =0, for allt. (2.40)

It follows from (2.40) that

Dp

Dr +(V-@)p=0, inR, forallt, (2.41)
where the material derivative, Ff’ of p is given in (2.37); that is,
Dp dp | .
E = E +u- Vp
(2.42)
dp - L
= 5tV (pd) = (V-a)p

substituting the result of the calculations in (2.42) into (2.41) then yields

% +V-(pi) =0, in R, forallt,

which is the continuity equation in (2.17). We have also shown that the equation
in (2.41) is an equivalent form of the continuity equation. We shall rewrite it
here as

Dp

Dr = (V-@)p, in R, for all t. (2.43)
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2.1.2 Conservation of Momentum for an Ideal Fluid

The total momentum at time ¢ of a the portion of fluid contained in a region
By with smooth boundary, 9By, is given by

() = / / /B ol (), y(t), 2(8), O (t), y(t), (1), ) dV,

or

p(t) = ///B, plee(z,y, z), t)i(pe(z,y, z),t) dV,

and which we’ll simply write as

T a(t) = ///B pit dV, (2.44)

(see Figure 2.1.3). The principle of conservation of momentum states that the
rate of change of the total momentum of the fluid in B; has to be accounted for
by the balance of forces acting on B;:

ATl

dt

= Balance of Forces on By; (2.45)

this is, in fact, Newton’s second law of motion.

There are two types of forces acting on the portion of fluid in B; that con-
tribute to the balance of forces in the right-hand side of the equation in (2.45).
There are forces of stress due to the fluid surrounding the region By, and there
are external, or body forces, such as gravity or electromagnetic forces. We can
then rewrite the conservation of momentum equation in (2.45) as

dfﬁ = Ss(t)+ F (1), (2.46)

where ? B(t) denotes the total vector sum of the stress forces acting on By, and
p(t) the total vector sum of body forces acting on B;.

We assume that
By = [[[ Fav. (2.47)
By

where the vector field f(x,y, z,t) gives the total forces per unit volume acting
on an element of fluid around the point (z,y, z) at time t.

In this section we shall make a special assumption when modeling the stress
forces acting on the fluid. We assume that the fluid under consideration is an
ideal fluid. This means that at any point, (z,y,y), on a surface in the fluid,
the stress force per unit area exerted across the surface is given by

p(z,y, 2, t)i
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where 7 is a unit vector perpendicular to the surface at (z,y, z) and time ¢, and
p(z,y, z,t) is a scalar field called the pressure. It then follows that

Su(t) = - / /d A (2.48)

where 7 is the outward unit normal to 0B;.
Substituting the expressions in (2.48) and (2.47) into the conservation of
momentum expression in (2.46) yields

ng z—//aBtpﬁ dA+//Btde. (2.49)

Writing the unit vector 7 in Cartesian coordinates, (n1,na,ns3), we see that the
stress forces term in (2.49) has components

—// pny dA, —// pny dA, and — // pns dA.
OBy OB OBy

Applying the divergence theorem to each of these components we get

L= ], 2

8B, B,,aff

—// pngdA:—///@dV
2B, B, 9y

7// pngdA:f///@dV.
OB, B, 07

Substituting these expressions into the definition of K p(t) in (2.48) we obtain

and

§B(t):—// Vp dV, (2.50)
By
where 9 on B
p Op Op
= (£, £, 2 51
vp (ax’ay’az> (2:51)

is the gradient of p. Combining (2.50), (2.48) and (2.46), we can rewrite the
conservation of momentum equation in (2.49) as

Mo [If soavs [[] sav 25)

where Vp is as given in (2.51).
Next, we see how to compute the left—hand side of the equation in (2.52),

ity d )
o _dt///BtpUdV’ (2.53)
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according to the definition of momentum in (2.44).

Observe that, since B; comes about as the result of the action of the flow
map ¢; on B (see 2.25), we can rewrite the integral on the right—hand side of
(2.53) as

I v = [[[ steto2) 00 av
= ///B plx,y, z, )u(z, y, z,t)J(z,y, z,t) dedydz

where J(z,y, z,t) the Jacobian of the map ¢;; that is, J(x,y, z,t) is the deter-
minant of the derivative map of ¢;. We then have that

d Lo 0, .
dt//~/Bt pi dV = ///B &[qu] dxdydz,

///Bt pit dV = /// [ pu+ p ]J_ dzdydz. (2.54)

Substituting (2.32) into (2.54) yields

I =[] (Vg + )| dody

which can be written as

4 pii dV = (V- @i+ Do) av. (2.55)
dt B, B, ot

Using the expression for the material derivative of a vector field in (2.39), we
can rewrite (2.55)

a ///B pi dV = ///B {Dt +(V: WU] V. (256)

Using the definition of the convective derivative for a vector field in (2.39) we
have that

or

D Du  Dp

—(pu — 2.
o P = Py + (2.57)
where D 9
Yo op
Di T~ o TEVe
Jdp .
= L4V (pi)) - pV @
3t+ (pii) — pV - 1

= —pV -4, (2.58)
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which is an alternate form of the conservation of mass principle.
Combining (2.57) and (2.58) then yields

D
Dt

. Di L
(pt) = pp = (V- d@)pu. (2.59)

D
Substituting the expression for Ht(pﬁ) in (2.59) into the expression for the

rate of change of momentum in (2.56) yields

d o Dii
dt///BtPUdV//BtthdV (2.60)

Substituting the expression for the rate of change of momentum in (2.60)
into the left-hand side of (2.52) yields

// p@dvz—// vpdv+// fav,
B, Dt B, B,

Dy -
/// {pu + Vp — f] dV =0, forallt. (2.61)
B, L Dt

Assuming that the fields p, i and p are C* over R and for all times ¢, and that
the field f is continuous over R and for all times ¢, we see that the integrand in
the left—hand side of (2.61) is continuous over R and for all times ¢. Thus, since
(2.61) holds true for all bounded subregions, By, of R with smooth boundary,
we conclude that

D S
p%jLfof:O, in R, for all ¢,
or Dit
pFltL =-Vp+f, inR, forall t, (2.62)

which is the differential form of the conservation of momentum principle.
Observe that the PDE in (2.62) is a vector differential equation in three
dimensions. As such, it is really a system of three first—order PDEs:

Du1 o 6p .
Dt T T or + s
Duo dp
- = Y . 2.63
Dus dp
piDt = s + f3.

The equations in (2.18) and (2.63) constitute a system of four first—order
PDEs in the (possibly) unknown scalar fields uq, us, us, p and p (the body
forces field f can usually be determined from the outset). Thus, in order to
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have any hope for solving the system of conservation equations in (2.17) and
(2.62), we need to have at least one more relation, or equation, involving the
velocity field, u, the density, p, and the pressure, p. Another relation will be
provided by the principle of conservation of energy to be discussed in the next
section.

The expression in (2.60) holds true for any C! vector field 8 in R,

1], = [ o
or any C! scalar field g,
[ =[] 22w s

D
where Fg is the material derivative of g. This is known as the Transport

Theorem. We will have opportunity to apply the transport theorem in (2.64)
in the next section.

2.1.3 Conservation of Energy in Incompressible Flow

Consider the volume of the portion of the fluid in B; at time ¢ (see Figure 2.1.3),

://B av. (2.65)

As the shape of the region B; changes with the flow, the volume of B; might
change also. We compute the rate at which the volume changes by first rewriting
the expression for v(t) in (2.65) as

- ///B J(pe(z,y, 2),t) dV. (2.66)

It follows from (2.66) that
)
=[] 5tee.2.0] wdyd (2.67)
B

0 ~
8t[ (@t('x Y,z )a ) = (v'u(@t(xay7z)at))‘](<pt(xvyaz)vt) )
according to (2.32). We therefore obtain from (2.67) that

where

G =[]t 0) 5w .20 dodyd

dv
_— = T . 2
® //Btv dv (2.68)

which we can rewrite as
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In an incompressible flow the volume of any portion of the fluid does not
change with time. We therefore obtain from (2.68) that

// V-4dV =0, forallt. (2.69)
By

Since the expression in (2.69) holds true for any B; in R, it follows that, for
case in which the velocity field, @, is C' in R, the condition for the flow to be

incompressible is
V-4=0, in R forallt. (2.70)

We show in this section that, in an ideal incompressible fluid, the kinetic energy
in the portion of the fluid in B; is conserved.
The kinetic energy of the portion of the fluid B; at time ¢ is given by

20 =5 [[[ ol av. (2.71)

where ||ul|? = @ - @ is the square of the Euclidean norm of the velocity field .
The rate of change of F in (2.71) is given by the Transport Theorem in

(2.64) to be
= J[ e av (272)
where
D ) = 22 28

so that, in view of (2.72),

or

I 5 (5 o7

Substituting the law of conservation of momentum expression for an ideal fluid
in (2.62) into the right—hand side of (2.73) then yields

‘f:///&a-(—wm) av,

which can be written as

E —
CL:_// Vp-ﬂ'dV—l—// Feiav. (2.74)
dt B, By

The right-most integral in (2.74) measures the rate at which body forces do
work in the portion of fluid in B; at time ¢t. In order to understate the other
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integral in (2.74) we use the assumption that the fluid is incompressible, stated
as the PDE in (2.70), to obtain

V. (pi) =Vp-d+pV-d=Vp-i,

//Bth-ﬁdV_///Btv.(pﬁ)dV_ (2.75)

Applying the divergence theorem to the integral on the right—hand side of (2.75)

yields
//BVp-ﬁde//aBpﬁ-ﬁdA, (2.76)

where 77 denotes the outward unit normal vector the boundary of B;. Substi-
tuting the expression in (2.76) into the right-hand side of (2.74) then yields

E —
CL:_// pﬁ-ﬁdA+// Foitav. (2.77)
dt OB, B,

Observe that — / / pi -7t dA gives the rate at which the stress forces are
0B

so that

doing work on the portion of fluid in B;. Hence, the equation in (2.77) is a
statement of the conservation of kinetic energy.

2.1.4 Euler Equations for Incompressible, Ideal Fluids

Putting together the PDEs in (2.58), (2.62) and (2.70) we obtain the system of
PDEs

Dp

- = 0

Dt ’

Du 7 (2.78)
V-u = 0,

stating the principles of conservation of mass, conservation of momentum, and
conservation of energy, respectively, for incompressible, ideal fluids. The equa-
tions in the system of PDEs in (2.78) are known as the Euler equations for
incompressible, ideal fluids. Using the definition of the material derivative,

D

i’ in (2.38) and (2.39), the Euler equations in (2.78) can also be written as
dp
P = 0
ot iV ’

—

9L (@ V)i

(2.79)
P ot

I

|
<
=
_|_
byl

V-u = 0,
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The fields p, @ and p in (2.79) are assumed to be C! functions defined in and
open region R in R?, and for ¢t > 0; the field f is assumed to be continuous in
R and for all ¢ > 0. The field f is usually know; but the functions p, @ and p
are unknown. We would like to obtain information about these functions for all
times, ¢, and all points in R, given some initial conditions; for example,

p(z,y,2,0) = po(z,y,2), for (z,y,2) € R;
i(x,y,2,0) = U,(z,y,2), for (z,y,2) € R;
p(‘r7 y) Z’ 0) = p0<x7 y7 Z)’ Y for (x’ y’z) e R7

where p,, U, and p, are given functions defined in R. Since, we want the flow
to remain within the region R, we also impose the boundary condition

w-n=0, onOdR, for all t, (2.80)

where we are assuming that R has a smooth boundary dR. The condition in
(2.80) forbids fluid to cross in or out of the boundary.

2.2 Modeling Diffusion

The random migration of small particles (e.g., pollen grains, large molecules,
etc.) immersed in a stationary fluid is known as diffusion. This process,
also known as Brownian motion, is caused by the random bombardment of the
particles by the fluid molecules because of thermal excitation. Brownian motion
can be modeled probabilistically by looking at motions of large ensemble of
particles. This is a microscopic view. In this section we would like to provide a
macroscopic model of diffusion based on a conservation principle.

Imagine that a certain number of Brownian particles moves within a region
R in R3 pictured in Figure 2.2.4. Assume that there is a vector field 7 that

Figure 2.2.4: Brownian Particles in a Region R
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gives a measure of the number of particles that cross a unit cross—sectional at
point (z,y,2) € R and time ¢ as follows

7($,y,z,t) -ndA

gives, approximately, the number of particles that cross a small section of the
surface of area dA, per unit time, in a direction perpendicular to the surface at
that point. It then follows that the number of particles per unit time crossing
the smooth boundary of a region B C R into that region (see Figure 2.2.4) is
given by

—/ 7(m,y, z,t) - i dA, (2.81)
0B

where the minus sign in (2.81) takes into account that we are taking 7 to be
the outward unit normal to 9B. The expression in (2.81) is called the flux of
particles across the boundary of B.

Assume that the concentration of particles in the region R at any time ¢ is
given by a C' scalar field, u, so that number of particles contained in the region
B is given at time t is given by

Np(t) = /// u(z,y,x,t) dedyde, for all ¢. (2.82)
B

Assuming that particles are not being created or destroyed, we get the conser-
vation principle

N _ 7/ T(z,y,2,0) -7 dA (2.83)
dt -

Since we are assuming that v is a C! field, we can differentiate under the integral
sign in (2.82) to rewrite (2.83) as

/// 9u dzdydx = —/ 7(Jc,y,z,t) -1 dA (2.84)
g Ot oB

If we also assume that the vector field 7 is a C! function, we can use the
Divergence Theorem to rewrite the right—hand side of (2.84) to obtain

///Bg?d‘/z—///Bv?dv
///B {Z@L+V~7] dv = 0. (2.85)

Since (2.85) holds true for all bounded subsets, B, of R, and all times t, we
obtain the PDE

% +V. 7 =0, in R, for all ¢. (2.86)

The PDE in (2.86) has two unknown functions: the concentration w and the
flux field 7 Thus, in order to complete the modeling, we need a constitutive
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equation relating u and 7 This is provided by Fick’s First Law of Diffusion
(see [Ber83, pg. 18]):

7 =—-DV-u, in R, forallt, (2.87)

where D is a proportionality constant known as the diffusion constant of the
medium in which the particles are, or diffusivity. Observe that D in (2.87)
has units of squared length per time. The expression in (2.87) postulates that
the flux of Brownian particles is proportional to the negative gradient of the
concentration. Thus, the diffusing particles will move from regions of high
concentration to regions of low concentration.
Substituting the expression for 7 in (2.87) into the conservation equation
in (2.86) we obtain
ou .
Eri DV -(Vu)=0, in R, for allt, (2.88)
where we have used the assumption that D is constant.
Assuming that v is also a C? function, we can use the definitions of gradient
and divergence to compute
Pu  0*u  0%u

V- (Vu) = = + 57 T o (2.89)

02
The expression on the right-hand side of (2.89) is known as the Laplacian of
u, and is usually denoted by the symbol Awu, so that

Pu Pu, o

Au:@+3y2+8z2'

(2.90)
Another notation for Au found in various textbooks is VZ2u.
In view of (2.89) and (2.90), we see that the PDE in (2.88) can be written

as
% = DAu, in R, for all ¢, (2.91)

which is called the diffusion equation. The expression in (2.91) is also known
as Fick’s second equation (see [Ber83, pg. 20]), or Fick’s Second Law of Diffu-
sion.

For the case of in which the diffusing substance is constrained to move in
one space direction (say, parallel to the x—axis), the diffusion equation in (2.91)
becomes

ou 0%u

The equation in (2.92) applies to the situation in which medium containing
Brownian particles is in a cylindrical region of constant cross sectional area and
axis parallel to the x—axis. In later chapter in these notes, we will show how to
solve the PDE in (2.92) over the entire real line subject to an initial condition

u(z,0) = f(z), for all x € R,
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ou
for some given function f: R — R, and some integrability conditions on wu, 2
x

and f.
The equation in (2.92) also describes the flow of heat in a cylindrical metal
rod of constant cross—sectional area whose cylindrical boundary is insulated so
that heat can only flow in or out of the rod through the cross sections a the ends

of the rod (see Assignment #4). In this case u(x,t) denotes the temperature in

=]

=~

Figure 2.2.5: Heat Conduction in a Cylindrical Rod

the cross—section of the rod located at x and at time ¢, and the constant D is
given by
D=2
cp
where p is the density, c is the specific heat, and & is the heat conductivity of
the material the of the rod (see Assignment #4). Thus, (2.92) ia also called the
heat equation. In this case D is called the thermal diffusivity.
In these notes we will see how to solve the heat equation in (2.92) subject

the initial and boundary conditions

u(z,0) = f(x), for0<ax<I;
u(0,t) = T,(t), fort>0;
u(L,t) = Tr(t), fort>0,

where f, T, and T, are given functions of single variable. We will also solve the
problem with the boundary conditions

) = 0, fort>0;

0
220,
gx

U
a—(L,t) = 0, fort>0.
These conditions imply that heat cannot flow through the end cross—sections
either; so that the rod is totally insulated.

2.3 Variational Problems

In the previous two sections we have seen how conservation principles give rise
to problems involving PDEs. Another important source of PDE problems arises
from the application of variational principles. A variational principle states
that a configuration, or function, describing the state of a system must minimize,
or maximize, certain quantity (e.g., energy). In this section we will see two
applications of variational principles: the derivations of the minimal surface
equation and the vibrating string equation.
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2.3.1 Minimal Surfaces

Imagine you take a twisted wire loop, as that pictured in Figure 2.3.6, and dip
into a soap solution. When you pull it out of the solution, a soap film spanning
the wire loop develops. We are interested in understanding the mathematical
properties of the film, which can be modeled by a smooth surface in three

Figure 2.3.6: Wire Loop

dimensional space. Specifically, the shape of the soap film spanning the wire
loop, can be modeled by the graph of a smooth function, u: R — R, defined on
the closure of a bounded region, R, in the xy—plane with smooth boundary OR.
The physical explanation for the shape of the soap film relies on the variational
principle that states that, at equilibrium, the configuration of the film must be
such that the energy associated with the surface tension in the film must be the
lowest possible. Since the energy associated with surface tension in the film is
proportional to the area of the surface, it follows from the least—energy principle
that a soap film must minimize the area; in other words, the soap film spanning
the wire loop must have the shape of a smooth surface in space containing
the wire loop with the property that it has the smallest possible area among
all smooth surfaces that span the wire loop. In this section we will develop a
mathematical formulation of this variational problem.

The wire loop can be modeled by the curve determined by the set of points:

(z,y,9(z,y)), for (z,y) € OR,

where JR is the smooth boundary of a bounded open region R in the xy—plane
(see Figure 2.3.6), and ¢ is a given function defined in a neighborhood of dR,
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which is assumed to be continuous. A surface, S, spanning the wire loop can
be modeled by the image of a C' map

&: R > R?

given by B
O(x,y) = (z,y, u(z,u)), for all z € R, (2.93)

where R = RU R is the closure of R, and
u: R —R
is a function that is assumed to be C? in R and continuous on R; we write
u€ C*(R)NC(R).
Let A, denote the collection of functions v € C?(R) N C(R) satisfying
u(z,y) = g(z,y), forall (z,y) € OR;

that is, B
A, ={ue C*(R)NC(R) | u =g on OR}. (2.94)

Next, we see how to compute the area of the surface S, = ®(R), where ® is
the map given in (2.93) for u € Ay, where A, is the class of functions defined
in (2.94).

The grid lines x = ¢ and y = d, for arbitrary constants ¢ and d, are mapped
by the parametrization ® into curves in the surface S, given by

y = @(c,y)
and
x = d(x,d),
respectively. The tangent vectors to these paths are given by
Ju
®,=10,1, — 2.95
o= (01.5) (299
and 5
U
$,=1(1,0,—], 2.96
(10.5%) (2.96)
respectively. The quantity
@, x ®,||AzAy (2.97)

gives an approximation to the area of portion of the surface S, that results
from mapping the rectangle [z,x + Az] X [y,y + Ay] in the region R to the
surface S, by means of the parametrization ® given in (2.93). Adding up all
the contributions in (2.97), while refining the grid, yields the following formula
for the area S,:

area(Sy,) = // |®y x ®y| dzdy. (2.98)
R
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Using the definitions of the tangent vectors ®, and ®, in (2.95) and (2.96),
respectively, we obtain that

ou Ou
so that
ou\ ou\ >
ot = i (52) (%)
or

[@2 X @y[| = /14 [Vul?,

where |Vu| denotes the Euclidean norm of Vu. We can therefore write (2.98)

as
area(Sy) = // 14 |Vul|? dzdy. (2.99)
R

The formula in (2.99) allows us to define a map
A A, =R

by

Alu) = // V14 |Vu|? dedy, for allu € A, (2.100)
R

which gives the area of the surface parametrized by the map ®: R — R? given
in (2.93) for v € A,. We will refer to the map A: A; — R defined in (2.100)
as the area functional. With the new notation we can restate the variational
problem of this section as follows:

Problem 2.3.1 (Variational Problem 1). Out of all functions in Ay, find one
such that

Alu) < A(v), for allv e A,. (2.101)

That is, find a function in A, that minimizes the area functional in the class
Ag.

Problem 2.3.1 is an instance of what has been known as Plateau’s problem
in the Calculus of Variations. The mathematical question surrounding Pateau’s
problem was first formulated by Euler and Lagrange around 1760. In the middle
of the 19th century, the Belgian physicist Joseph Plateu conducted experiments
with soap films that led him to the conjecture that soap films that form around
wire loops are of minimal surface area. It was not until 1931 that the American
mathematician Jesse Douglas and the Hungarian mathematician Tibor Radd,
independently, came up with the first mathematical proofs for the existence of
minimal surfaces. In this section we will derive a necessary condition for the
existence of a solution to Problem 2.3.1, which is expressed in terms of a PDE
that v € A, must satisfy, the minimal surface equation.
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Suppose we have found a solution, u € Ag, to Problem 2.3.1 in u € A,. Let
©: R — R by a C* function with compact support in R; we write ¢ € C°(R)
(see Assignment #5 for a construction of such function). It then follows that

ut+tpe Ay, forallteR, (2.102)

since ¢ vanishes in a neighborhood of R and therefore u + t¢ = g on OR. It
follows from (2.102) and (2.101) that

A(u) < A(u+tp), forallteR. (2.103)
Consequently, the function f: R — R defined by
f(t) =A(u+tp), forallteR, (2.104)

has a minimum at 0, by virtue of (2.104) and (2.104). It follows from this
observation that, if f is differentiable at 0, then

1(0) =0. (2.105)
We will see next that, since we are assuming that u € C?(R) N C(R) and

p € C(R), f is indeed differentiable. To see why this is the case, use (2.104)
and (2.100) to compute

f@) = //R V1+|V(u+te)|? dedy, forallteR, (2.106)

where
V(u+tp) =Vu+tVe, forallteR,

by the linearity of the differential operator V. It then follows that
V(u+tp) = (Vu+tVe)  (Vu+tVy)
= Vu -Vu+tVu Vo +tVp- - Vu+t2Vp - Ve
= |Vu|? +2tVu - Vo + t2|Vp|?,

so that, substituting into (2.106),

f@t) = // V14 |Vul2 +2tVu - Vo + £2|Vp[?2 dedy, for all t € R. (2.107)
R

Since the integrand in (2.107) is C*, we can differentiate under the integral sign
to get

. t 2
£(t) = / / Vu: Vi + Vel dady, (2.108)
R /14 |Vu2+2tVu - Vo + £2[Vp|?
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for all ¢ € R. Thus, f is differentiable and, substituting 0 for ¢ in (2.108),

Fon Vu -V
0)_// W (2.109)

Hence, if u is a minimizer of the area functional in A,, it follows from (2.104)
and (2.109) that

// _VurVe dedy =0, for all p € C°(R). (2.110)

R/ 1+ |V’UJ‘2

The statement in (2.110) provides a necessary condition for the existence of
a minimizer of the area functional in A,. We will next see how (2.110) gives rise
to a PDE that u € C%(R) N C(R) must satisfy in order for it to be minimizer
of the area functional in A,.

First, we “integrate by parts” (see Assignment #6) in (2.110) to get

Vu-1
dzdy + —0, (2111
// ( 1+|v |2>“0 R avien i (2:111)

for all ¢ € C(R), where the second integral in (2.111) is a path integral
around the boundary of R. Since ¢ € C2°(R) vanishes in a neighborhood of the
boundary of R, it follows from (2.111) that

// ( 1+\V 2) w dedy =0, for all p € CZ(R). (2.112)
u

By virtue of the assumption that u is a C? functions, it follows that the di-
vergence term of the integrand (2.112) is continuous on R, it follows from the
statement in (2.112) that

Vu
V| —2 | =0, R 2.113
<\/1+|Vu|2> ( )

(see Assignment #6).

The equation in (2.113) is a second order nonlinear PDE known as the
minimal surface equation. It provides a necessary condition for a function
u € C?(R)NC(R) to be a minimizer of the area functional in A,. Since, we are
also assuming that u € Ay, we get that must solve the boundary value problem
(BVP):

Vu
v [—2 ) = 0 wmE
<v1+|V“|2> (2.114)

u = g ondR.

The BVP in (2.114) is called the Dirichlet problem for the minimal surface
equation.
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The PDE in (2.113) can also be written as
(14 ) ) tae — 2uaglyay + (1 + ul)uy, =0,

where the subscripted symbols read as follows:

TR
o) Y oy’
0%u 0%y

e = a2 =

and
0%y 9%u

oy = OyOx - Oxdy = Yy

33

in R, (2.115)

(2.116)

The fact that the “mixed” second partial derivatives in (2.116) are equal follows

from the assumption that u is a C? function.

When we study the classification of PDEs we will see that the equation in

(2.115) is a nonlinear, second order, elliptic PDE.

2.3.2 The Linearized Minimal Surface Equation

For the case in which the wire loop in the previous section is very close to a
horizontal plane (see Figure 2.3.7), it is reasonable to assume that, if u € Ay,

z

Figure 2.3.7: Almost Planar Wire Loop

|Vu| is very small throughout R. We can therefore use the linear approximation

1
V1i+t= 1—|—§t7 for small [¢],

(2.117)
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to approximate the area function in (2.100) by

Au) ~ //R {1 + ;Vuz} dzdy, forall u € A,
so that
A(u) =~ area(R) + % // |Vu|? dedy, for all u € A,. (2.118)
R

The integral on the right—hand side of the expression in (2.118) is known as
the Dirichlet Integral. We will use it in these notes to define the Dirichlet
functional, D: A, — R,

1
D(u) = 5 //R |Vul|? dedy,  for all u € A,. (2.119)

Thus, in view of (2.118) and (2.119),
A(u) =~ area(R) + D(u), for all u € A,. (2.120)

Thus, according to (2.120), for wire loops close to a horizontal plane, mini-
mal surfaces spanning the wire loop can be approximated by solutions to the
following variational problem,

Problem 2.3.2 (Variational Problem 2). Out of all functions in Ay, find one
such that
D(u) < D(v), forallve A, (2.121)

It can be shown that a necessary condition for u € A4 to be a solution to
the Variational Problem 2.3.2 is that u solves the boundary value problem

Au = 0 in R;
(2.122)
u = g ondR,

where
AU = Ugg + Uyy,

the two-dimensional Laplacian. The BVP in (2.122) is called the Dirichlet
Problem for Laplace’s equation.

2.3.3 Vibrating String

Consider a string of length L (imagine a guitar string or a violin string) whose
ends are located at = 0 and « = L along the xz—axis (see Figure 2.3.8). We
assume that the string is made of some material of density p(z) (in units of
mass per length). Assume that the string is fixed at the end—points and is
tightly stretched so that there is a constant tension, 7, acting tangentially along
the string at all times. We would like to model what happens to the string
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Figure 2.3.8: String of Length L at Equilibrium
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Figure 2.3.9: Plucked String of Length L

after it is plucked to a configuration like that pictured in Figure 2.3.9 and then
released. We assume that the shape of the plucked string is described by a
continuous function, f, of z, for € [0,L]. At any time ¢ > 0, the shape of
the string is described by a function, u, of x and t; so that u(z,t) gives the
vertical displacement of a point in the string located at = when the string is in
the equilibrium position pictured in Figure 2.3.8, and at time ¢t > 0. We then
have that

u(z,0) = f(z), forall x €0, L]. (2.123)

In addition to the initial condition in (2.123), we will also prescribe the initial
speed of the string,

0
ait‘(x, 0) = g(z), forallz € [0, L], (2.124)
where ¢ is a continuous function of z; for instance, if the plucked string is
released from rest, then g(z) = 0 for all = € [0, L]. We also have the boundary
conditions,
u(0,t) = u(L,t) =0, for all ¢, (2.125)

which model the assumption that the ends of the string do not move.

The question we would like to answer is: Given the initial conditions in
(2.123) and (2.124), and the boundary conditions in (2.125), can we determine
the shape of the string, u(x,t), for all z € [0, L] and all times ¢t > 0. We will
answer this questions in a subsequent chapter in these notes. In this section,
though, we will derive a necessary condition in the form of a PDE that u must
satisfy in order for it to describe the motion of the vibrating string.

In order to find the PDE governing the motion of the string, we will formulate
the problem as a variational problem. We will use Hamilton’s Principle in
Mechanics, or the Principle of Least Action. This principle states that the
the path that configurations of a mechanical system take from time ¢t = 0 to
t = T is such that a quantity called the action is minimized (or optimized)
along the path. The action is defined by

A / K@) - v (2.126)
0
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where K (t) denotes the kinetic energy of the system at time ¢, and V(¢) its
potential energy at time ¢. For the case of a string whose motion is described by
small vertical displacements u(x,t), for all « € [0, L] and all times ¢, the kinetic
energy is given by

K(t) = % /0 ’ p(z) <88;L(x,t)>2 dz. (2.127)

To see how (2.127) comes about, note that the kinetic energy of a particle of
mass m is 1
K = —mv?,
2

where v is the speed of the particle. Thus, for a small element of the string whose
projection on the x—axis is the interval [x, z+Ax], so that its approximate length
is Ax, the kinetic energy is, approximately,

2
AK ~ %p(x) (%(m,t)) . (2.128)

Thus, adding up the kinetic energies in (2.128) over all elements of the string,
and letting Az — 0, yields the expression in (2.127), which we rewrite as

1 L
K(t) = 5/ pu? dx, for allt, (2.129)
0

where u; denotes the partial derivative of u with respect to t.

In order compute the potential energy of the string, we compute the work
done by the tension, 7, along the string in stretching the string from its equi-
librium length of L, to the length at time ¢ given by

L
/ V1+u2 dz; (2.130)
0

so that

L
Vit)=r1 [/ V14 w2 de— L] , for all t. (2.131)
0

Since we are considering small vertical displacements of the string, we can lin-
earize the expression in in (2.130) by means of the linear approximation in
(2.117) to get

L L 1 1 L
/ \/1+u§,dx%/ [1+7u§]dm:L+7/ u? dz,
0 0 2 2 Jo
so that, substituting into (2.131),

1 L
V(t) = 5/ Tu? dx, for all . (2.132)
0
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Thus, in view of (2.126), we consider the problem of optimizing the quantity

T (L
Au) = / / [;puf - ;T’ui] dxdt, (2.133)
o Jo

where we have substitute the expressions for K(¢) and V(¢) in (2.129) and
(2.132), respectively, into the expression for the action in (2.126).

We will use the expression for the action in (2.133) define a functional in the
class of functions A defined as follows: Let R = (0,L) x (0,T), the cartesian
product of the open intervals (0,L) and (0,7). Then, R is an open rectangle
in the xt-plane. We say that u € A if u € C?(R) N C(R), and u satisfies the
initial conditions in (2.123) and (2.124), and the boundary conditions in (2.125).
Then, the action functional,

A A— R,

is defined by the expression in (2.133), so that

A(u) = %//R [puf — Tul] dzdt, for u € A (2.134)

Next, for ¢ € C°(R), note that u + sp € A, since ¢ has compact support
in R, and therefore ¢ and all its derivatives are 0 on OR. We can then define a
real valued function h: R — R by

h(s) = A(u+ sp), forseR, (2.135)

Using the definition of the functional A in (2.134), we can rewrite h(s) in (2.135)
as

me) = g [ Tt sonl? =it si), 2] dod

1
= 5 // [p[ut + 504 — T[ug + 84,%]2] dzdt,
R

so that
h(s) = A(u)+ s// [puspr — Tupps] drdt + s2A(p), (2.136)
R

for s € R, where we have used the definition of the action functional in (2.134).
It follows from (2.136) that h is differentiable and

K(s) = // [purpr — Tugz,| dedt + 2sA(p),  for s € R. (2.137)
R

The principle of least action implies that, if v describes the shape of the string,
then s = 0 must be ac critical point of h. Hence, h'(0) = 0 and (2.137) implies
that

// [purpr — Tugzp,] dedt =0,  for ¢ € C°(R), (2.138)
R
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is a necessary condition for u(x,t) to describe the shape of a vibrating string
for all times t.
Next, we use the integration by parts formulas

//wa—gpddt /Mpnlds—//a(pdxdt

for C* functions v and ¢, where n; is the first component of the outward unit
normal, 7, on R (wherever this vector is defined), and

// ¢£ dxdt = Yng ds — // 8—w<p dxdt,
OR r Ot

where no is the second component of the outward unit normal, 77, to obtain

// puspy drdt = / puspng ds — // g[put]go dzxdt,
R OR ROt
0
// pupy drdt = —// —[put] dadt, (2.139)
R R Ot

since ¢ has compact support in R.

Similarly,
// TUg e dadt = // [Tuz]e dzdt. (2.140)
R

Next, substitute the results in (2.139) and (2.140) into (2.138) to get

so that

// {at pu) z[Tuw]] pdxdt =0, for ¢ € C°(R). (2.141)
Thus, we obtain from (2.141) that
0%u 0%u .
pw — T@ = 0, m R, (2142)

since we area assuming that u is C?, p is a continuous function of x, and 7 is
constant.

The PDE in (2.142) is called the one-dimensional wave equation. It is
sometimes written as

9?u T O%*u

o2 pox?’
or ) )
0“u 0“u
w = 02$, (2143)
where -
2= -,
P

for the case in which p and 7 are assumed to be constant.
The wave equation in (2.142) or (2.143) is a second order, linear, hyperbolic
PDE.
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2.4 Modeling Small Amplitude Vibrations

In this section we present another derivation of the wave equation in (2.143)
based on an application of Newton’s laws of motion.

/i\/_\

T L T

0 zz+Azx L

xT

Figure 2.4.10: Vibrating String in Motion

Figure 2.4.10 shows a snapshot of the vibrating string at some time t. The
figure also highlights a small section of the string that is above an interval
[x,x + Ax], for some x € (0,L). As in the derivation in Section 2.3.3, u(x,t) is
the vertical displacement of a point on the string located at x when the string is
at equilibrium, and time ¢ (we are assuming here that the vibrations have small
amplitude; so that, we may assume that each particle along the string moves
along a vertical direction); p is the density of the material making up the string
(in units of mass per unit of length); and 7 is the tension along the string in
units of force. We assume that u has continuous partial derivatives,

oz’ Ot 0x2 9zdt’ Ot
for all € (0, L) and all ¢ > 0. We introduce the angle 6(x,t) that the tangent

line to the curve in Figure 2.4.10 at the point (z,u(x)) makes with the positive
zr—axis and note that

tan(6(z,t)) = ?(x,t), for x € (0,L), andt >0,
x

which we can also write more succinctly as
tan(f) = ug. (2.144)

It follows from (2.144) that 6 has continuous partial derivatives as long as
sec2f # 0, and
00 Upz

Ox  sec2f’

which we can rewrite as

00 T
_—=— 2.145
Or 1+u2’ ( )
where we have used (2.144) again. We also obtain from (2.144) that
1
cos(l) = —— (2.146)

VituZ
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If we assume that Az is very small, we may treat the section of the string
above the interval [z, 2 + Az] as a particle of mass given approximately by

p(x)As,

where As is the arc—length of the section of the string, which is given, approxi-

mately, by
~+/1+u2 Az,

Thus, the mass of the section of the string above the interval [z, + Ax] is,

approximately,
Am =~ p(x)/1+ u2 Az. (2.147)

Newton’s Second Law of Motion applied to a particle of mass Am given in
(2.147) reads

2

(Am) gtg = forces acting on the particle in vertical dirction. (2.148)
The forces acting on the particle in the vertical direction are the force of
gravity and the vertical components of the tension, which acts tangentially to
the string and away from the section above the interval [z, z+ Az]. There might
be other forces acting on the string as well; for instance, a violin string might be
acted on by the bow when playing. We will put together the forces other than
tension into a function, F(z,t), in units of force per length. Thus, the forces,

other than tension, acting on the particle are

F(z,t)Az. (2.149)

The vertical component of the tension acting on the section of the string above
the interval [z, z 4+ Az] is

Tsin(f(x + Az, t)) — 7sin(0(x, 1)), (2.150)

where we are assuming that 7 is constant throughout the string.
Putting together (2.147), (2.148), (2.149) and (2.150),

x)\/1+u2 Ax@ = 7[sin(0(z + Az, t)) —sin(0(z,t))] + F(x,t)Az. (2.151)

Next, divide the equation in (2.151) on both sides by Az # 0, and letting
Ax — 0, we obtain that

()V1+ud Pu_,0 [sin(0(x,1))] + F(x,1)
p 8t2 - Tax S ]"7 :L‘a )
which we can rewrite as

2
plx)y/1+u2 gy —TCOS(H)?—&—F(:E,I&);
T
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so that, using (2.145),

pV/ 1+ 12 uy = 7cos(0) Yoz + F(x,t),

1+ u2
and, using (2.146),
TU

The PDE in (2.152), as it stands, is a nonlinear equation (we will see why this
is the case in the next section on classification of PDEs). We can approximate
the equation by a linear PDE by using the assumption that the vibrations of
the string are on very small amplitude. In the case of very small amplitude
vibrations, wu;, which is related to the tangent of the angle the string makes
with a horizontal direction, is very small in magnitude. Thus, we can make the
approximation

Up = 0

in (2.152) to obtain
PULE = TUgy + F($7t) (2153)

Observe that the equation in (2.153) leads to the wave equation in (2.142) for
the case F(z,t) =0 for all z € [0, L] and ¢ > 0. The equation in (2.142) will be
called in this notes the one-dimensional, linear, homogeneous wave equation.
We will refer to the equation in (2.153) with F' # 0 as the one-dimensional,
linear, non—homogeneous wave equation. In these notes we will show how to
construct solutions of those equations.
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Chapter 3

How are PDEs Classified?

In the previous chapter we saw how various types of PDEs.

PDEs are classified according to order (the highest order of the derivative of
the unknown functions involved in the equation). The Euler equations for an

ideal, incompressible fluid,

dp
9P, -0
5 +u-Vp ;
ou >
p—u+p(1L Vi = —Vp+ f;
ot
V-a = 0,

are a system of first—order PDEs.

The 3-dimensional diffusion equation, or heat conduction equation,

o (Pu | Pu P
ot 0x2  Oy2  022)’

the two—dimensional Laplace’s equation,
Ugy + Uyy = 0,
the one dimensional wave equations,

Pu 0%

Z T —c ,
ot2 0x?
and the minimal surface equation,
(1+ ui)um — 2y Uy + (1 + ul)uy, =0,

are second order PDEs.

(3.5)

PDEs can further be classified as linear or nonlinear. For instance, the third
equation in the system in (3.1), and the PDEs in (3.2), (3.3) and (3.4) are linear

43
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equations, while the first two equations in the system in (3.1) and the PDE in

(3.5) are not linear. In the next section we will discuss properties of linear

equations, and how those properties can be very helpful in the construction of

solutions, and proofs of uniqueness for some initial /boundary value problems.
The PDE in (3.5) is in a general class of equations of the form

a(,’E, Y, Uy Uy, uy)uam: + b($> Y, Uy Ug, uy)umy + C(l‘, Y, Uy Uy, uy)uyy =d, (36)

for some continuous function a, b, ¢ and d of the five variables z, vy, u, u, and
uy, generally. If the coefficient functions in (3.6) depend only on x and y, we
get the general linear second order equation in two variables,

a(, Y )ttzs + (Yt + (. y)uyy = d(z,y). (3.7)

If the coefficient functions in (3.6) do not depend on the derivatives of the
unknown function u, we obtain the quasi—linear, second order PDE

(I(JC, ya U)uxx + b(df, yv u)uxy + C(Ia % U)“yy = d(,ﬁl), y7 U) (38)

In Section 3.2 we will discuss a further classification of the general second
order PDE in (3.6) based on properties of certain curves associated with the
equation known as characteristic curves. This will lead to the definition of
elliptic, hyperbolic and parabolic PDEs. Laplace’s equation,

Ugg + Uyy = 0, (3.9)

the one-dimensional wave equation,

1
Uy — C*QUtt =0, (3.10)

and the one—dimensional diffusion equations,
Dug, —uy =0, (3.11)

are archetypes of these classes of equations, respectively.

3.1 Linearity

Laplace’s equation (3.9), the one-dimensional wave equation (3.10), and the
one-dimensional diffusion equations (3.11) are linear equations. To understand
the use of this terminology in the context of PDEs, note that Laplace’s equation
(3.9) can also be written as

Au =0,

where A: C?(R) — C(R) defines a linear operator between the spaces of func-
tions C?(R) and C(R) given by

AU = Uy + Uy, forall u e C(R), (3.12)
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for some open subset R of R%2. The differential A defined in (3.12) is linear
because of the linearity property of differentiation that we learned in Calculus;
indeed, given functions u,v € C?(R) and real constants ¢; and cs, it follows
from the linearity of differentiation that

Acru + cav) = e Au + e Av.
Similarly, the one-dimensional wave equation in (3.10) can be written as
—Ou =0,

where the linear operator 0: C?(R) — C(R), also known as the d’Alembert
operator, is defined by

1
Ou = U — Uze, forallue C*(R),
c

where R is an open region in the xzt—plane; and the one—dimensional diffusion
equation in (3.11) can be written as

—Lu =0,
where L: C?(R) — C(R) defined by
Lu = uy — Dug,, for all u e C*(R),

where R is an open region in the zt—plane, is also a linear operator.

By contrast, the map N: C1(R) x C*(R) x C}(R) — C(R) x C(R) x C(R),
given by
_ o
ot
where R is an open set in R3, is not linear (see Problem 1 in Assignment #9).

Hence, the second PDE in the system (3.1) is not a linear equation.
In general, a linear PDE is an expression of the form

N() + (@- V)i, for all @ € C'(R) x C*(R) x C'(R),

Lu=f, (3.13)

where L: U — F is a linear differential operator from a linear space, U, of
differentiable functions to a linear space, F, of continuous functions. An example
of the equation in (3.13) is provided by Poisson’s equation in Potential Theory,

—Au=f, inR, (3.14)

where R is an open region in R™. In this case, the linear operator L = —A maps
C?(R) to C(R).
If f =0 in the right-hand side of (3.13) we get the homogeneous PDE

Lu=0. (3.15)

The equation in (3.15) has the following very useful property known as the
principle of superposition.
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Proposition 3.1.1 (Principle of Superposition). Let u and v denote two so-
lutions of the homogeneous PDE in (3.15). Then, for any constants ¢; and cq,
the functions cju + cov is also a solution of (3.15).

Proof: Since L is a linear differential operator, it follows that
L(ciu + cov) = ey Lu + coLv.

Thus, if u and v solve (3.15), it follows that
L(cyu + cov) = ¢10 4 ¢20 = 0,

which shows that ciju + cov solves (3.15). W

3.2 Classification of Second Order PDEs

Laplace’s equation (3.9), the one-dimensional wave equation (3.10), and the
one—dimensional diffusion equations (3.11) are second order PDEs. They are
classified as elliptic, hyperbolic and parabolic PDEs, respectively. In this
sections we study the rationale of that classification as it applies to the general
second order PDE in two variables:

Cl(.f, y7 U, uzv uy)uzx + b(x’ y7 U, u:C7 uy)u:cy + C(Jj, y7 U, u:C7 uy)uyy = d (316)
We begin with the special case of the linear equation
a(x, y)um + b(l‘, y)uzy + C(.T, Z/)Uyy = d(xa y)? (317)

where a, b, c and d are continuous functions defined in some opens subset, R, of
R2. The classification of the equations of the type in (3.16) or (3.17) is based on
properties of curves in R associated with the equations; these curves are called
characteristic curves. We begin with a curve, I, in R parametrized by a map
v: I — R2?,

o A(t) = ((t),y(),  fortel,

where I is some interval of real numbers; see Figure 3.2.1. Suppose we are
trying to solve the linear PDE in (3.17) subject to information about w given
on the curve I'. Specifically, suppose we are given the values of w and its first
derivatives on I'; we can specify this conditions these condition on u by the
equations

u(z(t),y(t)) = uo(t), fortel, (3.18)

ug(z(t),y(t)) = f(t), fortel, (3.19)
and

uy(z(t),y(t)) = g(t), fortel, (3.20)

where u,, f and g are given continuous functions on I. If we assume, in addition,
that f and g are C*° functions, we can in theory obtain information about the
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Figure 3.2.1: Characteristic Curves

second order derivatives, Uuyz, Ugy and uy,, of u (and higher order derivatives)
on I'. Is this can be done, we can attempt to construct a solution of the PDE in
(3.17) by building Taylor series expansions around every point on I' using the
values of u and its derivatives based on the conditions in (3.18), (3.19) and (3.20)
and derivatives of the expressions in (3.19) and (3.20). The first step in this
construction consists of taking the derivatives of derivatives of the expressions
in (3.19) and (3.20) and combining these with the information provided by the
PDE (3.17) to obtain the linear system

T Ugy + Y Uy = f
T Ugy + Y Uyy
aUgy + bUgy + CUyy =

(3.21)

QU Q-

)

for the unknowns ., ugzy and uy, on I', where a dot on top of a variable
denotes derivative with respect to t:

dx df . dg

. .ody
x—avy—a7f—% and g_dt'

Note that the system in (3.21) can be written in matrix form as

z gy 0 U f
0 = vy Ugy | = 9] - (3.22)
a b c Uyy d

The matrix equation in (3.22) can be solved for the second derivatives of u, in
terms of the data (f,g,d) on I, provided that the determinant of the matrix

QO R
Sl DNSH

0
i (3.23)
C
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is not zero. The case in which the determinant of the matrix in (3.23) yields
the equation
a(y)? — by + c(¢)? = 0. (3.24)

Dividing the equation in (3.24) by #?and using the fact that

y_dy
z dz’
by the Chain Rule, we obtain the ordinary differential equation (ODE)

dy 2 dy _
a (dm) — b% +c=0. (3.25)

We shall refer to the ODE in (3.25) as the characteristic equation to the PDE
in (3.17). Solutions to the ODE in (3.25) are called characteristic curves of

d
the PDE in (3.17). Assuming that a # 0 in R, we can solve for Yo (3.25) to

dx
dy b=+ +vb?—4dac
dr 2a '
We have three possibilities, depending on whether b? — 4ac is positive, zero, or
negative.

If b> — 4ac > 0, then the PDE in (3.17) has two families of characteristic
curves given by the solutions to the two ODEs in (3.26). In this case we say
that the PDE in (3.17) is hyperbolic.

If b> —4ac = 0, then the PDE in (3.17) has one family of characteristic curves
given by the solution to the ODE

get
(3.26)

dy b
dr  2a’
In this case we say that the PDE in (3.17) is parabolic.
If b> — 4ac < 0, then the ODE in (3.25) has no real solutions. Thus, the

PDE in (3.17) has no (real) characteristic curves. In this case we say that the
PDE in (3.17) is elliptic.

Example 3.2.1 (The One-dimensional Wave Equation). In the case of the
linear second order equation

gy — U = 0, (3.27)

describing small amplitude vibrations of a string that we derived in Section 2.3.3
(see the PDE in (2.143), a = ¢, b = 0 and c in (3.25) is —1 (in this case t is
playing the role of y). We therefore get that b? — 4ac = —4(c?)(—1) = 4¢*> > 0;
so that the equation in (3.27) is hyperbolic. For this PDE the equations for the
characteristic curves in (3.26) yields

dt 2¢c

dr o 2¢2’
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o a1
= =4
dx ¢’
which we can rewrite as p
T
— = +c. 3.28
o c (3.28)

The equations in (3.28) is a pair of ODEs that can be solved to yield the two
families of curves

x=ct+¢, (3.29)

and
x=—ct+mn, (3.30)

where £ and n are the parameters for each of the families of characteristic
curves in (3.29) and (3.30). The family of characteristic curves described by
the equations in (3.29) consists of parallel lines of (positive) slope 1/c in the
rt—plane with z—intercept £ € R. Some of those characteristic curves are shown
in Figure 3.2.2.

Figure 3.2.2: Characteristic Curves of uy = c?ugs

The family of characteristic curves described by the equations in (3.29) con-
sist of parallel lines of (negative) slope —1/c in the zt—plane and z—intercept
mR; some of theses curves are sketched in Figure 3.2.3.

Figure 3.2.4 contains a sketch of both sets of characteristic curve in the same
graph. We will see in Example 4.1.1 of Section 4.1 how to use the two sets of
characteristic curves in Figure 3.2.4 to construct a solution to the initial value
problem to the one-dimensional wave equation.
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Figure 3.2.3: Characteristic Curves of uy = c?ugs

Figure 3.2.4: Characteristic Curves of uy = c?ugs



Chapter 4

How are PDEs Solved?

There is really no general theory for solving any given PDE of the form in (2.1),
F(z,u,Upy s Uy Ugyzgs - - o s Uy - - -) = 0.

Approaches to the construction of solutions of PDE problems are determined
by the types of PDEs and the geometric properties (e.g., symmetries) of the
equations and/or domains in which the problems are posed. In this chapter we
present some of those approaches. Emphasis will be placed on a few general
principles that can aid us when looking for solutions of PDEs.

We will begin with an approach that uses knowledge of the characteristic
curves of the equations. We will then look at approaches that exploit any
symmetries that the equations or domains in the problems might have. We will
then look at methods of solutions for linear equations based on the principle of
superposition.

4.1 Using Characteristic Curves to Solve PDEs

In Section 3.2 we defined characteristic curves for second order PDEs in two
variables, and saw how characteristic curves can be used to come up with a
classification scheme for those equations. In this section we see how to use
characteristic curves to construct solutions to certain types of PDEs in two
variables. We begin with the example of the one-dimensional wave equation.
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4.1.1 Solving the One—Dimensional Wave Equation

Example 4.1.1 (Solving the One-Dimensional Wave Equation). We consider
the initial value problem in the entire real:

1
umz—guttzo, for x e R,t > 0,

u(z,0) = f(z), for all z € [0, L];
ui(x,0) = g(x), for all z € [0, L],

where f and g are given continuous functions defined in R.
In Example 3.2.1 in the previous section we showed that the PDE in (4.1)
has two families of characteristic curves given by

z=ct+E, (4.2)

and
x=—ct+n. (4.3)

These families of curves consist of parallel straight lines in the xt—plane of
slope 1/c and of slope —1/¢, respectively. We will see in the next section that
characteristic curves carry information about solutions of the equation from one
point on the curve to another point on the same curve. This suggests that we
we consider the PDE in (4.1) along the curves given in (4.2) and (4.3). We can
do this my considering the parameters £ and 7 in (4.2) and (4.3) as a new set

of variables,

=z —ct, (4.4)
and

n=x+ ct. (4.5)

If we are give a solution, u, to the PDE in (4.1), we can use the change of
variables provided by (4.4) and (4.5) to define a function, v, of £ and 7 in terms
of u by means of

v(&,m) = u(z,t), (4.6)
where x and ¢ can be obtained in terms of £ and 6 by solving the linear system
rx—ct = ¢

rz+c = n,
so that
xr = L + 1{
2Ty
(4.7)

1 1

t = —n——C¢.

2cn 2c€

Alternatively, we can rewrite (4.6) as

u(z,t) = v(&n), (4.8)
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where £ and 7 are given by (4.4) and (4.5), respectively.

Assume that u € C?(R?) solves the PDE in (4.1). We would like to derive
a PDE satisfied by the function v defined in (4.6) and (4.7). The PDE that v
will satisfy will be expressed in terms of the new variables £ and 7. In order to
do this, we use (4.8) and the Chain Rule to get

23 on
Ug = Vg5 + Ui gy (4.9)
where o¢ 5
s _ on _
T 1 and o 1, (4.10)

by virtue of (4.4) and (4.5). Thus, substituting the expressions in (4.10) into
(4.9),
Uy = Ve + Vp. (4.11)

Next, take partial derivative with respect to x on both sides of (4.11) and use
the Chain Rule to get

o] + o)

Ugy

o0& on o0& an
Vee 5 + Ven g, + Ung 5 + Unn g

so that, using the expressions in (4.10) and the fact that mixed partial deriva-
tives, vg, and vy, of C? functions are equal,

Ugy = Veg + 2V + Upyp- (4.12)

Similar calculations to those leading to (4.12) can be used to obtain an
expression for u;;. Indeed, take partial derivative with respect to ¢ on both
sides of (4.8) and use the Chain Rule to get

0 0
Uy :v£3—§+vna—1t77 (4.13)
where o 9
95 _ _ an _
9 = and il (4.14)

by virtue of (4.4) and (4.5). Thus, substituting the expressions in (4.14) into
(4.13),
U = —Cvg + cuy,. (4.15)

Next, take partial derivative with respect to ¢ on both sides of (4.15) and use
the Chain Rule to get

LASNANS
e = Gyl T Gy

9¢ o 9¢ I
TV T engy + CUne o + CUm gy
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thus, using the expressions in (4.14), we get
U = 027)55 — 02U57, — 021),,5 + CQU’rma
or
ute = *[vge — 20y + V), (4.16)
where we have used the equality of the mixed second partial derivatives.

Since we are assuming that u solves the PDE

1
Ugpgr — ?utt = 0, (417)

it follows from (4.12), (4.16) and (4.17) that v solves the second order PDE
vey = 0. (4.18)

Note that the PDE in (4.18) is also a hyperbolic, second order, linear PDE
(in this case a = ¢ = 0 and b = 1, so that > — dac = 1 > 0). In contrasts
with the hyperbolic PDE in (4.17), the PDE in (4.18) can be solved directly by
integration. Indeed, writing (4.18) as

0
677][1)6] =0,
we see that
ve = h(€), (4.19)

where h is an arbitrary C* function of a single variable; and writing (4.19) as

0
55[@(5777)] =0,
we see that
v(&n) = F(&) + Gn), (4.20)

where F' is an antiderivative of i (i.e., F’ = h), and G is an arbitrary C? function
of a single variable.

The function v defined by the expression in (4.20), where F' and G are
arbitrary C? functions of a single variable, is the general solution to the PDE
in (4.18). We can use it, along with (4.8), (4.4) and (4.5) to obtain the general
solution to the one-dimensional wave equation

Uy = ugy, forzeR, andteR; (4.21)

namely,
u(z,t) = F(x —ct) + G(z + ct), (4.22)

where F and G are arbitrary C? functions of a single variable. The expression in
(4.22) is known as d’Alembert’s solutions to the one-dimensional wave equation.
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We now use the general solution (4.22) to the one-dimensional wave equation
in (4.21) to construct a solution to the initial value problem in (4.1). In this
construction we will need to assume that f is C? and g is C.

Differentiate the expression for u in (4.22) with respect to ¢ to obtain

ug(z,t) = —cF'(z — ct) + G (z + ct), (4.23)

where we have applied the Chain Rule. Next, apply the initial conditions in
(4.1) to obtain the equations

{ F(z)+ G(x)
—cF'(z) +cG'(z) = g(2),

|
~
—
g

(4.24)

for all z € R, where we have used (4.22) and (4.23).
Next, differentiate the first equation in (4.24) and divide the second equation

by ¢ to get
Fl(w)+G'(x) = f'(2);
{ —F'(z)+G(x) = g(x)/ec, (4.25)

for all x € R, where we have used the differentiability assumptions on f.
Adding the equations in (4.25) then yields the following equation for G':

(@) = f(2) + %g(m), for all € R. (4.26)

Integrating the equation in (4.26) then yields

1 1 [*
G(x) = §f($) + 2—/ g(z) dz+ Cy, forall z € R, (4.27)
€Jo
where (7 is a constant of integration.
Similarly, subtracting the second equation in (4.25) from the first equation
and integrating yields

1 1

_ %/ g9(z) dz+ Cy, for all x € R, (4.28)
0

where Cs is a constant of integration.
Next, substitute the functions in (4.28) and (4.27) into the formula for u(x, t)
in (4.22) to get

1 x+ct
u(a,t) = S[F (@ — ) + Fla+et)] + o / g(2) dz+ Cs, (4.29)
r—ct
for all z € R, where C3 = C; + Cs.
It follows from the first initial condition in (4.1) that the constant C5 in
(4.29) must be 0, so that

1 1 x+ct
u(z,t) = i[f(x—ct)—i—f(x—kct)]—l—?c/ g(z)dz, forxzeR, teR, (4.30)

r—ct
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I}

/f/////n x

Figure 4.1.1: Characteristic Curves of uy = c?ugs

solves the initial value problem (4.1) for the one-dimensional wave equation.

In order to understand what the solution to the IVP in (4.1) displayed in
(4.30) is saying, refer to Figure 4.1.1. Suppose we want to compute the value
of u at z and at time t > 0; that is, u(z,t), where (x,t) is a point in the
xt—plane. Two characteristic curves cross at that point: one with x—intercept
labeled € in Figure 4.1.1, and the other with z—intercept labeled n in the figure.
These correspond to the values x — ct and x + ct, respectively. According to the
expression for u in (4.29), the value of u at (z,t) is the average the values of the
initial data f at those two points, plus ¢ times the average of all the values of
the initial speed, g, over the interval [¢, 7)].

For the special case in which the initial speed is zero throughout R, we obtain
from (4.30) the special form

u(x,t) = =[f(x —ct) + f(z +ct)], forxzeRandteR. (4.31)

DN | =

1
The function u in (4.31) is made up of two traveling wave forms: if(x —ct),

1
which moves to the right with speed ¢, and 3 f(x+ct), which moves to the left

with speed c. We illustrate this for the spacial case in which the initial data
fis in C*(R), with supp(f) = [—1,1]; see Figure 4.1.2. Figure 4.1.3 shows
the supports of the initial data and two of the traveling waves at some time
t > 0 later with ct > 2. Figure 4.1.4 shows the two pulses traveling in opposite
directions at that instant of time. Note that the two pulses in Figure 4.1.4 have
half of the amplitude of the initial pulse in Figure 4.1.2.
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f
1 1 x
Figure 4.1.2: Initial Data
t
1 1 x

Figure 4.1.3: Traveling Waves

4.1.2 Solving First—Order PDEs

In this section we define characteristic curves for the first order equation in two
variables

ou ou
a('xayau)% +b(xay7u)aiy - C(IE,y,U), (432)

where a, b and ¢ are C* functions of three real variables, (z,v, z), where (z,y)
lies in an open region, R, in R?. For the case in which coefficient functions, a,
b and ¢, in (4.32) depend only on (z,y) € R, the PDE in (4.32) turns into the
linear PDE:

ou ou
a(z, y)% + b(x, y)a*y =c(z,y), for (z,y) € R. (4.33)

We will first define the concept of characteristic curves for the PDE in (4.33).
The discussion here is analogous to the discussion on characteristic curves for
the second order equation in (3.17) on page 46. As in that discussion, the
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Figure 4.1.4: Traveling Pulses

starting point is smooth curve, I, in R parametrized by a map v: I — R?,
t—y(t) = (z(t),y(t)), fort eI,

where [ is some interval of real numbers; see Figure 3.2.1. Suppose we are trying
to solve the linear PDE in (4.33) subject to an “initial” condition on the curve
I" given by

u(z(t),y(t)) = f(t), fortel, (4.34)
where f is a known smooth function defined on I. The idea is that, given the
information in (4.34), we can use that information together with the PDE in
(4.33), to obtain the values of the derivatives, u, and u,, of w on I'. Once
these are obtained, we can differentiate (4.34) and the PDE in (4.33) to obtain
information of the second derivatives on I'. Since we are assuming that the
coefficients, a, b and ¢, and the “initial” data, f, are C'* functions, we can,
in theory, proceed in this fashion to obtain information about the higher order
derivatives of w on I'. If this can be done, we can attempt to construct a solution
of the PDE in (4.33) by building Taylor series expansions around every point
on I" using the values of u and its derivatives. The first step in this construction
is possible provided that the linear system

{ Pup gy = f (4.35)

au, + buy=c,

for the unknowns u,, and u, on I' can be solved. The system in (4.35) can be
written in matrix form as

(D)) -0) 439

The matrix equation in (4.36) can be solved for the first derivatives of u, in
terms of the data f on I', provided that the determinant of the matrix

Ty
) s
is not zero. The case in which the determinant of the matrix in (4.37) is zero

yields the equation for the characteristic curves of the first order PDE in (4.33):
bt —ay = 0. (4.38)
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Observe that the ODE in (4.38) is equivalent to the system of first order ODEs:
dx

E = a(.’I}, y)7
(4.39)
dy

The system of ODEs in (4.39) defines the characteristic curves for the first—order
linear PDE in (4.33). Since, we are assuming that a and b ar C* functions,
solutions to the system of first—order ODEs in (4.39) is guaranteed to have a
unique solution around ¢, € R subject to the the initial condition (z(t,), y(t,)) =
(%o, Yo). Thus, in theory, characteristic curves for the PDE in (4.33) can always
be computed.

Suppose that we have computed the characteristic curves for the PDE in
(4.33) according to the system of ODEs in (4.39). Let one of those characteristics
be given by the parametrization

s (2(t),y(t), fortel, (4.40)

where [ is a maximal interval of existence. Suppose that w is a solution of
the PDE in (4.32) and consider the values of u on the characteristic curve
parametrized by (4.40),

u(z(t),y(t)), fortel. (4.41)
It follows from (4.41) and the Chain Rule that

d _Ou dx  Ou dy
Gl = 52 - T+ 5

so that, using the definition of the characteristic curves in (4.39),

G ue0,5(0)] = ) 5% + ¥a) 5 = clz.)

by virtue of the PDE in (4.33). We have therefore shown that if u is a solution
of the PDE in (4.33), then u must also solve the ODE

du
dt
along the characteristic curves. This suggests a way to construct a solution to
initial value problem for the PDE in (4.33) where the initial data is given on a
curve that is not a characteristic curve. This approach is known as the method
of characteristic curves.
Suppose we want to solve the IVP:

=c(x,y) (4.42)

a(z,y)us +b(z,y)u, = c(z,y) in Ry
(4.43)
v = f onl,
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where I" is a curve in R that is not a characteristic curve. The method of
characteristic curves consists of, first, finding the characteristic curves of the
PDE in (4.43) by solving the system of ODEs in (4.39). Then, solve the ODE
in (4.42). We illustrate this method by solving the following IVP for the one—
dimensional convection equation.

Example 4.1.2 (One-Dimensional Convection Equation). Consider the IVP

@ c@ = 0 forzeRandt>0;
u(z,0) = f(x) forxeR,

where c is a nonzero constant and f is a given C' function defined in R.
In this example ¢ is playing the role of y, so that the equations for the
characteristic curves in (4.39) become the single ODE

dx
el 4.4
= (1.45)
which can be solved to yield

x=ct+E, (4.46)

where € is a real parameter indexing the characteristic curves. For the case in
which ¢ > 0 the characteristic curves for the PDE in (4.44) are straight lines of
positive slope 1/c¢ in the xzt-plane and z—intercept £. Some of these curves are
sketched in Figure 4.1.5. Along each characteristic curve in (4.46), a solution

t

T
Figure 4.1.5: Characteristic Curves of u; + cu, =0
to the PDE in (4.44) solves the ODE
d
“_y (4.47)

5_7
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according to (4.42). Alternatively, we can obtain (4.47) by computing

d dx
lu@®). 0] = ue- oty
= Ut + Cu,
= ()7

where we have used the Chain Rule, (4.45), and the assumption that u solves
the PDE in (4.44).
We can solve the ODE in (4.47) to obtain that

u(z,t) = constant along characteristic curves (4.48)

Since the characteristic curves in (4.46) are indexed by &, we can rewrite (4.48)
as
u(e,t) = F(E), (4.49)

where F is an arbitrary C* function of a real variable. Next, solve for £ in (4.46)
and substitute into (4.49) to obtain the general solutions to the PDE in (4.44),

u(z,t) =F(x —ct), forzeRandteR. (4.50)

For the case in which ¢ > 0, (4.50) describes a traveling wave moving to the
right with speed c.
Finally, using the initial condition in (4.44), we get that

F(x)= f(x), forallzeR,
so that
u(z,t) = f(xr —ct), forxeRandteR,
is a solution to the IVP in (4.44).

The method of characteristic curves illustrated thus far also applied to the
quasi-linear equation in (4.32). In this case, the equations to the characteristic

curves read
dx

E = a‘(x7 Y, ’LL);
(4.51)
d
dfth = b(z,y,u).
Along characteristic curves u solves the ODE
d
di: = c(z,y,u). (4.52)

In general, we might not be able to obtain an explicit formula for a solution of
the PDE in (4.32) based on the system (4.50)—(4.52). But, in some cases, we
might be able to obtain an expression that gives u(z, y) implicitly. We illustrate
this in the following example.
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Example 4.1.3. Find a solution to the initial value problem

{ut—&—uux = 0, for x € R,t > 0;

u(xz,0) = f(z), forxzeR, (4.53)

Here t is playing the role of y in the general discussion. In this case, the equation
for the characteristic curves is

dx

il (4.54)
In order to solve the ODE in (4.54) we need information on the function u, which
is what ultimately we are trying too determine. The information is provided by
the differential equation that w satisfies along characteristic curves; namely,

du

— =0,

dt
which implies that 4 must be constant along characteristic curves. Thus, we

can set
u=F(¢), (4.55)

where £ is a parameter indexing the characteristic curves, and F' is an arbitrary
C! function of a single variable. Substituting the expression for u in (4.55) into
the equation for the characteristic curves in (4.54) yields

dx

which can be solved to yield the equation for the characteristic curves of the
PDE in (4.53):
x=F(Et+¢E. (4.56)

Observe that in this case the characteristic curves are straight lines in the xt—
plane with z—intercept ¢ and slope 1/F(&). Note that the slopes of the charac-
teristic curves depend on the value of the solution on the characteristic curves,
according to (4.55).

We can solve for £ in (4.56) and use (4.55) to get

E=x—u(z, )t

and then substitute this value into (4.55) to obtain an implicit formula for
u(zx,t):
u(z,t) = F(z — u(z,t)t), forzeRandt>0. (4.57)

Next, use the initial condition in (4.53) to obtain from (4.57) that
F(z) = f(z), forallzeR,

so that
u(z,t) = f(r —u(z,t)t), forzeRandt>0,

provides an expression that defines u(z,t) implicitly.
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In the remainder of this section, we present more examples on the use of
characteristic curves to solve first order PDEs.

Example 4.1.4. Find a solution to the initial value problem

U+ Uy = U, forx e R, t > 0;
{ u(z,0) = f(x), forzeR, (4.58)
where f is a given C! function.
The equation for the characteristic curves in this example is
dx
el |
dt ’
which can be solved to yield
r=t+¢&. (4.59)
Now, along characteristic curves, u solves the ODE
du
dt
so that
u = F(¢)e, (4.60)

where F is a C'! function of a real variable, and ¢ is the parameter indexing the
characteristic curves in (4.59).
Next, solve for ¢ in (4.59) and substitute into (4.60) to get the general
solution,
u(z,t) = F(x —t)e!, forx € Randt >0, (4.61)

for the PDE in (4.58), where F is an arbitrary C! function. The initial condition
in (4.58) can now be used to obtain from (4.61) that

F(z) = f(x), forallzeR.
It then follows from (4.61) that
u(z,t) = f(x —t)e!, forzx€Randt >0,
solves the initial value problem in (4.58).

Example 4.1.5. Find the general solution to the linear partial differential
equation

0 0
xa—z + yafZ =2u, for (z,y) € R (4.62)
The equations for the characteristic curves are
dx
= =
dt '
(4.63)
dy
= = .

dt
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Using the Chain Rule, we obtain from (4.63) the ODE

d
% - % for a % 0. (4.64)
The ODE in (4.64) can be solved by separating variables to yield

y= ¢, (4.65)

where £ is a real parameter. Thus, the characteristic curves for the PDE in
(4.62) is a pencil of straight lines through the origin in R2.
Now, along the characteristic curves for the PDE in (4.62), u solves the ODE

du
— = 2u. 4.
o u (4.66)

Next, combine the ODE in (4.66) with the first ODE in (4.63) to obtain the
ODE J 5
ﬁ = ;u’ for x # 0. (4.67)
The ODE in (4.67) can be solved by separation of variables to yield
u=F(&a?, (4.68)

where F is an arbitrary C! function, and ¢ is the parameter indexing the char-
acteristic curves in (4.65).

Solving for ¢ in (4.65) and substituting into (4.68) then yields the general
solution,

u(z,y) =F (%) 2, forx #0.

4.2 Using Symmetry to Solve PDEs

A partial differential equation is said to be invariant under a group of transfor-
mations if its form does not change after a changing variables according to the
transformations in the group. We illustrate this idea by looking at symmetric
solutions to Laplace’s equation in R2.

4.2.1 Radially Symmetric Solutions to Laplace’s Equation
Suppose that u is a C? solution of Laplace’s equation in R?,

Uz + Uy = 0. (4.69)
We consider what happens to the equation in (4.69) when we change to a new

set of variables, (767) , given by a one—parameter group of rotations given by

M = (cos¢ —sincﬁ); (4.70)

¢ sing  cos¢

the matrices
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that is, rotations in the counterclockwise sense by an angle ¢. We set

(f}) - M, (;) , (4.71)

& = xcos¢—ysing;
{77 = xsin¢+ ycosao, (4.72)

or

in view of (4.70) and (4.71). The equations in (4.72) can be solved for x and y
in terms of £ and 7 by inverting the matrix in (4.70),

_1 cos¢p sing
M¢> :M¢:< )7

—sin¢g cos¢

so that : 5
r = &cos¢+ nsin @,
{ y = —Esing+ ncoso. (4.73)

In view of the equations in (4.73), we can think of u as a function of £ and 7,
which we will denote by v(&,n); so that

v(&,m) = u(z,y), (4.74)
where = and y on the right—hand side of (4.74) are given in terms of £ and 7 in
(4.73).

Applying the Chain Rule, we obtain from (4.74) that
9¢ In
Uy = vg% + Un%7
where 9 5
8—5; =cos¢ and 8—2 = sin ¢, (4.75)
in view of the equations in (4.72). Thus,
Uy = COS ¢ Ve + sin ¢ vy, (4.76)

Similar calculations using (4.74) and (4.72) yield
Uy = —sin¢ ve + cos @ vy, (4.77)

Next, differentiate on both sides of (4.76) with respect to x and apply the Chain
Rule to get

0 0 . 0 0
Ugy = COSQP [U&@i + vgnagﬂ + sin ¢ {vngai + Unn&Z] ,

so that, using (4.75) and the fact that the mixed second partial derivatives of
C? functions are equal,

Upy = €08 ¢ Vg + 28in ¢ cos ¢ vg, + sin® ¢ vy, (4.78)
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Similarly, taking the partial derivative with respect to y on both sides of (4.77),

and using
o€
— = —sing and — =coso,
Ay Ay

which follow from (4.72), we obtain from (4.77) that

on

Uyy = sin? ¢ Vge — 2sin ¢ cos ¢ vey + cos? ¢ U (4.79)
Thus, adding the expressions in (4.78) and (4.79),
Ugy + Uyy = Veg + Upy.
Hence, if u solves Laplace’s equation in (4.69), then v solves the equation
Veg + Vg = 0,

which has the same form as Laplace’s equation. We therefore conclude that
Laplace’s equation in (4.69) is invariant under rotations. This suggests that we
look for solutions of (4.69) that are functions of a combination of the independent
variables that is independent of the rotation parameter ¢. To obtain such a
combination, use (4.72) to compute

E+n? = (xcosg—ysing)? + (zsing + ycos ¢)?

= 22cos? ¢ — 2zycos psin ¢ + y? sin® ¢
+2 sin? ¢ + 22y sin ¢ cos ¢ + y2 cos? ¢
= 22+

so that 22+y? or y/22 + y2 are combinations of the independent variables, x and
1y, that do not depend on ¢, the rotation parameter; that is, they are rotationally
invariant. We will therefore look for solutions of the Laplace’s equation in (4.69)
that are of the form

u(z,y) = f(v/22 +y?), for (x,y) € R?, (4.80)

where f is a C? function of a single variable. Functions of the form in (4.80)
are said to be radially symmetric.

Example 4.2.1 (Radially Symmetric Solutions of Laplace’s Equation in R?).
Let Q = {(z,y) € R? | (z,y) # (0,0)}. Find all radially symmetric solutions of
(4.69) in R.

Solution: We look for solutions of
Ugg + Uyy =0, in Q, (4.81)

of the form
u(z,y) = f(r), for (z,y) € R?, (4.82)
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where
r=+va?+y?, (4.83)
and f: (0,00) — R is a C? function.
Write the expression in (4.83) r? = 22 4 y? and differentiate on both sides
with respect to z, applying the Chain Rule to get

or
2r— =2
r o T,

from which we get that

or «x

—=—, f > 0. 4.84

or r o (4.84)
Similar calculations show that

0

a—; = %, for r > 0, (4.85)

Next, use the Chain Rule to obtain from (4.82) that

or
_ gt
ua: - f (T) axa
so that, by virtue of (4.84),
Uy = Ef’(?"), for r > 0. (4.86)
r

Similar calculations using (4.82) and (4.85) yield
uy = 2f'(r), forr>o0. (4.87)
r

Next, use the Product Rule, the Quotient Rule, and the Chain Rule to obtain
from (4.86) that

S 5 ) g
Upy = *f/(T) _|_ T 61‘T2 83: ;
thus, using (4.84),
2 2
Ugy = %f’(r) + %f”(r) — %f’(r), for r > 0. (4.88)

Similar calculations, using (4.85) and (4.87) yield

I SR TR ; A
uyy = L70) + )~ L), for >0 (1.59)
Next, add the expressions in (4.88) and (4.89) to obtain

$2+y2

2 2
" vty
1" (r) =

r3

2
Ugg + Uyy = ;f/(r) + f'(r), forr>0,

r
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or using the fact that z2 + 3% = r2,

e -ty = 2 () 4 1)~ ), forr >0,
or
U + Uyy = [ (1) + %f’(r), for » > 0. (4.90)

It follows from (4.90) that, if u in (4.82) solves Laplace’s equation in R, then f
solves the second order ODE

() + %f’(r) =0, forr>0,
or

rf"(r)+ f'(r)=0, forr >0,
which can be rewritten as

4
dr
Integrating the equation in (4.91) yields

[rf'(r)] =0, forr>0. (4.91)

rf'(r) =cy, forr>0,

and some constant c1, or

Fr) = ‘;i for r > 0, (4.92)

and some constant ¢;. Integrating the equation in (4.92) yields
fr)=cilnr+cy,  forr >0, (4.93)

and constants ¢; and cs.
It follows from (4.82) and (4.93) that radially symmetric solutions of (4.81)
are of the form

u(z,y) = c1lnv/2? +y% + ¢, for (z,y) # (0,0), (4.94)
and constants ¢; and cs. O

Example 4.2.2 (The Dirichlet Problem in an Annulus). For positive numbers,
r1 and ro, with r; < rg, define Q2 to be the annulus

Q={(z,y) eR? | < Va2 +y2 <r}. (4.95)

Denote by C.. the circle of radius r centered at the origin.
Solve the boundary value problem:

Uz + Uyy 0, in s
u = a, onC; (4.96)
u = b, onC,,

where a and b are real constants.
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Solution: Since the annulus © in (4.95) has radial symmetry, and the
boundary conditions in (4.96) are also radially symmetric, it makes sense to
look for radially symmetric solutions of problem (4.96). According to the result
of Example 4.2.1, these are of the form given in (4.94); namely

u(z,y) =c1lnv/a?2 +y% +co, for (z,y) € Q, (4.97)

for some constants ¢; and cs.
The boundary conditions In (4.96) then imply that

cilnri +cey=a (4.98)

and
ci1lnry +co = b, (4.99)

in view of (4.97). Solving the system of equations in (4.98) and (4.99) for ¢;

and co yields

o — b—a
= 111(’/‘2/7‘1)7

and
alnry —blnrg

ID(TQ/Tl)

Substituting these values for ¢; and ¢y into (4.97) yields a solution,

Cy =

b—a alnry —blnry
————InVa2 2 —————,
In(rq/r1) y In(ry/r1)

to the BVP in (4.96). The result of Problem 5 in Assignment #5 then shows
that the function u given in (4.100) is the solution of the BVP in (4.96). O

u(z,y) = for (z,y) € Q, (4.100)

4.2.2 Dilation Invariant Solutions to Laplace’s Equation

In this section we explore the effect of the change of variables

(=G ) w0

for nonzero real constants o and 3, on the two—dimensional Laplace’s equation
Ugz + Uyy =0,  in RZ. (4.102)
The change of variables in (4.101) corresponds to

az;

By, (4.103)

—
[ i
Il

or

r = {/o
{y N (4.104)
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Setting
v(&n) = u(z,y), (4.105)

where z and y are given in terms of £ and n by the equations in (4.104), we
compute, using the Chain Rule, we obtain from (4.105) that

o0& on

Uy = 05% + vn%,

where, by virtue of the equations in (4.103),

o€ on
s d ==
e a  an Ep 0,
so that
Uy = Q. (4.106)
Similarly,
Uy = Puy. (4.107)

Next, differentiate on both sides of (4.106) and apply the Chain Rules as in the
previous calculations to obtain

Upy = QP vge. (4.108)
Similarly, we obtain from (4.107) that
Uyy = B0y, (4.109)
Adding (4.108) and (4.109) we obtain
UgaUyy = QVge + B0y, (4.110)
Thus, if u solves Laplace’s equation in (4.102), we obtain from (4.110) that
?vge + By, = 0. (4.111)

It follows from (4.111) that Laplace’s equation in R? is invariant under the
scaling transformation in (4.101), provided that a? = 2. We will therefore set

a = =\in (4.101) to get
£\ z
(n) =D, (y) , (4.112)

where D) denotes the scalar matrix

A0
D>\Z<0 )\)7

for a nonzero parameter A. The transformations in (4.112) form a one-parameter
family of dilations corresponding to the change of variables

{g _ iz (4.113)
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Note from (4.113) that a combination of the variables that is independent of
the dilation parameter A is

ﬂ:g, for x # 0.
&z

This suggests that we look for solutions to Laplace’s equation in R? of the form

u(z,y)=f (%) ,  forxz#0, (4.114)
where f is a C? function of a single variable.
Set
s:%, for x # 0, (4.115)
so that, in view of (4.114)
u(z,y) = f(s), (4.116)

where s is given by (4.115).
We look for a solution to Laplace’s equation in R? of the form in (4.116)
where f is a C? function and s is as given in (4.115). Thus, assume that u

solves (4.102) and compute
0Os

.= ()2 4117
w=fs)5, (117)
where we have used the Chain Rule and where
Js Y
% = _ﬁ, fOI' x # O,
by virtue of (4.115), so that
s S
— = f . 4.11
o o fora £ 0 (4.118)
Substituting (4.118) into the right-hand side of (4.117) then yields
1
uy = ——sf'(s), forx#0. (4.119)
x
Next, differentiate with respect to 2 on both sides of (4.119) to get
1, 10s ,, 1 ,,.0s
Uss = 55 (s) g (s) Esf (s)a—z, for x # 0, (4.120)

where we have used the Product Rule and the Chain Rule. Then, substitute
(4.118) into the right—hand side of (4.120) to get

2s ,, s? "
Upw = ﬁf (s) + ﬁf (s), forx#£D0. (4.121)

Next, apply the Chain Rule to obtain from (4.116) that

0s

Uy = f’(s)a—y, (4.122)
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where

1
O _ 1 a0 (4.123)
dy =x
It then follows from (4.122) and (4.123) that

Uy = %f’(s), for z # 0. (4.124)

Differentiate on both sides of (4.124) with respect to y, apply the Chain Rule,
and use (4.123) to obtain

1
Uy = — f"(s), forxz#0. (4.125)
x
Next, add the expressions in (4.121) and (4.125) to get

1+ 52
2

2
Upg + Uyy = x—zf'(s) + f’(s), forax#0. (4.126)

It follows from (4.126) that, if u solves Laplace’s equation in R?, then f solves
the second order ODE

2 1+ s
SFE)+—5-f'(s)=0, fora#0,
or
(1+82)f"(s) +2sf'(s) = 0. (4.127)
In order to solve the ODE in (4.127), set
o(s) = £/(5), (4.128)
so that
oy dv
(1+5%) 7 + 250 = 0. (4.129)

The first order ODE in (4.129) can be solved by separating variables to yield

/ dU_—/mdS,

1
ln I’U| = ln (1_’_82> + Co, (4130)

or

for some constant c,.
Exponentiating on both sides of (4.130) and using the continuity of v we

obtain o

v(s) = 1552 for s € R, (4.131)
and some constant ¢;. It follows from (4.128) and (4.131) that

f'(s) = a for s € R,

14 s2’
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and some constant c¢1, which can be integrated to yield
f(s) = ciarctan(s) + co, for s € R, (4.132)

and constants ¢; and cs.
It follows from (4.114) and (4.132) that dilation—invariant solutions of Laplace’s
equation in R? are of the form

u(x,y) = ¢ arctan (%) +co, forxz#£0, (4.133)

and constants ¢; and c¢y. The result in (4.133) states that dilation—invariant
harmonic functions in R? are linear functions of the angle, #, the the point
(z,y), for (z,y) # (0,0), makes with the positive z—axis:

u = c10 + ca,

for constants ¢; and cs.

4.2.3 Dilation Invariant Solutions of the Diffusion Equa-
tion

In this section we look for dilation—invariant solutions of the one—dimensional

diffusion equation

ou 0%u
ot 0z’
where D > 0 is the diffusivity constant. We proceed as in Section 4.2.2 by finding

conditions on parameters o and 3 so that the diffusion equation in (4.134) is
invariant under the change of variables

forzr € Rand t >0, (4.134)

§ = ax
{ r o= Bt (4.135)
where af # 0.
Write
v(§,7) = u(x, ), (4.136)

where z and ¢ are given in terms of £ and 7 by inverting the system in (4.136),

o2 4

and use the Chain Rule to compute

U —v%—i—vﬁ
CT %0 T T o
%:a and @—0,
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so that
Uy = Qug. (4.137)

Similarly,
uy = B, (4.138)

Next, differentiate on both sides of (4.137) and apply the Chain Rules as in the
previous calculations to obtain

Upy = 0 vge. (4.139)
Using the expressions in (4.138) and (4.139) we obtain
uy — D gy = v, — Da2v§5,
so that, if u solves the diffusion equation in (4.134),
B, — Da*vge = 0. (4.140)

Hence, the diffusion equation in (4.134) is invariant under the change of variables
in (4.136) provided that
B =a? (4.141)

It follows from (4.140) and (4.141) that the diffusion equation in (4.134) is
invariant under the dilation

ar;

{f - (4.142)

It follows from (4.142) that combinations of the variables that are independent
of the dilation parameter, «, are
2 2
g—:x— or i:i, for >0 and ¢t > 0.
T t VTVt
Thus, in order to find dilation—invariant solutions of the one—dimensional diffu-
sion equation, we look for solutions of the form

x

u(x,t) = — ], fort>0, 4.143
@ =1(2) (4.143)

where f is a C? function of a single variable.

Set .
s=—, fort>0, 4.144
i (4.144)
so that, in view of (4.143)

u(z,t) = f(s), (4.145)

where s is given by (4.144).
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Differentiate on both sides of (4.145) with respect to z, using the Chain
Rule, to get

0s
— (22
where 9 )
s
% = %, for ¢ > 07 (4146)
by virtue of (4.144), so that
1
Uy = ﬁf’(s), for t > 0. (4.147)

Differentiate with respect to « on both sides of (4.147), use the Chain Rule, and
the result in (4.146) to get

1
Upy = gf”(s), for t > 0. (4.148)

Next, differentiate on both sides of (4.145) with respect to ¢, using the Chain
Rule, to get

0s
= f'(s)= 4.149
w=f%, (4.149)
where, by virtue of (4.144),
Os _ T
o 2t/
or, using (4.144),
Js s
—_— = ——= for ¢ . 4.1
T 5 for >0 (4.150)

Substitute the result in (4.150) into the right—hand side of (4.149) to get
u,:f%f@% for t > 0. (4.151)

It follows from (4.148) and (4.151) that, if u given in (4.145) solves the diffusion
equation in (4.134), then f solves the ODE

S ! D 1"
_2 _ = f
S F(s) = T1s), fort >0,

or

1 S !/
— = 4.152
1(5) + 5 f'(5) = 0 (4.152)
In order to solve the ODE in (4.152), set
o(s) = F'(s). (4.153)
so that J
Wit (4.154)
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The first order ODE in (4.154) can be solved by separating variables to yield

[do==[ 55 s

2

s
4D

or

In|v| = ——= + ¢, (4.155)

for some constant c,.
Exponentiating on both sides of (4.155) and using the continuity of v we

obtain

—s2/4D
)

v(s) = cre for s € R, (4.156)

and some constant ¢1. It follows from (4.156) and (4.153) that
F(s)=cre /4P for s € R,
and some constant c1, which can be integrated to yield
fls)=a /08 e /D gy 4 co, for s €R, (4.157)
and constants ¢; and cp. It follows from (4.143) and (4.157) that dilation—

invariant solutions of one-dimensional diffusion equation in (4.134) are of the
form

x/Vt )
u(z,t) = cl/ e * /4P dz 4 ¢y, forz € Randt >0, (4.158)
0

and constants ¢; and cs.



Chapter 5

Solving Linear PDEs

In Chapter 4 we saw two general approaches for finding solutions to first or
second order PDEs: using characteristic curves and looking for symmetric solu-
tions. In theory, these methods could be applied to nonlinear or linear equations.
In this chapter we explore methods that exploit the special structure provided
by linear PEDs. In Section 3.1 we saw the Principle of Superposition (Proposi-
tion 3.1.1 on page 46 in these notes), which states that linear combinations of
solutions to the homogeneous linear PDE

Lu =0,

where L is a linear differential operator, are also solutions. Thus, in principle,
we can use superposition to construct solutions of linear PDEs satisfying certain
conditions by putting together known solutions. We will see in this chapter that
this procedure can be carried out by adding together infinitely many solutions
in the form of a series or and integral transform. We will begin by solving the
vibrating string equation that we derived in in Section 2.3.3 and Section 2.4
using separation of variables and Fourier series expansions. In this chapter, we
will also look at a a special solutions that can be used as building blocks to
obtain solutions to initial and/or boundary value problems for a large class of
linear PDEs. These special solutions are known as Fundamental Solutions.

5.1 Solving the Vibrating String Equation

In this section we construct a solution of the initial-boundary value problem for
the one-dimensional, linear, homogeneous wave equation in (2.143); namely,

Uy — gy =0, forze (0,L) and t > 0, (5.1)
where c is a positive constant, subject to the boundary conditions
uw(0,t) =0, fort >0, (5.2)

7
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and
u(L,t) =0, fort>0, (5.3)
and the initial conditions
u(z,0) = f(z), forze]0,L], (5.4)
and
ut(x,0) =0, forx € [0, L], (5.5)

where f: [0, L] — R is a given, real valued, continuous function defined on the
interval [0, L].
We recall that the constant ¢ in (5.1) is given by

=, (5.6)

where p is the constant density of the string in units of mass per length, and 7
is the constant tension of the string in units of force.

The PDE in (5.1), together with the boundary conditions in (5.2) and (5.3),
and the initial conditions in (5.4) and (5.5), models the small amplitude vibra-
tions of a taut string of length L that is fixed at the end—points 0 and L of the
interval [0, L], that is plucked from rest from an initial shape given by the graph
of the function f. In this section we construct a solution of this initial-boundary
value problem, which we write in concise form as

Upt — gy = 0, for x € (0,L) and t > 0;

u(0,t) =u(L,t) =0, fort>0; (5.7)
u(z,0) = f(z), for x € [0, L];

u(z,0) =0, for x € [0, L].

At this point, we will assume that f is a continuous function that satisfies
f(0)=0 and f(L)=0.

As we refine the construction of a solution u: [0, L] X [0,00) — R of the system
in (5.7), we will make further assumptions on f.

We look for solutions, w: [0, L] x [0,00) — R, of the partial differential
equation in (5.1) that have continuous, second partial derivatives with respect
to t and with respect to x. We first consider functions of a special form

u(z,t) = y(z)h(t), forxze€l0,L], and t >0, (5.8)

where y € C?([0,L],R) and h € C?%([0,00),R); that is y: [0,L] — R is a
real valued function defined on [0, L] that has continuous second derivative
in (0,L), which can be extended to a continuous function on [0, L]; similarly,
h:[0,00) — R is a real valued, continuous function defined on [0, 00) that is
twice differentiable in (0,00) with continuous second derivative that can be
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extended to a continuous function on [0,00). We will also require that these
solutions satisfy the boundary conditions in (5.2) and (5.3).

Once we find solutions of (5.1) of the form given in (5.8) that satisfy the
boundary conditions in (5.2) and (5.3), we take advantage of the fact that the
PDE in (5.1) is linear to construct linear combinations of these solutions, which
will also be solutions, to approximate solutions that satisfy the initial conditions
in (5.4) and (5.5). This is the general outline of the procedure to be used in
this section, which is know in the literature as the method of separation of
variables.

5.1.1 Separation of Variables

Suppose that u: [0, L] x[0, 00) — R is of the form in (5.8), where y € C?([0, L], R)
and h € C?%(]0,00),R). Then, the second partial derivatives, us and g, of u
are given by

Uze (2, t) =y (2)h(t), forxz € (0,L), and t > 0, (5.9)

and
ug(x, t) = y(x)h" (t), for z € (0,L), and ¢t > 0. (5.10)

If we require that u be a solution of the PDE in (5.1), substituting the expression
for ugy in (5.9) and for uy in (5.10) into (5.1) then yields

y(x)h" (t) = 2y (x)h(t), for x € (0,L), and t > 0. (5.11)

Next, divide on both sides of the equation in (5.11) by c?y(z)h(t) (assuming
that c2y(x)h(t) # 0) to obtain

W) _ y'(x)

ch(t)  y(x)

provided that y(z) # 0 and h(t) # 0.

For the expression in (5.12) to be true for all € (0,L) and ¢ > 0 at which
the denominators in (5.12) are not 0, it must be the case that both sides of the
equation in (5.12) must be equal to a constant. The reason for this is that the
variables x and ¢ vary independently of each other. Denoting that constant by
— )\, we obtain that

, forxze(0,L), and t >0, (5.12)

and
B (t) B

h(t) ’

from which we obtain that pair of ordinary differential equations

y'(z) + M\y(x) =0, forz e (0,L), (5.13)
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and
R"(t) + Xc?h(t) =0, for t > 0. (5.14)

Next, if u is to satisfy the boundary conditions in (5.2) and (5.3), it must
be the case that

y(0)h(t) =0 and y(L)h(t) =0, forallt=>0. (5.15)
At this point we make the observation that the function defined by
u(z,t) =0, forallze€[0,L]andt >0, (5.16)

is a solution of the PDE in (5.1). We call it the trivial solution of the equation.
We also note that the function in (5.16) satisfies the boundary conditions in (5.2)
and (5.3) and the initial condition in (5.5). However, for a general function
f:10, L] — R, the trivial function in (5.16) does not satisfy the initial condition
in (5.4). Thus, if we are to construct a solution of the initial-boundary problem
in (5.7), it cannot be the trivial solution. Hence, we look for nontrivial solutions
of the PDE in (5.1) of the form in (5.8).

Consequently, if u € C?([0,L] x [0,0),R) of the form given in (5.8) is a
nontrivial solution of the PDE in (5.1) that also satisfies the boundary conditions
in (5.15), then it must be the case that

y(0) =0 and y(L)=0. (5.17)

To see why this is the case, use the assumption that u is nontrivial to conclude
that there exists ¢, > 0 such that h(t,) # 0 and, according to (5.15),

y(0)h(t,) =0 and y(L)h(t,) =0. (5.18)

We can see now that (5.17) follows from (5.18) and the fact that h(t,) # 0.
We therefore look for nontrivial solutions of the the two—point, boundary
value problem (BVP)

y' +Ay=0, forxe(0,L);
y(0) = 0; (5.19)
y(L) =0.

The BVP in (5.19) is an example of an eigenvalue problem. We need to
determine values of A for which the BVP has nontrivial solutions. These values
are called eigenvalues. The corresponding nontrivial solutions will be called
eigenfunctions.

We consider three possibilities for A in the BVP in (5.19): A =0, A <0, or
A > 0.

If A =0, the ODE in (5.19) becomes

which has general solution

y(x) =ax+0b, forzeR, (5.20)
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and for some constants a and b.
Since the function y given in (5.20) also needs to satisfy the boundary con-
dition
y(0) =0
in the BVP (5.19), it follows from (5.20) that
b=0,
from which we get that

y(z) =azx, forzeR. (5.21)

By the same token, since y also has to satisfy the boundary condition

y(L) =0
in (5.19), we get from (5.21) that
al =0,
we get that
a=0,

since L > 0. Consequently, in view of (5.21),
y(z) =0, forz eR,

which shows that y must be the trivial solution. Consequently, if A = 0, the
BVP in (5.19) has only the trivial solution. Therefore, A = 0 is not an eigenvalue
of the BVP (5.19).

Next, assume that A < 0 in BVP (5.19), and set A\ = —p?, where pu > 0.
Then, the ODE in (5.19) becomes

y' — uy = 0. (5.22)
The characteristic equation of the ODE in (5.22) (see Appendix A.1) is
m2 _ MZ — O7

which has roots g and —pu; hence, according to (A.5) in Appendix A.1, the
general solution of the ODE in (5.22) is

y(x) = cr1e"® + coe ™M for x € R, (5.23)

for constants ¢; and cs.
The boundary conditions in the BVP in (5.19) imply from (5.23) that

cp+cy = 0
cretl 4 cge L = 0,
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which we can write in matrix form as

(-0 o

The homogeneous system in (5.24) has only the trivial solution if and only if

1 1
det <€,LLL e—,uL) # Oa (525)

where
1 1
det (e”L e‘”L) =e 1L _erl

if and only if

el = emHE
if and only if
el =1
if and only if
2uL =0,

from which we conclude that p = 0, which contradicts the assumption that
p > 0. Hence, (5.25) must hold true, from which we conclude that the system
in (5.24) has only the trivial solution

c1 = co = 0;
so that, in view of (5.23),
y(x) =0, forall x € R,

which shows that, if A < 0, then the BVP in (5.19) has only the trivial solution.
It remains to consider the case A > 0. Thus, assume that A = w?, where
w > 0. In this case, the ODE in BVP (5.19) becomes

Y+ w?y =0, (5.26)
which has characteristic equation
m? +w? =0,

with complex conjugate roots wi and —wi. Consequently, according to (A.5) in
Appendix A.1, the general solution of the ODE in (5.26) is given by

y(x) = ¢1 coswx + cgsinwz,  for all x € R. (5.27)
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The boundary condition y(0) = 0 in BVP (5.19) implies from (5.27) that ¢; = 0;
so that, in view of (5.27),

y(x) = cgsinwex, for all z € R. (5.28)
The second boundary condition in (5.19) implies from (5.28) that
cosinwL = 0. (5.29)

It follows from (5.28) that co # 0; otherwise y would be trivial. Hence, we
obtain from (5.29) that
sinwL = 0. (5.30)

The equation in (5.30) has infinitely many solutions given by
wL=nw, fornecZ,

from which we get that
nw

W=, for n € Z. (5.31)

Since we are assuming that w > 0, we have to exclude the negative solutions
and 0 from the list in (5.31); so that,

nmw
La

w= forn=1,2,3,... (5.32)

Next, since A = w?, we have shown that the eigenvalue problem in (5.19) has

an infinite sequence, (\,), of positive eigenvalues given by

nm\ 2
Ap = (T) . forn=1,2,3,... (5.33)

To each of the eigenvalues, A, in (5.33) there correspond eigenfunctions, y,,: [0, L] —
R, defined by

Yn(x) = ¢y sin (nfzx) , forzel0,L]andn=1,2,3,..., (5.34)

according to (5.28), for arbitrary non—zero constants c,.

Next, we turn to the ODE in (5.14) where )\ is replaced by A, for n € N.
We therefore get a sequence of ODEs

R'(t) + A\c?h(t) =0, fort>0andn=1,2,3,... (5.35)
The characteristic equation for each of the ODEs in (5.35) is
m?+ M\,c?, forn=1,2,3,...,

which has complex conjugate roots /A, ci and —v/A,ci. Consequently, by (A.6)
in Appendix A, the general solutions of the ODEs in (5.35) are given by

t t
ha(t) = ap cos (m]ic ) + by sin (m;c ) : (5.36)
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fort >0, n=1,23,..., and arbitrary constants a, and b,, for n € N, where
we have used (5.33).

Thus, in view of (5.8), (5.34) and (5.36), for each n € N, there is a solution
of the wave equation in (5.1) of the form

Un(2,t) = yp(x)hy(t), forxz€[0,L] and t >0,
or, takin ¢,, = 1 for all n € N in (5.34),

Up(z,t) = sin (%) <an COS (m;ct) -+ b, sin (m;ct)) , (5.37)

for x € [0,L], t > 0, n = 1,2,3,..., and arbitrary constants a, and b, for
n € N, which also satisfies the boundary conditions in the initial-boundary
value problem in (5.7).

Now, each of the functions in (5.37) does not, in general, satisfy the initial
conditions in (5.7); unless, for exmaple, the function f in (5.7) is a of a very
spacial form:

f(x) = aysin (%) , forze]0,L],

where |a1]| is very small, u1(x,t) in (5.37) with b3 = 0, no function in (5.37) by
itself will yield a solution of the initial-boundary value problem (5.7). However,
since the PDE in (5.7) is linear, sums of the functions in (5.37) are also solutions
of the PDE. We therefore consider next functions of the form

N
uy (z,t) = Z sin (?) (an cos <n7£ct> + by, sin (m;ct)) , (5.38)
n=1

for x € [0,L],t > 0, N = 1,2,3,..., and arbitrary constants a,, and b, for
n € N. We note that each of the functions in (5.38) satisfies the boundary
conditions in problem (5.7), since

uy(0,t) =0 and u,(L,t) =0, forallt>0.

Next, we explore whether functions in (5.38) can satisfy the initial conditions
in (5.7) as well.
From (5.38) we can compute the partial derivative

0 N e . /nTT . ((nmet nmct
&[UN(x,t)] :;Tsm (T) (—ansm( T > —|—bncos( 7 )),

(5.39)
for x € [0, L] and t > 0. Thus, if we set b,, = 0 for all n, we get from (5.39) that

%[UN (z,0)] =0, forallxe[0,L] (5.40)

It follows from (5.40) that the functions

N
t
uy(z,t) = Zan sin (%) cos (nzc > , forzel0,L],t>0, (5.41)
n=1
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N = 1,2,3,..., and arbitrary constants a,, satisfy the second of the initial
conditions in the problem (5.7), as well as the boundary conditions and the
PDE in that problem. However, in general, the functions in (5.41) do not
satisfy first initial condition in (5.7), unless

N
Z @y, sin (?) = f(z), forzel0,L], (5.42)
n=1

for some N € N and some constants a,. Only if the function f is a linear
combination of the trigonometric functions on the left-hand side of (5.42), will
the function given in (5.41) be a solution of the initial-boundary value problem
for the one-dimensional wave equation in (5.7). For a large class of functions
f € C([0,L],R), though, we will be able to express the f as a limit linear
combinations of trigonometric functions as in the left-hand side of (5.42).

Set

N
Sy(z) = Z ¢n Sin (%) , forxzel0,L], (5.43)
n=1

where the coefficients ¢,, will be chosen in a special way, depending on f, to be
described in the next section. We would like to know when

lim S, (z) = f(z), forzel0,L]. (5.44)

N—oc0

If the limit on the left—hand side of the (5.44) exists, we denote it by

i Cp, Sin <$) , foraxe]0,L], (5.45)
n=1

and call it a Fourier series, or a Fourier series expansion. Thus, in order
to construct a solution of the initial-boundary value problem in (5.7), we first
need to answer the question of whether or not the function f € C([0, L],R) has
a Fourier series expansion; that is, the limit expression in (5.44), where S, is
given in (5.43), holds true (in some appropriate way), or

icn sin (?) = f(z), forzel0,L], (5.46)

for a special class of coefficients, ¢,, determined by f. We will answer this
question in the following section.

5.1.2 Fourier Series Expansions

Let’s assume for a moment that the series on the left-hand side of (5.46) con-
verges uniformly to to f on [0, L], so that term—by—term integration of the series
is justified. For each m € N, multiply both sides of the equation in (5.46) by

. (mmc )
sin ({ ——
L
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for some m € N to get
;cn sin (?) sin (?) = f(z)sin (?) , forzel0, L],

and integrate on both sides from 0 to L to get

/OL g Cp sin (?) sin (?) dx = /OL f(z)sin (?) dx. (5.47)

The assumption that the series in the integrand on the left—hand side of (5.47)
justifies the term—by—term integration of the series to get

i Cn /OL sin (?) sin (?) dx = /OL f(z)sin (?) dx. (5.48)
n=1

To evaluate the integrals on the left—hand side on (5.48), we use the trigono-
metric identity

1
sin Asin B = 3 [cos(A — B) — cos(A + B)], for A,B€R. (5.49)

Applying (5.49) to the integrands on the left—hand side of (5.48), we get that

sin (75 ) sin (M) = 5 feos () o ()L o0

for m,n € N. We integrate each of the terms on the right-hand side of (5.50)
from 0 to L separately. First, integrate the right—most term in (5.50) to get

[om (o= [t ()] o

for all n,m € N; so that, in view of (5.50),

L L
. /nTT\ . [mTx 1 (n—m)rx
sin [ —— | sin dx = 7/ cos () dx, 5.51
J) s () sn () e =5 I (5:51)

for n,m € N.

To evaluate the integral on the right-hand side of (5.51), we consider the
cases n # m and n = m separately.

Suppose that n # m and evaluate

/ ()= [ o (1) } -

so that, in view of (5.51),

/L sin (?) sin (?) dx =0, ifn#m. (5.52)
0
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On the other hand, if n = m, it follows from (5.51) that

L
L
/0 sin (?) sin (?) dx = 5 if n =m. (5.53)
Combining (5.52) and (5.53) we then have that

, ifn=m;

/OL sin (?) sin (?) dx = 2 (5.54)

0, ifn#m.

Using the result in (5.54), we obtain from (5.48) that

cmg = /OL f(z)sin (?) dz,

from which we get the formula

2 (L . /nrT
Cn = E/o f(z)sin (T> de, forn €N, (5.55)

for computing the coefficients in the Fourier series expansion for f in (5.46).
Given f € C([0, L],R), define

N
Sy(z) = Z Cp sin (?) , forzel0, L], (5.56)
n=1

where the coefficients ¢, for n € N, are given in (5.55).
In the remainder of this section, we determine conditions on f € C([0, L], R)
for which
lim S, (z)= f(z), forzel0,L], (5.57)

N—o00

where S, is given in (5.56), and for which the convergence in (5.57) is uniform,
so that the calculations leading to (5.55) are justified.

If the statement in (5.57) is true, we write
Z Ccp sin (%) = f(z), foraxze]0,L], (5.58)
n=1

where the coefficients ¢,, for n € N, are given in (5.55).

The expression on the left-hand side of (5.58) is an example of a Fourier
series expansion.

In general, assume that f: R — R is a bounded, periodic function of period
2L, where L > 0. Assume also that f is integrable over [—L, L|; so that,

L
| i@ <o, (5.59)

—L
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where the integral in (5.59) denotes the Riemann integral. If this is the case,
we can the define Fourier coefficients of f as follows:

1 L
aozﬁ[Lf(x) dx; (5.60)
a —1/Lf(a:)cos(m) de, forn=1,2,3,...; (5.61)
’I’L_L _L L ) - ) ) yrtt *
and
b —1/Lf(x)sin(m) dx, forn=1,2,3 (5.62)
n—L . I 5 =1,2,0,.... .

The Fourier series expansion of f is the trigonometric series

= nwx nwx
. wcos (222 4 b, si (—)} . forze|-L, I 5.63
a—l—;{a COS(L)—I- sin ( — orz €| ] (5.63)
where the coefficients a,,, for n = 0,1,2,3,..., and b,, for n = 1,2,3,..., are

defined in (5.60), (5.61) and (5.62).

Example 5.1.1. Let f: [0, L] — R be the function giving the first initial con-
dition in the problem (5.7). Since we are assuming that f(0) = f(L) =0, f can
be extended to a continuous, odd, periodic function of period 2L be defining

fl@)=—=f(-z), for —L<z<0,

and
flx+2L) = f(z), forallzeR.

In this case, the formula for the Fourier coefficients of f in (5.60), (5.61) and
(5.62 yield

ap, =0, forn=0,1,2,3,...
and

9 L
b, = Z/0 f(x)sin (%) dr, forn=1,2,3,..., (5.64)

since f is odd and therefore the integrand in (5.62) is even.
Thus, in this case, the Fourier series expansion of f yields

ib” sin (?) , forxze|0,L],
n=1

where the coefficients b,, for n € N are given in (5.64). This is the same
expansion given in (5.46) with ¢, in place of b,,.
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For each N =1,2,3,..., put

f: {an cos ( ) + b, sin (nzxﬂ , forxzel-L,L], (5.65)

where a,, for n = 0,1,2,3,..., and b,, for n = 1,2,3,..., are the Fourier
coefficients of f in (5.60), (5.61) and (5.62.
We would like to know which conditions on the function f will guarantee
that
lim S, (x)= f(z), forxze]0,L], (5.66)

N—oc0

where S, is given by (5.65). If (5.66) holds true, we say that the Fourier series
expansion for f given in (5.63) converges to f pointwisely, and write

ao + Z [an cos( ) + by, sin (nzx)} = f(z), foraxe|[-L,L]. (5.67)

We would also like to determine conditions on f under which the convergence
n (5.66) is uniform.

Substitute the expressions for a,, for n = 0,1,2,3,..., and b,, for n € N,
given in (5.60)—(5.62 into the expression for S, in (5.65) to get

5.0) = o [ 1
JrZ( / fly cos )dy)cos(nzx) (5.68)

o3 (3 [ s () ) (55),

for x € [0, L], where we have used y as the variable of integration in the definition
of the Fourier coefficients because the variable x is being used as the argument
of S,.

Next, interchange summation and integration and use the distributive prop-
erty to in the last two terms on the right—hand side of (5.68) to get

1 [ N nmwT nmwy . o/nmx\ . /Ty
7, 103 [eos (M) cos (*F2) oim () sin (") - 59
- n=1

The term in the summation in (5.69) can be simplifies using the trigonometric
identity

cos(A— B) =cos Acos B +sin Asin B, for A,B€R
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to yield

i LL F0)'S cos (") an (5.70)

n=1

Consequently, the expression in (5.68) can be rewritten as

Sy (z) = %/Lf(y) (; + Zcos (W)) dy, forz €[0,L], (5.71)

which can be rewritten in terms of the function

Do) =25 cos (") forper 5.72
N()—2+;COS<L), or 0 € R, (5.72)
as
1 L
SN(x):Z/_L f)Dy(z—y) dy, foraze]|0,L]. (5.73)

The function defined in (5.72) is called the Dirichlet kernel. Observe that
D, is even and periodic of period 2L. Furthermore, it can be shown that

sin [(N + 1) Wﬂ
0) = 2) L
V0= e
S <211)
(See Appendix C.1 for a derivation of the result in (5.74)).
Note that, according to (5.72),

D for 6 #£ 0. (5.74)

1
D,(0)=N+ 3 (5.75)
Using (5.72) we can compute
L
/ D.(6) dd =L, forall N eN. (5.76)
-L

Next, make the change of variables
z=x—y
in the integral on the right-hand side of (5.73) to get

rz—L
Sy(x) = L /+L flx—2)D,(2) (—dz), forze|[-L, L],

or

1 x+L
Sy(z)=— /_L flx —2)D, (%) dz, for x € [-L,L];
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so that,
L
Sy(z) = %[L flx —2)D(2) dz, forx e [-L,L], (5.77)

where we have used the 2L—periodicity of the integrand.

We will first prove, using the representation in (5.77), that for the case
in which f is assumed to be a C! function, (5.66) holds true; that is, the
trigonometric expansion of f in (5.65), where the Fourier coefficients a,, for
n =0,1,2,3,..., and b,, for n € N, given in (5.60)—(5.62, converges to f
pointwisely in [—L, L]. We will state this fact as a theorem.

Theorem 5.1.2 (Point-wise Convergence.). Let f € C*(R,R) be a bounded,
periodic function of period 2L, and let

Sy(@) =a,+ i {an cos (?) + b,, sin (nfzx)} , (5.78)
n=1

forx € [-L,L] and N = 1,2,3,..., where a,, for n =0,1,2,3,..., and b,, for
n € N, are given in (5.60)—(5.62). Then,

lim S, (z)= f(z), forxze|[-L, L] (5.79)

N —oc0

In the proof of Theorem 5.1.2 we will use the following result known as the
Riemann-Lebesgue Lemma. We state here a spacial form of the result in the
context of 2L—periodic functions and the Fourier coefficients.

Theorem 5.1.3. Assume that F': R — R is bounded, 2L—periodic, and inte-
grable over [—L,L]. Let a,, for n = 0,1,2,3,..., and b,, for n = 1,2,3,...,
denote the Fourier coefficients of F' given in (5.60)—(5.62), with F' in place of F'.
Then,
lim a, =0 and lim b, = 0. (5.80)
n—oo n—oo
We restate the conclusion of the Riemann—Lebesgue Lemma in the form that
will be applied in the proof of Theorem 5.1.2.

L
. Ny
1\}1_{1(1)0 » F(y) cos (L) dy = 0. (5.81)
and .
. . ([ Nmy
J\}l_rgo » F(y)sin <L> dy = 0. (5.82)

A more general version of the Riemann-Lebesgue Lemma is the following.

Theorem 5.1.4. Assume that F': [a,b] — R is absolutely integrable on [a, b];
so that,

/ab F(2)| da < oo,
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Then,
b
lim F(z)cos(Azx) dz = 0, (5.83)
M=o Jq
and
b
lim F(z)sin(Az) dz = 0. (5.84)
A= Jq

For a proof of this result, see [Tol62]. We presents two examples that the
the result in Theorem 5.1.4 plausible.

Example 5.1.5. Let F(z) =1 for all z € R and compute

/b F(z)cos(Ax) de = /b cos(A\x) dx

b

- [Lanora]

a

so that

b
/ F(z)sin(Az) doz = %[sin()\b) —sin(Aa)], for A #0. (5.85)

Take absolute value of both sides of (5.85) and apply the triangle inequality to
get

/b F(z) cos(Ax) dx for A £ 0,

from which (5.83) follows for the case F'(z) =1 for all x.
Similar calculations show that (5.84) is also true in this case.

We present a second example as a proposition that will used later in this
section when we prove the uniform convergence of Fourier series of C'* functions.

Proposition 5.1.6. Assume that F': [a,b] — R is bounded on [a, b] and differ-
entiable on (a,b) and that

/b |F'(z)| dz < oo; (5.86)

that is, F” is absolutely integrable over [a,b]. Then, (5.83) and (5.84) hold true.

Proof: Use integration by parts to compute

/ab F(z)cos(\x) do = {}\F(x)sm(m)]b B i/: F(@)ein() da,

a
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or

[F'(b) sin(Ab) — F(a)sin(Aa)]

> =

b
/ F(x)cos(Ax) dv =
‘ (5.87)

b
—%/ F'(z)sin(\z) dz.

Next, take absolute value of both sides of (5.87) and apply the triangle inequality
to get

oM 1 [t
W—I—W/W'(z‘ﬂdw, for \£0,  (5.88)

where M is an upper bound of F' on [a,b]. In view on (5.86), we can see that
(5.83) follows from (5.88).
Similar calculations show that (5.84) is also true in this case. W

<

/a " F(#) cos(Aa) di

Proof of Theorem 5.1.2: Using (5.76) we see that

L
f(z) = %/_L f(x)Dy (%) dz, for z e [-L,L]. (5.89)

Then, using the representation for S, in (5.77) together with (5.89),

Sy (@) — fla) = ~ / & —2)— f@)Dy(2) dzs  forx e [~L, L), (5.90)

—L

Next, we use the formula for the Dirichlet kernel in (5.74) to write (5.90) as

SN(a?)—f(x):é/_LLWsin [(N—i—;) 721 dz, (5.91)
for x € [-L, L].
Write
G(z,z) = flw=2)— f) for z # 0 and x,z € [-L, L], (5.92)

TZ J
2sin (37
sin { 57
and observe that, using L’Hospital’s Rule,
—z)— L
=0 924in (—) i
2L
where we have used the assumption that f is a C' function. Consequently,
defining

G(z,0) = —%f’(x), for z € [-L, L], (5.93)
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We then see that the function G defined in (5.92) and (5.93), for « € [—L, L]
and z € [—L, L], is continuous on [—L, L] X [-L, L]. (Observe that denominator
in (5.92) is zero only at z = 0 in [-L, L].) Thus, the function G is bounded and
continuous on [—L, L] x [-L, L], and therefore the map

z+ G(z,z), forze|-L,L]
is absolutely integrable for each x € [—L, L]. (We are aiming here at applying

the Riemann-Lebesgue Lemma as stated in (5.81) and (5.82).)
Using G(z, z) as defined in (5.92) and (5.93), we can rewrite (5.91) as

S, (z) — f(z) = i/LL G(z, z)sin KN + ;) ”ﬂ dz,

for x € [-L, L], which we can in turn write as

L
Sy(z)— flx) = %[L G(z,z) cos (%) sin <Nl7/rz> dz
L
+ %[L G(z, z) sin (%) cos (AZTZ) dz,
for x € [-L, L].

Next, observe that, for each z € [-L, L],

(5.94)

/L ‘G(.I‘,Z) cos (%)‘dz < /_LL |G(z, 2)| dz < oo,

—L

since G(z, z) is absolutely integrable over [—L, L] for each z € [—L, L]. Thus,
we can apply the result of the Riemann-Lebesgue Lemma in (5.82) to deduce
that

L
N
A}i_r)noo » G(z, z) cos (%) sin <[7/TZ> dz =0, foreachz € [-L,L]. (5.95)

Similar calculations can be used to show that

L
. . (T2 Nmz
ngilo » G(z, z) sin (ﬁ) cos (L> dz=0, foreachze[-L,L]. (5.96)

Combining (5.94), (5.95) and (5.96 we conclude that

lim (S, (z) — f(z)) =0, forallze|[-L,L],

N—oc0

from which (5.79) follows. We have therefore completed the proof of Theorem
5.1.2. N
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We will next show that then the convergence of S, to f in (5.79) is actually
uniform convergence over [—L, L]. This means that, for any € > 0, there exists
N. € N, which depends only on ¢, such that

N>=2N.=|S,(z)— f(x)|<e, forallzel]-L,L]. (5.97)

We will prove this as a consequence of the fact that f € C'(R,R); so that, f is
bounded on [—L, L]; that is, there exists a constant M > 0 such that

|f'(z)| < M, forallze|[-L,L]. (5.98)

Theorem 5.1.7 (Uniform Convergence 1). Let f € C*(R,R) be a bounded,
periodic function of period 2L. Then, the sequence of functions (S, ) given in
(5.78) converges uniformly to f over [—-L, L].

Proof: As in the proof of Theorem 5.1.2, we begin with

L
Sy(@)— f(x) = —/ [f(x —2) — f(2)]Dy(2) dz, forxze[-L,L]. (5.99)

—L

Our goal is to show that, given any € > 0, we can find N. € N such that the
absolute value of the integral on the right-hand side of (5.99) is less than L for
all N > N, and all x € [-L, L].

Before we proceed any further, let’s make the change of variables y = —z in
the integral on the right—hand side of (5.99) and use the fact that the Dirichlet
kernel D is an even function to write

1 L
Su(@) = f@) =7 [ Ue+9) = f@IDL ) dy. Tor o€ [LLLL (5100
Let € > 0 be given and let § > 0 (to be chosen later) be such that 6 < L.

Write the expression on the right-hand side of (5.100) as the sum of the
three terms

1 /-9
=g [ Ufle ) - f@IDL ) dy, forze (LIl (5100
1 )
=7 [ [fo+) = @Dy () dy. fora e [-LLL, (5102
and
1 L
h@) =7 [ Ul +0) = f@IDy ) dy. forae[-LLk (5109
so that,

Sy(x) = f(x) = Ii(z) + Ix(x) + Is(x), forxe[-L,L] (5.104)
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We estimate each of the quantities I;, Iy and I3 in (5.101), (5.102) and
(5.103), respectively, separately. We begin with I5 in (5.102).
Use integration by parts to compute

5
[ [+ 9) = f@ID) dy = (et 9) = TV,
(5.105)

5
—/_6 fiz+y)Vi(y) dy,
for xz € [-L, L], where
Vely) = /y D, (z)dz, forye[-L,L] (5.106)
0

We derive a few properties of the function Vi defined in (5.106). In particular,
we show that V, is bounded independently of N; that is, there exists a constant
My > 0 such that

Ve (W) <M, forallye[—L,L]andall NecN. (5.107)

We first note that, since D, is an even function, then V,, is odd.
Compute, using (5.74),

al(valym
W = /n {Sizi)f} d

. 1
ry/L S {(N—&— ) T:l
Ly 2)']
0

™ 2sin(r/2)

z

T,

where we have made the change of variables: r = %Z We therefore have that

Voly) = i/()ﬂy/LsmKN+;> 7} m ar.

which we can write as

= £ ()

. 1
I /Wy/L sin [(N+ 2) r}
dr.

(5.108)

_‘_7
™ Jo r
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Define

m —%7 if r £20and r € [—m,7;
g(r) = (5.109)

0, if r =0.
By virtue of L’Hospital’s Rule, we can see that the function g: [-m, 7] — R

defined in (5.109) is continuous and hence bounded on [—m, 7). We can use this
function to rewrite the expression for V, (y) in (5.108) as

Vily) = L/OW/L g(r)sin KN+ ;) 7} dr

s

(5.110)

+ = =t

L /(N+1/2)7Ty/L sint
i 0 t

1
where we have used the change of variables ¢ = (N + 2) r in the second

integral on the right-hand side of (5.108).
Next, since
i [ st /Oo UL 5
0

N—oo Jg t

the second integral on the right-hand side of (5.110) is bounded.
We can bound the first integral on the right hand side of (5.110) as follows:

[ sy (v+ 1) ] ar

Consequently, both integrals on the right-hand side of (5.110) are bounded
independently of N over [—L, L], which establishes the estimate in (5.107).
Next, rewrite (5.105) as

<7 max |g(r)], foryel[-L,L]
y€E[—m,m]

3
[ e+ - 1D dy = e +0) - [V, 0)

-6
[fx—8) — F@)Vy(=8)  (5.111)
5
- /_ Vi) dy,
for v € [-L, L].

Using the fact that V, is odd (since the Dirichlet kernel is an even function),
we can rewrite the right-hand side of (5.111) as

é
[(f(w+5)—f($))+(f(ff—5)—f(fﬂ))]VN(5)—/_§ flx+y)Vy(y) dy. (5.112)
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The first term in (5.112) can be estimated using the Mean Value Theorem and
the estimates in (5.107) and (5.98) as follows:

[(f(z +6) = f()) + (f(z = 6) = f(2)]V, (§)] <2M M, (5.113)
for all x € [-L, L].

We can also estimate the second term in (5.112) as follows;

‘ / f(x+y)Vy(y) dy| < 2MM;6, for all z € [-L, L]. (5.114)

Thus, we can estimate the integral on the left—hand side of (5.111) as

)
‘/_6[]‘(:10 +y) — f(x)]Dy (y) dy| < 4MMy6, forallze[-L,L], (5.115)

where we have used (5.111), (5.112), (5.113), (5.114) and the triangle inequality.
Consequently, the integral I5 in (5.102) can be estimated using (5.115) as

AM M6
L )

|[Io(x)] < for all x € [-L, L. (5.116)

We choose § > 0 such that
AM M6 €
L 3’
el
12M M,

or

0 <

We then obtain from (5.116) that
I(2)| < % for all z € [~ L, L]. (5.117)

Next, we estimate I3 in (5.103).
Use the formula for the Dirichlet kernel in (5.74) to write (5.103) as

foS:rrlzjry/QL() P {<N+ 2) Wﬂ dy, (5.118)

for x € [-L, L].
Define F: [-L, L] x [0, L] — R by

flea+y) — f(x)
F =2 T I <y < _L<z<L. .
(z,v) Ssin(ry2L) foro<y<Land —L<a<L (5.119)

Observe that the function F defined in (5.119) is a C! function over the rectangle
[-L, L] x [6, L]. Hence, there exist positive constants My and Ms such that

|F(z,y)] < Ma, foralld<y< Land —L<z<L, (5.120)
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and
0
8—[F(z,y)] <M;, forald<y<Land —L<z<L. (5.121)
Y

With the definition of F' given in (5.119), we can rewrite (5.118) as

I(z) = i/j F(z,y)sin [(N+ 1) 7;’] dy, forze|-L,L. (5.122)

2
Next, let X
(N + 2) 7= (5.123)
in (5.122) to get
1 F
I3(z) = Z/J F(z,y)sin\y dy, for x € [-L,L]. (5.124)

and observe from (5.123 that A — co as N — oo.
As in (5.88 in the proof of Proposition 5.1.6, we can use integration by parts
to obtain the estimate

2Ms  MsL

<SR+
AL A

L
/ F(z,y)sin(Az) dz for all z € [-L, L]. (5.125)
5

and for A # 0, where we have used the estimates in (5.120) and (5.121).
Combining (5.124), (5.123) and the estimate in (5.125) we obtain

2Ms + MsL

I < 5 f 11 — L, . .12
[I5(z)| 7( 1/2) orall z € [-L, L] (5.126)
It follows from (5.126) that, if
My +3M3L
N > 76 2+ 3Ms

b

TE

then .
|I5(z)| < 3 for all z € [-L, L].

Thus, there exists N; € N such that

N >N, = |I(z)] < % for all z € [~ L, L]. (5.127)
Similar calculations show that there exists Ny € N such that

N >Ny = |L(z)] < % for all z € [~L, L]. (5.128)

Letting N. = max{Ny, N2} and combining (5.104), (5.117), (5.127) and (5.128),
we obtain that

N>=2N.=|S,(z) - f(x)| <e, forallzel|-L,L],

which proves that (S, ) converges uniformly to f as N - co. W
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5.1.3 Differentiability of Fourier Series Expansions

The uniform convergence of the Fourier series for f € C'(R,R) proved in the
previous section justifies the term—by—term integration that was used in the
derivation of the Fourier coefficients of f in (5.60), (5.61) and (5.62). That fact
alone, however, is not enough to prove that the Fourier series expansion

N
t
t) = busin (?) cos (m;f ) . forzel0,L], t>0, (5.129)
n=1

N =1,2,3,..., where b,, for n € N, are given in (5.62), converges uniformly to
a twice—differentiable function

- t
t) = Z b, sin (n—zx) cos (T”IT/C ) , forxel0,L], t>0. (5.130)
n=1

The function u: [0, L] x[0, 00) — R defined in (5.130) is a candidate for a solution
of the vibrating string problem in (5.7), provided we can prove that it is well—
defined and its partial derivatives u;, u,, sy and ug, are well defined continuous
functions. This will require term—by—term differentiation of the series in (5.130),
which in turn requires proving that the partial derivatives of the trigonometric
polynomials in (5.129) converge uniformly in [-L,L] as N — co. To achieve
this, we will need to make further assumptions on f: [0, L] — R. Indeed, we
will have to assume that f can be extended to a C? function over R that is
odd and 2L—periodic. We will also have to obtain more information on the rate
of decay of |a,| and |by|, where a,, and b,, are the Fourier coefficients of f, as
n — 00.

By virtue of the Riemann—Lebesgue Lemma (Theorem 5.1.4 on page 91 of
these notes), we have that

lim a, =0 and lim b, =0. (5.131)

n— oo n— oo

In this section we will see an alternate proof of the limit facts in (5.131 based
in the fact that

Z |an| + [bn]) < (5.132)

for the Fourier coefficients of a 2L—periodic function f € C*([-L, L]). Observe
that the convergence of the series in (5.132) implies the limit facts in (5.131).
We will prove (5.132) as a consequence of the following fact.

Proposition 5.1.8. Assume that f: R — R is a 2L—periodic function that is
square—integrable over [—L, L]; that is,

L
/_L |f(2)]? dr < cc. (5.133)
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Let a,, and by, for n € N, denote the Fourier coefficients of f as given in (5.61)
and (5.62), respectively. Then,

> (lanl* + 1ba]?) < oo (5.134)

n=1

To establish Proposition 5.1.8 we will first need to derive some estimates
about sums of squares of Fourier coeflicients of a 2L-periodic function f: R — R
that is also square integrable on [—L, L].

For N =1,2,3,..., let

i\’: {an cos ( ) + by, sin (m;x)} , (5.135)

for x € [-L, L], where a,, for n =0,1,2,3,..., and b, for n € N, are given in
(5.60)—(5.62).

For f: R — R, a 2L-periodic function satisfying (5.133), and S, given in
(5.135), compute

L L
/L(SN (z) — f(x))?dz = / (Sy(z))2dx— 2/ flz dz+/L(f(x))2dx.
(5.136)
We use the integration facts
L
[L cos (?) dr =0, forallneN, (5.137)
L
/_L sin (?) dx =0, forallmeN, (5.138)
L L, iftn=m;
/ cos (?) cos (?) dx = (5.139)
-t 0, ifn#m,
I L, ifn=m;
/ sin (%) sin (?) dr = (5.140)
- 0, ifn#m,
and
L
. /N7 mnx
/_L sin <T) cos (T) dez =0, forall m,neN, (5.141)

to compute the first two integrals on the right-hand side of (5.136).
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We begin with

(5, (2)? = (CLO—FZ[anCOb( )+b bm(”zx)D
e 32 oo (7)o (752

m=1
which we can rewrite as

N

(Sy(x))? = a2+ Z (o Qp, COS (?)

m=1

+ Z b, Sin ( ) Z oAy, COS ( )

N N
+ Z Z Ay, Gy, COS (?) Ccos (mgm)

n=1m=1

+ i i @by, cOS (?) sin (?) (5.142)

n=1m=1

N

+ Z aoby, sin (?)

m=1

N N
33 s (7)o ()

n=1m=1

N N
+ Z Z by by, sin (?) sin (?) .

n=1m=1

Next, integrate on both sides of (5.142) from —L to L and use the integration
facts in (5.137)—(5.141) to obtain that

L N N
/ (Sy(x))® dz =2La2+ Y Lal+> Lb},

—-L n=1 n=1
or

N

L
/ (Sy(x))? do=2La2+L> (ap +0b}), for N=1,2,3,... (5143)

—-L n=1
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Next, we compute

/_L f(@)S, (z) do = /_L (ao + Z {an cos( ) + by, sin (";c)}) dx,

which we can write as

L L
/_Lf(a:)SN(x) de = ao/_Lf(x) dx
L al nmx
wf g E ancos (“77)
—|—/_LL fl@) li by, sin <anc)1 dz,

[ s@ss@ar = a [ s a

+r§:1an /_LL f(x) cos (ﬂLx) dx (5.144)

dx

or

+1§:1bn /_LL f(z)sin (?) dz.

Next, use the definitions of the Fourier coefficients of f in (5.60)—(5.62) to
rewrite (5.144) as

/ f(z ) dx = 2La? —|—ZLa —|—ZLb
or

/ flx ) dx = 2La? +LZ a +b?%). (5.145)

n=1

to rewrite (5.136) as

L L N
/ (S, (z) — f(x))*dx = / (f(z))*dz — <2ch,2J + LZ (a2 + bﬁ)) , (5.146)

n=1

for N=1,2,3,...
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Since the left—hand side of the equation in (5.146) is nonnegative, we obtain
from (5.146) that

N L

1

202+ (al +02) < E/ (f(z))dz, for N=1,2,3,... (5.147)
n=1 —L

Note that, if f is square-integrable over [—L, L], the left—-hand side of (5.147) is

monotone, increasing sequence that is bounded above. Hence, it has a limit as

N — co. We therefore have that

2a2 + f: (a2 +b2) < i/L (f(z))*dx. (5.148)

n=1 -L

The inequality in (5.148) is an instance of Bessel’s Inequality.
As a consequence of (5.148), we get that

ia—FbQ 00,

for the case in which f is square integrable over [—L, L]. We have therefore
proved Proposition 5.1.8.

Next, assume that f: R — R is differentiable, 2 L—periodic and with square—
integrable derivative over [—L, L]. Thus, letting a,, and b}, for n € N, denote
the Fourier coefficients of f, we obtain from Proposition 5.1.8 applied to f’ that

i ((a7,)? + (b,)%) < oo (5.149)

Next, use integration by parts to derive the identities

a’n:n%bn, forn=1,2,3,...
and o
b;:—fan, forn=1,2,3,...,
from which we get
L /
ap = bn7 forn=1,2,3,..., (5.150)
T on
and o1
b,=—+—a,, forn=123,... (5.151)
T n

Taking absolute values on both sides of (5.150) and (5.151), we obtain that

L 1
lay| = —=-=|bl|, forn=1,23,..., (5.152)
Ton
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and

|bn| =

>Hb4

lal|, forn=1,2,3,... (5.153)

S\H

Then, using the inequality
1 1
lz|y| < :v + 2y ,  forall z,y € R,
we obtain from (5.152) and (5.153) that
L 1 /92
|an| <% <n2—|—(bn) ) , formn=1,23,..., (5.154)

and

L (1
|bn| < o (n2 + (a’n)Q) , forn=1,2,3,... (5.155)

Adding the estimates in (5.154) and (5.155) we obtain

L 2
an+|bn|<2<+(a%)2+(b%)2>7 fOI"I’L:l,Q,S,...
™

n2
Consequently,
N Ny N
> (an| + [bul) < [ >+ Z((a;>2+<bg>2)1, (5.156)
n=1 n=1 n=1
for N=1,2,3,...

Now, since the series Z — converges, it follows from Proposition 5.1.8
n
n=1
that, in the case that f’ is square-integrable over [—L, L], the sequences on the
right-hand side of (5.156) converge and

STAPTE [ZZ z<<a;>2+<b;>2>], G157

for N =1,2,3,...; consequently, if f’ is square-integrable over [—L, L], the left—
hand side of (5.157) is monotone, increasing sequence that is bounded above.
Hence, it has a limit as N — oco. We therefore have that

o0

Z (lan| +[bn]) <

which is the claim mane in (5.132). We summarize this result in the following
proposition.
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Proposition 5.1.9. Assume that f: R — R is a differentiable, 2L—periodic
function whose derivative, f', is square-integrable over [—L, L]; that is,

L
[L |f'(x)]? dz < co. (5.158)

Let a,, and b, for n € N, denote the Fourier coefficients of f as given in (5.61)
and (5.62), respectively. Then,

> (lan| + |bal) < oo. (5.159)

n=1

Remark 5.1.10. Note that in Proposition 5.1.9 we do not require that f €
C'(R,R). The square-integrability condition in (5.158) can still hold true even
if f’ is not continuous; for instance, f’ could have a finite number of jump
discontinuities and the condition in (5.158) could still be true.

Next, we will show that the summability condition in (5.159) will imply that
the sequence (S, ) converges uniformly to f over [-L,L] as N — oo. This
result will be attained as a consequence of the Weierstrass Majorant Theorem
or Weierstrass M—Test.

Theorem 5.1.11 (Weierstrass M—Test). Let (g,,) denote a sequence of func-
tions defined on [a,b]. Suppose that there exist positive numbers M, for
n=1,2,3,..., for which

lgn(z)] < M,,, for all x € [a,b] and all n € N,

and .
Z M, < oo.
n=1

Then, the series

Zgn(aﬁ), for « € [a, ],
n=1

converges absolutely and uniformly on [a, b].

(See, for example, [Rud53, Theorem 7.10, pg. 119] for a proof of the Weier-
strass M—Test).

We will also need the following lemma.

Lemma 5.1.12. Let h: R — R be a continuous function that is also 27—
periodic. Suppose that all the Fourier coefficients of h are 0. Then, h(z) = 0
for all z € R.
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Proof of Lemma 5.1.12: We are assuming that h: R — R continuous and 27—
periodic and that
/ h(z) dz = 0, (5.160)

T

h(z)cos(nz) de =0, foralln=1,2,3,..., (5.161)
and .
/ h(z)sin(nz) de =0, foralln=1,23,.... (5.162)
We show that
h(z) =0, forall x € [-m 7). (5.163)

Assume by way of contradiction that (5.163) is not true. Then, there exists
Zo, € (—m, ) such that f(x,) # 0. Without loss of generality, we may assume
that f(x,) > 0. Then, since h is continuous at z,, there exists 6 > 0 such that

h(z) > @, for all x € (o — 0,20 + 0), (5.164)

where § can be chosen small enough so that
[€o — 0,20 + 0] C (—m, 7).
Note that the function g: R — R defined by
g(x) =14 cos(x, — ) —cos(d), forx€eR, (5.165)
has the following properties:
g(x)>1, forze (x,—9dz,+9), (5.166)

and
g(z) <1, for —m<zx<a,—9 or z,+0 <z <. (5.167)

Furthermore, g(x) is a linear combination of the set {1, cos z,sinz}. To see this,
use the trigonometric identity

cos(A— B) =cos Acos A+sinAsin B, for A,B € R,
to write
g(z) =1 —cos(d) + cos(d) cosz + sin(d) sinz, for z € R;
so that, g is of the form
g(x) =a+bcosx +csinx, forz eR, (5.168)
and real numbers a, b and c. Furthermore, using the trigonometric identities

1 1
cos? & = 3 + 3 cos(2x), forall x € R,
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2

1 1
sin®x = 573 cos(2z), for all x € R,

and
2sinzcosz =sin(2z), for all z € R,

we can see from (5.166) that (g(x))? is a linear combination of elements from
the set
{1, cos z, sin x, cos(2x), sin(2x) }.

Similarly, noting that (g(z))? = g(z)(g(z))? and using the trigonometric iden-
tities

1 1
cos z cos(2z) = 5 cosT + 3 cos(3x), forall z € R,

1 1
sin x sin(2z) = 5 cos x1§ cos(3z), forall z € R,

1 1
cos x sin(2z) = 3 sinx + 3 sin(3z), for all z € R,

and 1 1
sin x cos(2z) = —3 sinx + 3 sin(3x), for all z € R,
we can see that (g(x))? is a linear combination of of elements from the set
{1, cos z, sin x, cos(2x), sin(2x), cos(3z), sin(3z) }.

Proceeding by induction, and using the appropriate trigonometric identities, we
can show that (g(z))™ is span of the set

{1, cos z, sin x, cos(2z), sin(2z), cos(3z), sin(3z), cos(4x), sin(4x), . . .},

for all n € N. (Recall that the span of a set is the collection of all finite a linear
combination of of elements from the set).
It then follows from the assumptions in (5.160), (5.161) and (5.162) that

/7* h(z)(g(z))" de =0, forallm e N. (5.169)

On the other hand, we can estimate the integral in (5.169) by writing

T To—0
/ W) (g@)" de = / W) (g(x)" de

—T —T

To+0
+ M) do (5:170)

n / @)

for all n € N, and estimating the first and last integral in the right—hand side
of (5.170) as follows.
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Use (5.167) to estimate

[ ) a

< / |h(z)| dz, for all m € N;

otd otd
so that .
/ h(z)(g(x))* dx| < 2Mm, for all n € N, (5.171)
To+0
where
M = r[nax ]|h(m)| dx. (5.172)
xrxe|—m,T
Similarly,
To—0
|/ h(z)(g(z))" dx| < 2Mm, for all n € N, (5.173)

where M is given in (5.172).
Combining (5.170), (5.171) and (5.173), we then get that

T To+0
/ h(z)(g(z))" dx > / B h(z)(g(z))" de —4Mn, for allm e N, (5.174)

—T

where M is given in (5.172).
Next, use the estimates in (5.164) and (5.166) to obtain

To+0 T To+0
[ et ae= M [ gy a

o—0 o—0

so that, using (5.166) again,

To+6 x zo+0/2
/ h@)(g(@))" de > y / (g(z))" dz, forallmeN. (5.175)

0?b 0—5/2
Next, let
= i . 1
R .. SIS (5.176)
Then, by virtue of (5.166),
r> 1 (5.177)
Now, it follows from (5.176) and (5.175) that
roto n h(IO) n
h(z)(g(x))" dx > 5 or", for allm € N. (5.178)
T,—0

Thus, combining (5.174) and (5.178),

/ h(z)(g(z))" dz > @r” —4Mm, for allm € N. (5.179)

—T
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Now, since r™ — oo as n — 00, by virtue of (5.177), it follows from (5.179) that
it is possible to find an m € N sufficiently large so that

/7T h(z)(g(z))™ dx > 0. (5.180)

—T

We can now see that (5.180) is in direct contradiction with (5.169). Conse-
quently, we conclude that h(z) = 0 for all € [, 7], if it is continuous and all
its Fourier coefficients are 0. W

Remark 5.1.13. Assume that f: R — R is continuous and 2L—periodic. Sup-
pose that all the Fourier coefficients of f given in (5.60), (5.61) and (5.62) are
zero; so that,

L
/ f(y) dy =0, (5.181)
-L
L nmy
/ f(y) cos (T) dy=20, forallneN, (5.182)
-L
and .
/ f(y)sin (%) dx =0, forallmneN. (5.183)
~L
Define I
h(z) = f <ﬂ_m> , forallzeR. (5.184)

Then, h: R — R is continuous and 27—periodic. Furthermore, making the
change of variables

y=—x (5.185)

T L \L
/ f (x) — dz =0,
e \7m )
from which we get, using (5.184),

/_T; h(z) dz = 0.

Similarly, making the change of variables give in (5.185) in the integrals in
(5.182) and (5.183), we get that

in the integral in (5.181),

h(z)cos(nz) de =0, for all n € N,

and .
/ h(z)sin(nz) de =0, foralln e N,

—T
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respectively.
We have therefore shown that the hypotheses in Lemma 5.1.12 are satisfied
for h given in (5.184), from which we obtain that f(y) =0 for all y € R.

Theorem 5.1.14 (Uniform Convergence 2). Let f: R — R be a differentiable,
2L-periodic function whose derivative, f’, is square-integrable over [—L, L].
Then, the sequence of functions (S, ) given in (5.135) converges absolutely and
uniformly to f over [—L, L].

Proof: Write, using (5.135),
N
Sy(@)=a,+ Y gn(x), forze(-L, L], (5.186)
n=1
where
gn(x) = ay, cos (%) + by, sin (%) , forz € [-L,L] and n € N. (5.187)
Then, by the triangle inequality, we obtain from (5.187) that

lgn(2)] < |an| + |bn|, for z € [—L,L] and n € N.

Thus, by virtue of (5.159) in Proposition 5.1.9, we can apply the Weierstrass
M-Test to conclude that the series

Z gn(x), forze[-L, 1],
n=1

converges absolutely and uniformly to a continuous function, which we shall
denote by g; so that,

oo
g(x) = Zgn(x), for x € [-L, L]. (5.188)
n=1
It then follows from (5.186) and (5.188) that

lim S, (x)=a,+g(z), forall x € [—L,L] uniformly, (5.189)

N—o0

where, according to (5.188) and (5.187),

g(x) = i [an cos (?) + by, sin (?)} , forxzel-L, 1], (5.190)
n=1

where the series on the right—hand side of (5.190) converges absolutely and
uniformly on [—L, L]. Consequently, the Fourier coefficients of ¢ are a,, and by,
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for n € N, which are the same as the Fourier coefficients of f for n € N. Observe
also that

L
/ g(x) dz = 0. (5.191)
—L
Consider the function
H(z) = f(z) —ao — g(x), forz €R. (5.192)

It follows from (5.191) and (5.192) that

/L H(x) dx = /L f(z) dz —a,2L =0, (5.193)
-L -L

where we have used the definition of a, in (5.60).
Similarly, multiplying on both sides of (5.192) by cos (?) . form €N,
and integrating from —L to L,
L nmw

[ s (%) do= [ e (757 ae= [ storos (57

nwx
where we have used the fact that cos (T) has mean—value 0, for n € N;

consequently, since f and g have the same Fourier coefficients for n € N,
L nmwx
/ H(z) cos (T) dx =0, forneN. (5.194)
—L

In the same way we get that

L
/ H(x)sin (@) dx =0, forneN. (5.195)
L L

In view of (5.193), (5.194) and (5.195), we see that the function H: R — R
is a continuous, 2L—periodic function satisfying the conditions of Lemma 5.1.12
(see also Remark 5.1.13 following the proof of Lemma 5.1.12). Consequently,

f(z) —a,—g(x) =0, for xR,
from which we get that
f(x)=a,+g(z), forxelR. (5.196)
Combining (5.189) with (5.196) we get that

lim S, (x)= f(z), forallxe€ [-L,L] uniformly,

N—o0

which was to be shown. W
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Remark 5.1.15. For the case in which f € C'(R,R) is 2L-periodic, we have
that fis bounded on [—L, L]. Consequently, f’ is square-integrable on [—L, L].
Thus, Theorem 5.1.14 applies in this case, and we therefore recover Theorem
5.1.7.

Example 5.1.16 (Constructing a Solution of the Vibrating String Problem).
Assume that f: [0, L] — R is a differentiable function satisfying f(0) = f(L) =
0. Extend f to an odd, 2L—periodic function, and suppose the extension is
differentiable with square—integrable derivative, f’, on the interval [—L, L]. It
then follows from Proposition 5.1.9 that

> Jba| < o0, (5.197)
n=1
where .
2
b, = z/o f(z)sin (n—zx) dz, formneN. (5.198)

We can then use the Weierstrass M-Test (Theorem 5.1.11) to deduce that the

series
> nmwT nmct
by, si (—) , 5.199
; sin 17 cos( 17 > ( )

where b,,, for n € N are given in (5.198), converges absolutely and uniformly for
z € [0,L] and ¢t > 0. Indeed, setting

t
gn(z,t) = by, sin (?) cos (mlr/c ) , forxzel0,L],t>0 (5.200)

and n € N, we see that
lgn(z,t)] < |by|, forze€0,L],¢>0andnecN.

Consequently, in view of (5.197), the Weierstrass M—Test applies. We therefore
deduce that

> gn(z.t) (5.201)

converges absolutely and uniformly for € [0, L] and ¢ > 0. Thus, in view of
(5.200) and (5.201), we see that the series in (5.199) converges absolutely and
uniformly for « € [0, L] and ¢t > 0.

Define

- t
u(z,t) = Z by, sin (?) cos (m;c > , forzel0,L], t>0. (5.202)
n=1

We have therefore shown that the function u: [0, L] x [0, c0) — R given in (5.202)
is well-defined. In particular, we get from (5.202) that

u(z,0) = b,sin (?) . forz € [0,L). (5.203)
n=1
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It follows from (5.198) and Theorem 5.1.14 that the series on the right-hand
side of (5.203) converges to f(z), for z € [0, L]. Hence,

u(z,0) = f(z), forx€][0,L]. (5.204)

This is the first of the initial conditions in the vibrating string problem in (5.7).
We note also that the function u defined in (5.202) also satisfies the boundary
conditions in (5.7):

u(0,t) =u(L,t) =0, forallt>0.

To see whether or not u in (5.202) satisfies the second initial condition in problem
(5.7), we first need to see that u is differentiable with respect to ¢ and that

8 = e nmx\ . [ nwct
at u(z,t)] gz n sm( T )s ( T >, (5.205)
for x € [0, L], t > 0. This will require to determine conditions on f for which
that series -
nwx nmct
S s (777 >
n:1n sin (— sm< T ) (5.206)

converges for € [0,L] and ¢t > 0. We will answer these questions in a subse-
quent example.

We now turn to the question of convergence of the series in (5.206) discussed
in Example 5.1.16. We first note that, if

> nfb,| < oo, (5.207)

n=1

the Weierstrass M-Test would imply the absolute and uniform convergence of
the series in (5.206)

Consider the general situation of a 2L—periodic function, f: R — R. Assume
now that f is twice differentiable, with second derivative, f”, that is square—
integrable on [—L, L]; so, that

/L If"(z)|? dz < oo. (5.208)
-L

Let a], and b, for n € N, denote the Fourier coefficients of f’. Applying the
result of Proposition 5.1.9 to f’, instead of f, we obtain that

Z (Jal,| +|b]) < oo, (5.209)
n=1

in view of (5.208).
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We have already seen the identities

al, = fbn’ forn=1,23,... (5.210)
and nr
b;:—fan, forn=1,2,3,..., (5.211)

from which we get that
L

/
na, = — bn,

forn=1,2,3,..., (5.212)

and
nb, = —a’ forn=1,2,3,.... (5.213)
i

n’

It follows from (5.212) and (5.213) that
L
n(lan] + [bul) = ~(lap| +0,),  forn=1,23,.... (5.214)

Comparing (5.209) and (5.214) we then see that

oo

Z (lan] +[ba]) <

We have therefore established the following proposition.

Proposition 5.1.17. Assume that f: R — R is a twice—differentiable, 21—
periodic function whose second derivative, f”, is square-integrable over [—L, L];
that is,

L
/ (@) dz < oo
-L

Let a,, and by, for n € N, denote the Fourier coefficients of f as given in (5.61)
and (5.62), respectively. Then,

o0

Z (lan| +[ba]) < (5.215)

Example 5.1.18 (Constructing a Solution of the Vibrating String Problem
(Part II)). In Example 5.1.16 we considered the function w: [0, L] x [0,00) — R
defined by

- t
_ n;bn sin (n?) cos (mzc ) . forze[0,L], t>0, (5.216)

where the coefficients b,,, for n € N are given by

/ f(x 5111 ) dx, formneN, (5.217)
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the Fourier coefficients the odd, 2L—periodic extension of f: [0, L] — R.

In Example 5.1.16 we showed that if the odd, 2L—periodic extension, f: R —
R is differentiable with derivative f’ that is square—integrable over [—L, L], then
the series defining w in (5.216) converges absolutely and uniformly for z €
[-L,L] and t > 0.

In this example, we assume further that f: R — R is twice—differentiable
and that the second derivative, f”, is square integrable over [—L, L]. We show

u U
that the partial derivatives, 5 and —, of u exist and are given by

ox
8 2. e wr\ . [ mnrct
at Z:: n nby, sin (T) sm( 7 ) , (5.218)
and
0 7 nwx nmct
%[u(x,t)] = ,; ann cos (T) cos ( T > ) (5.219)
respectively.

The series in (5.218) and (5.219) converge absolutely and uniformly, by the
Weierstrass M—Test, provided that we can show that

> " nlba| < oo. (5.220)

However, (5.220) follows from (5.215) in Proposition 5.1.17 because we are as-
suming that f” is square integrable over [—L, L]. We therefore conclude that
the series in (5.218) and (5.219) converge absolutely and uniformly for = € [0, L]
and ¢ > 0. In particular, we obtain from (5.218) that

ut(x,0) =0, forall x € [0, L;

so that the function u defined in (5.216) satisfies the second of the initial con-
ditions in the vibrating string problem in (5.7).

5.1.4 Solution of the Vibrating String Problem

To complete the construction of a solution of the Vibrating String Problem (5.7)
begun in Example 5.1.16 and Example 5.1.18, we need to see that the function
u: [0,L] x [0,00) — R defined in (5.216) has second partial derivatives with

2
respect to t and with respect to =z, —g and 8 + 5 forz € (0,L) and t > 0.
z

We have already seen in Example 5.1.18 that if the odd, 2L—periodic exten-

sion, of f: [0,L] — R is twice—differentiable with second—derivative, f”, that
0 0
is square—integrable on [—L, L], then the partial derivatives, —7: and 8u of
x

u exist and are given by (5.218) and (5.219), respectively. In this section we
will show that, if the odd, 2L-periodic extension of f: [0,L] — R is thrice—

differentiable with third derivative, f”, that is square—integrable over [—L, L],
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the the function w defined in (5.216) has second partial derivatives, uy and g,

given by
> 2.2 t
uge(w,t) = — Z WLE n2b,, sin (nfzm) cos <n7£c ) , (5.221)

n=1

for z € (0,L), t > 0, and

Uz (T, 1) = — Z 737 n 2b,, sin (?) cos (nzc ) , (5.222)

n=1

for z € (0, L), t > 0, respectively.

We will be able to apply the Weierstrass M—Test to show that the series in
(5.221) and (5.222) converge absolutely and uniformly, provided that we can
show that

> n?lby| < 0. (5.223)

The assertion in (5.223) will follow from the following proposition.

Proposition 5.1.19. Assume that f: R — R is a thrice-differentiable, 2L—
periodic function whose third derivative, f”/, is square—integrable over [—L, L];
that is,

L
/ " (2)]? da < oo. (5.224)
L

Let a,, and by, for n € N, denote the Fourier coefficients of f as given in (5.61)
and (5.62), respectively. Then,

o0

> 0 (an] + [ba]) < oo (5.225)

Proof: Let a,, by, for n € N, denote the Fourier coefficients of f as given in

(5.61) and (5.62. Let a), b, for n € N, denote the corresponding Fourier

coefficients of f’; and a/, b;{ for n € N, be those corresponding to f”.
Applying the result of Proposition 5.1.9 to f”, instead of f, we obtain that

o

Z "4 b)) < oo, (5.226)

in view of (5.224).
Next, use the identities in (5.210) and (5.211), applied to a!, and b/, to get
that

all = fb;l, forn=1,2,3,... (5.227)
and o
b'=——a,, forn=1,23,... (5.228)

L
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Using the identities in (5.210) and (5.211) again, we obtain from (5.227) and
(5.228) that

"o w2 2 _

anffﬁn an, forn=1223 ...
and )

bxz—%nzbn, forn=1,2,3,...,
from which we get

| "y __ ’/T2 2 —

ap| = 13m lan|, forn=1,2,3,... (5.229)
and )

0| = %n2|bn|, forn=1,2,3,.... (5.230)

It follows from (5.229) and (5.230) that

L2
n*(|an| + |bn|) = — (|a| 4 8"]), forn=1,2,3,... (5.231)

In view of (5.231) we see that the assertion in (5.225) follows from (5.226), and
the proof of the proposition is now complete. W

Theorem 5.1.20 (Existence of Solution for the Vibrating String Problem).
Suppose that f: [0,L] — R satisfies f(0) = f(L) = 0 and that it extends
to an odd, 2L—periodic function, that is thrice—differentiable, and whose third
derivative, f'’, is square-integrable over [—L,L]. Then, the initial-boundary
value problem

Ut — gy = 0, for z € (0,L) and ¢ > 0;
0,t) =u(L,t) =0, fort>0;
w(©0,8) = u(l,t) =0, for (5.232)
u(z,0) = f(z), for x € [0, L];
ut(z,0) =0, for x € [0, L],

has a solution.

Proof: Define u: [0, L] — R by

- t
u(z,t) = Z by, sin (?) cos (m;c ) , forzel0,L], t>0, (5.233)
n=1

where the coefficients b,,, for n € N are given by
9 (L
b, = 7/ () sin (@) de, forn €N, (5.234)
L) L

the Fourier coefficients the odd, 2L—periodic extension of f: [0, L] — R.
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It follows from Proposition 5.1.19 that

o0
Z n?|b,| < oo,
n=1

where the Fourier coefficients of f, b,, for n € N, are given in (5.234). Conse-
quently, by the Weierstrass M—Test, the series on the right-hand side of (5.221)
and (5.222) converge absolutely and uniformly for z € [0, L] and ¢ > 0. Thus,
the function w: [0,L] — R defined in (5.233) has continuous second partial
derivatives, uy and ug,,, given in (5.221) and (5.222), respectively. Observe
that
ugs (2, 1) = uge(x,t), for z € (0,L) and t > 0.

Thus, the function u given in (5.233) solves the PDE in the Vibrating String
Problem (5.232).

We have already seen in Example 5.1.16 and Example 5.1.18 that the func-
tion u given in (5.233) also satisfies the boundary conditions and the initial
conditions in problem (5.232). Hence, the proof of existence of a solution of
problem (5.232) is now complete. W

5.2 Fundamental Solutions

We will illustrate the concept of a fundamental solution by first finding a special
solution of the one-dimensional diffusion equation.

5.2.1 Fundamental Solution to the Diffusion Equation
We compute a very special solution to the one-dimensional diffusion equation

0 0?

57? = Da—;;, for # € R and ¢ > 0. (5.235)
In Section 4.2.3 we derived the following dilation—invariant solution to the dif-
fusion equation in (5.235):

u(z,t) = / e /D gy 4 ¢y, forzeRandt >0, (5.236)
0

and constants ¢; and c¢y. Observe that the function u: R x (0,00) — R defined in
(5.236) is a composition of C*° functions. It then follows by the Fundamental
Theorem of Calculus and the Chain Rule that u € C*°(R x (0,00)). Hence,
we can differentiate on both sides of the PDE in (5.235) with respect to z, for
example, and get the valid statement

Uty = D Ugzax;
thus, by the equality of the mixed partial derivatives,

(um)t =D (ua:)a::m
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which shows that u, is also a solution of the one—dimensional diffusion equation
in (5.235). Hence, by taking the partial derivative with respect to x in (5.236)
we obtain another solution to the the one-dimensional diffusion equation in
(5.235). Set v(z,t) = uz(x,t), for x € R and ¢t > 0, where u is given in (5.236).
Then, using the Fundamental Theorem of Calculus and the Chain Rule, we
obtain from (5.236) that

v(x,t) = % e~ " /4Dt for x € Rand t > 0, (5.237)

and some constant ci, is a solution to the one-dimensional diffusion equation
in (5.235).
An interesting property of the function defined in (5.237) is that the integral

/ v(x,t) dr is finite and is independent of ¢ > 0. Indeed, using the fact that
o0 2
/ e % dz =/,
and making the change of variables

T

VADt’

so that

dx = V4Dt dz,

we obtain, for ¢t > 0,

/Oc v(x,t) de = 0—1\/41%/0c e dz
9 - \/g e 9

—0o0
or

o0
/ v(x,t) de = V4D, for all ¢ > 0. (5.238)

— 00

We chose the constant ¢; in (5.238) so that

/ v(z,t) de =1, forall t > 0;

— 00

that is,
1

VADT'

Substituting the value of ¢; in (5.239) into the definition of v(x,t) in (5.237),
we obtain

(5.239)

C1 =

1
v(z,t) = ——— e‘x2/4Dt, for x € Rand ¢t > 0. (5.240)

vVar Dt
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We shall denote the expression for v(x,t) defined in (5.240) by p(z,t), so that

1 .
p(z,t) = JiDi e~ ™ /4Dt for x € R and t > 0. (5.241)

It then follows from what we have shown thus far that the function p defined in
(5.241) is a C*° function defined in R x (0, 00) that solves the one-dimensional
diffusion equation in (5.235); that is,
o _ po°p
ot 0x?’
Also, it follows from (5.238) and (5.239) that

forz € R and ¢t > 0. (5.242)

/ p(x,t) de =1, forallt> 0. (5.243)

In fact, using a change of variables we obtain from (5.243) that
/ plx—y,t)dy=1, forallzeRandt>D0. (5.244)

In addition to (5.244), the function p defined in (5.241) has the following prop-
erties:

Proposition 5.2.1 (Properties of p). Let p(x,t) be as defined in (5.241) for
ze€Rand t > 0.

(i) p(x —y,t) >0 for all z,y € R and ¢t > 0
(ii) If ¢ # y, then lim p(z —y,t) = 0.
t—0+
(iii) If © =y, then lim p(z — y,t) = +oo.
t—0+t

See Problem 5 in Assignment #14.

In this section we will see how to use the properties in (5.244) and in
Proposition 5.2.1 to obtain a solution to the initial value problem for the one—
dimensional diffusion equation

2
% = Da—g, reR, t>0;
ot Oz (5.245)
u(z,0) = f(z), z € R,

where f: R — R is a bounded function that is also piecewise continuous.

Definition 5.2.2 (Piecewise Continuous Functions). A function f: R — R is
said to have a jump discontinuity at x € R if the one-—sided limits

lim f(y) and  lim f(y)

y—azt y—x—
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exist and

lim f(y) # lim f(y).
y—T y—=x

We say that f is piecewise continuous if it is continuous except at an at most
countable number of points at which f has jump discontinuities.

Figure 5.2.1 shows a portion of the sketch of a piecewise continuous function.
We will show that the function u: R x (0,00) — R given by

| —

Figure 5.2.1: Sketch of a Piecewise Continuous Function

u(x,t) = / plr —y,t)f(y) dy, forx € Randt >0, (5.246)

is a candidate for a solution of the initial value problem in (5.245). We note
that, since p(z — y,t)) is not defined at ¢ = 0, the initial condition in the IVP
in (5.245) has to be understood as

lim w(z,t) = f(x).

t—0+

We will see in this section that (5.247) holds true foe values of x at which f is
continuous. For values of x at which f has a jump discontinuity

lim wu(x,t) = —f(er) + f(@7)

t—0+ 2 ’

where f(x%) and f(z7) are the one-sided limits

f®)= lim_f(y) and f(z7)= lim f(y),

y—axt y—x—

respectively.
We state the main result of this section as the following proposition:
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Proposition 5.2.3. Let u be given by (5.246), where f: R — R is a bounded,
piecewise continuous function. Then, u is C**(R x (0,00))! and

2
%(m,t) = D%(m,t), forz € R and ¢t > 0. (5.247)
Furthermore,
lim w(z,t) = f(x). (5.248)
t—0+

if f is continuous at x, and

lim w(z,t) = w, (5.249)

t—0t
if f has a jump discontinuity at x.
Once we have proved Proposition 5.2.3, we will have constructed a solution
u(z,t) = / plx —y,t)f(y) dy, forz € R andt >0, (5.250)

to the initial value problem of the initial value for the one-dimensional diffusion
for the case of continuous initial data f, where p is defined in (5.241). Thus,
a solution of the initial value problem in (5.245) is obtained by integrating
fly)p(x — y,t) over y in the entire real line. The map

(z,y,t) = p(x —y,t), forallz,ye€Randt>0,

or

~(a—y)?/4Dt.

(z,y,t) — e for all z,y € R and t > 0,

1
Van Dt
is usually called the heat kernel; we shall also call it the fundamental solu-
tion to the one-dimensional diffusion equation. We will denote it by K (z,y,t),
so that K: R? x (0,00) — R and

K(x,y,t) = e_(”_y)2/4Dt, for all z,y € R and ¢t > 0. (5.251)

1
Van Dt
We shall reiterate the properties of the heat kernel that we have discussed for
future reference in the following proposition, we will add the additional obser-

vation that K is symmetric in  and y; that is K(x,y,t) = K(y,z,t) for all
x,y € Rand t > 0.

Proposition 5.2.4 (Properties of the Heat Kernel). Let K(x,y,t) be as defined
in (5.251) for z,y € R and ¢ > 0.

(i) K(z,y,t) = K(y,x,t) for all z,y € R and ¢ > 0.
(ii)) K(z,y,t) >0 for all z,y € R and t > 0.

IThe function w is C? in the first variable, and C! in the second variable
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(iii) / K(y,z,t) dy =1 for allz € R and ¢t > 0.
(iv) If  # y, then lim K(z,y,t) =0.

t—0+
(v) If x =y, then lim K(z,y,t) = +oo.

t—0+

Before we prove Proposition 5.2.3, we will establish two Lemmas; the first
one involves the error function,

Erf: R — R,

defined by
Erf(z) = %/0 e dr, forxz e R, (5.252)

and its properties:

Proposition 5.2.5. Let Erf: R — R be as given in (5.252). Then,
(i) Exf(0) = 0;
(ii) lim Erf(z) = 1;

T—>00

(iii) lim Erf(z) = —1;

Tr—r—00

See Problem 1 in Assignment #14.
A sketch of the graph of y = Erf(x) is shown in Figure 5.2.2.

=T =10+

Figure 5.2.2: Sketch of Graph of Error Function

Lemma 5.2.6. Let p(z,t) be as defined in (5.241) for x € R and ¢ > 0. For
6 >0,

o0

lim p(z,t) de = 0. (5.253)

t—0t Js
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and 5
li ,t) de = 0. 5.254
lim _Oop(fff ) dz (5.254)
T
Proof: Make the change of variables y = ——— to write
f- g Yy 5
/Oop(x t) de = /OO ! e /AP gy
5 ’ 5 VarDt
1 o 2
= — e Y dy
VT Js)vaDt

-ty

where we have used the definition of the error function in (5.252) and the fact
that
/ eV dy = ﬁ
0 2
We then have that

/;O pa,t) dv = % {1 — Exf (\/fﬁtﬂ , fort>0. (5.255)

Now, it follows from (5.255) and (ii) in Proposition 5.2.5 that

oo

li t)dr =0
Jm | p(z,t) dv =0,

which is (5.253). Similar calculations can be used to derive (5.254). W

Lemma 5.2.7. Let p(z,t) be as defined in (5.241) for € R and ¢ > 0. Then, we
have the following estimates on integrals of the absolute values of the derivatives
of p:

| op 1
a(m —y,t)| dy < o for all x € R and ¢t > 0, (5.256)

—00

and

/ @(x - y,t)‘ dy = for all z € R and ¢t > 0, (5.257)

o | 0T

1
VDt

Proof: Compute the partial derivative of

e~ (@=v*/4Dt ol yeERandt >0, (5.258)

1
p(m—y,t) = \/m
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with respect to t to obtain

0 1 (z —y)?

p@—y.t) = ——px—y,t)+ —2 p(x—y,t 5.259
i P&~y 0l = —op(@ =y, 1) + = =a=p(e —y, 1), (5.259)
for all z,y € R and t > 0. Next, take absolute value on both sides of (5.259),
apply the triangle inequality, and use the positivity of the heat kernel (see (ii)
in Proposition 5.2.4) to get

d (z —y)?

5 P&~ Y, t)]’ < %p(m —ut) + P i t), (5.260)

for all z,y € R and ¢ > 0. Integrating on both sides of (5.260) and using (5.244)
(see (iii) in Proposition 5.2.4) yields

~ 2 L (™ @—y?
— _ < = _ )
/Oo 5 P& y,t)]‘ dy < 2t+/_oo iz P —u.t) dy, (5.261)

forall z € R and t > 0.
Next, we evaluate the right—most integral in (5.261),

o0 o0 —(x— 2
/ - _L)zp(x —y,t) dy :/ e TN dy
oo 4Dt? ’ oo 4Dt2 VanDt ’

by making the change of variables

g=4"2
~ V/iDt’'
so that ( )2
Gl R Y e
/_Oo 1Dz PE -t dy = N /_Ooé e dg, (5.262)

for all x € R and ¢t > 0. The right-most integral in (5.262) can be evaluated
using integration by parts to yield

/OO 278 ¢ = 2/000 €2 de

— 00
fe'e) oo
S N A
0 0

so that

/ €2e d¢ = @ (5.263)
Combining (5.263), (5.262) and (5.261) yields the estimate

/ ;[P(w—y,t)]‘ dyé%, forz € R and t > 0,
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which is (5.256).
In order to establish (5.257), first take the partial derivative with respect to
x on both side of (5.258) to get

0 T—y
%[p(m —y,t)] = —TDtp(x —y,t), forzeRandt>0, (5.264)

so that, taking absolute value on both sides of (5.264) and integrating,

/_Z ’gﬂ[p(l‘ - y,t)]' dy = /Oo |x2;ty|p(a: —y,t) dy, (5.265)

—00

Evaluate the right—most integral in (5.265),

> |a —yl /°° o —y| eZtrmv/abr
x—y,t)dy = . dy, 5.266
/_oo opr PEudy= | Sn s (5.266)
by making the change of variables
e=1—
VAaDt’
to get
0 |y —(z—y)?/4Dt 1 o0
[l dy = e [ 1 e
oo 2Dt VarDt nDt J_
2 o 2
_ —£
= e dg,
\/WDt/O ¢ :
so that
/DO |z —y| e (z-v)*/4Dt gy — L (5.267)
w 2Dt imDi VT VDt '

The statement in (5.257) now follows by putting together the results in (5.267),
(5.266) and (5.265). W

Proof of Proposition 5.2.3: Let f: R — R be a piecewise continuous function
satisfying
|f(x)] < M, forall zeR, (5.268)

and some positive constant M, and define u: R x (0,¢) — R by
u(x,t) = / plx —y,t)f(y) dy, forz € R andt >0, (5.269)

where p(z — y,t) denotes the heat kernel given in (5.258). We will show that
u solves the one—dimensional diffusion equation in (5.247). Before we do that,
though, we need to verify that the expression in (5.269) does indeed define a
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function u: R x (0,00) — R. In order to do this we need to make sure that
the integral on the right—hand side of (5.269) is a real number. This will follow
from the estimate

/ Ip(z —y,t)f(y)| dy < oo for x € R and ¢ > 0. (5.270)

— 00

In order to derive the estimate in (5.270), use the positivity of the heat kernel
(see (ii) in Proposition 5.2.4), (5.244) and (5.268) to compute

| e —vnsl i< M/:” P — 1) dy,

— 00

so that

/ lp(x —y,t)f(y)| dy < M, forz € Randt >0, (5.271)

which implies (5.270). Observe that the estimate in (5.271) also implies that
lu(z,t)| < M, forxz € Randt >0,

by virtue of (5.269).

The fact that v defined in (5.269) solves the one-dimensional diffusion equa-
tion in (5.247) will follow from the fact that the heat kernel itself solves the
one—dimensional heat equation,

2
% (x —y,t)] = D%[p(m —y,t)], forz,y€Randt>0; (5.272)

(see also (5.242). Indeed, suppose for the moment that we can interchange
differentiation and integration in the definition of u in (5.269), so that

%(m, t) = %(m —y,t)f(y) dy, for x € R and ¢ > 0, (5.273)
and
0%u

oo 02
ﬁ(x,t) = / %(m —y,t)f(y) dy, forx € R andt> 0. (5.274)
x oo O

Thus, combining (5.273) and (5.274),

ou 0%u < [Op 0%p
o _pZ= - Lip— —DZE (s —
Gt - DEt = [ |0 - DEE 0] 1) an
which shows that (5.247) holds true by virtue of (5.272)

The expressions in (5.273) and (5.274) are justified by the assumption that
f is bounded (see (5.268) and the estimates (5.256) and (5.257) in Lemma 5.2.7;
namely,

o 1
/ ‘g};(x_y’t)‘ dyg? for all z € R and ¢ > 0.

— 00
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and

1 op ’ 1
—(zx—y,t)| dy = , forallzeRandt>0.
/ ‘895( y:1)| dy vrDt

Observe that, (5.274) and (5.272) imply the estimate

— 00

o) a2p - 1 ¢
N @(x_%t) dy\ﬁt’ or all x € R and ¢ > 0.
We have therefore established that the function u: R x (0,1) defined in (5.269)
is a C function in the first variable, C'! in the second variable, and is a solution
to the one—dimensional diffusion equation.

Next, we will prove the second assertion in Proposition 5.2.3.
(i) Assume first that f is continuous at x and let € > 0 be given. Then, there
exists § > 0 such that

ly—al <0=|f(y) — f@)] < 3. (5.275)
‘We consider
)= 5@ = [ pleo =0 )5) dy— ) [ pleo—uit) d

where we have used the definition of u(x,t) in (5.269) and (5.244) (see also the
fact (iii) in Proposition 5.2.4). We then have that

uw) = J@) = [ T ple -y )(Fy) - f@) dy,

— 00
so that

lu(z, t) — f(2)] </OO p(z —y,1)|f(y) — f(2)] dy, (5.276)

—0o0

where we have used the fact that p(z,t) is positive for all z € R and all ¢ > 0.
Next, re-write the integral on the right-hand side of (5.276) as a sum of
three integrals,

/°° ple—y, OIf) - f()] dy =

— 00

r—3
/ p(z — 3, DIf () — ()] dy
(5.277)

T+
[ b=y lrw) - @) dy

[ e = 0li) - 1) dy
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We first estimate the middle integral on the right-hand side of (5.277), using
(5.275) and (5.244) to get

x40 c
[ e ptlr) - s@) dy < 5. (5.278)
z—6

Next, use (5.268) and the triangle inequality to obtain the following estimate
for the last integral on the right-hand side of (5.277),

| v —pols) - s@ldy <o [ pe-ydy G209)
x+3 x+3

Make the change of variables £ = y — x in the integral on the right—hand side
of (5.279) to obtain

/ T ple — D) — )| dy < 2M / (e de, (5.280)
z+0 )

where we have also used the symmetry of the heat kernel (see (i) in Proposition
5.2.4). Tt follows from (5.280) and (5.253) in Lemma 5.2.6 that

lim ple =y, 0)|f(y) — f(z)] dy = 0;
t—=0F Jots

thus, there exists d; > 0 such that

O<t<51:>/+6p(x—y,t)|f(y)—f(x)| dy< <. (5.281)

Similar calculations to those leading to (5.281), using (5.254) in Lemma 5.2.6,
can be used to show that there exists d, > 0 such that

<t<§2¢/ p(x —y,t)|fy) — (x)|dy<§. (5.282)

Let d5 = min{dy, d2}. It then follows from (5.277), in conjunction with (5.278),
(5.281) and (5.282), that

o<t<53;»/_ p(x — . O F () — F(o)] dy < e.

We have therefore proved that
o0

lim p(z —y,)[f(y) — f(2)] dy = 0. (5.283)

t—0t ) _ o
It follows from (5.283) and the estimate in (5.276) that

lim fu(z,t) — f(x)] =0,

t—0t
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which yields (5.248) and assertion (i) of Proposition 5.2.3 has been proved.

(ii) Assume that f has a jump discontinuity at « and put

f(x™)= lim f(y) and f(z7)= lim f(y). (5.284)

y—xt y—x—

Let € > 0 be given. It follows from (5.284) that there exists § > 0 such that

r<y<z+d=|f(y)— flzh)| < 3, (5.285)

and -
x—5<y<x:>|f(y)—f(a:7)|<§. (5.286)

Use the definition of u(z,t) in (5.269) to write

+ _ oo
avt) = LI [ ey 100) dy = %) - 550,
and note that
% = /_ i p(zo —y,t) dy = / p(zo —y,t) dy, (5.287)

by virtue of (5.244), (5.243) and the symmetry of the heat kernel (see (i) in
Proposition 5.2.4). We therefore have that

f@t) + fz7)

u(a,t) — :
= [ a0 - £ dy
+f m Pl — 9. 0(f () — Fa*)) dy,
so that
oty f(w+)—;f(w‘)’
< [ ple—wnlf) ~ ) dy (5.288)

+ [ bla = .01) — £ dy

We re-write the last integral on the right-hand side of (5.288) as a sum of two
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integrals,

| re = 015w - 1) dy
)
= / p(x —y,t)|f(y) — f(aT)] dy (5.289)

N / T b -y OII) — Fa) dy,

+4

where

z+6 c z+9 c
[ el - sahldy<s [ ple-nody<i (5290)

by virtue of (5.286) and (5.287).
Similar calculations to those leading to (5.281) can be used to show that
there exists §; > 0 such that

0<t<dis [ ple—pbli) - ) i< (5.291)
T+

Combining (5.290) and (5.291), we obtain from (5.289) that

0<t<d = / pla— 5,1 ) — fh)] dy < = (5.292)

Similarly, we can show that there exists do > 0 such that
z _ €
o<t<5H/ Pl — 5,1 (0) — F )] dy < = (5.293)

Thus, letting 3 = min{dy, d2 } we see that the conjunction of (5.292) and (5.293),
together with (5.288), implies that

w(w,t) — LEDEIE

0<t<ds = 5

We have therefore established (5.249) and the proof of part (ii) of Proposition
5.2.3 is now complete. W

Example 5.2.8. Solve the initial value problem for the diffusion equation in
(5.245), where

1, if —1<z<1;
foy={" " v (5.294)
0, elsewhere.
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Figure 5.2.3: Initial Condition for Example 5.2.8

Solution: A sketch of the graph of the initial condition, f, is shown in Figure
5.2.3. Note that f has jump discontinuities at —1 and at 1.

Using the formula in (5.269) we get that a solution to the initial value prob-
lem (5.245) with initial condition given in (5.294) is given by

1
u(x,t):/ p(x —y,t) dy, forx e€Randt>0,
-1

or

1
Var Dt

1
u(z,t) = / e~ @=)*/4Dt gy for z € R and t > 0, (5.295)
-1

Make the change variables r = sz_Dyt in (5.295) to obtain

T

x—1
1 a1
u(z,t) = ——/ e dr, forxeRandt >0,
ﬁ x+1
V4Dt

or

e”" dr, (5.296)

forx €e Rand t > 0.
Making use of the error function defined in (5.252), we can rewrite (5.296)

(o, t) = % [Erf (%) ~ Exf (%ﬂ , (5.297)

for x € R and ¢t > 0. Figure 5.2.4 shows plots of the graph of y = u(z,t),
where u(z,t) is as given in (5.297), for various values of ¢ in the case 4D = 1.
A few interesting properties of the function u given in (5.297) are apparent by
examining the pictures in Figure 5.2.4. First, the graph of y = u(z,t) is smooth
for all t > 0. Even though the initial temperature distribution, f, in (5.294)
is not even continuous, the solution to the initial value problem (5.245) given
in (5.297) is in fact infinitely differentiable as soon as the process gets going
for t > 0. Secondly, the values, u(z,t), of the function u given in (5.297)) are
positive at all values of z € R and ¢t > 0. In particular, for values of = with
|x| > 1, where the initial temperature is zero, the temperature rises instantly
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— 0.5(erf(3.16228 (x + 1)) - erf(3.1622

— 0.5 (erf(1 - x) +erf(x + 1))

x+1 "eﬁl x-1 ]J
V1o ) V1o

—OS[erf

3

Computed by Wolfram|Alpha

Figure 5.2.4: Sketch of Graph of y = u(x,t) for t = 0.1,1, 10

for t > 0. Thus, the diffusion model for heat propagation predicts that heat
propagates with infinite speed. Thirdly, we see from the pictures in Figure 5.2.4
that

lim w(z,t) =0, forallx € R. (5.298)

t—o0
g

5.2.2 Uniqueness for the Diffusion Equation

The observation (5.298) in Example 5.2.8 is true in general for solutions to the
initial value problem in (5.245) for the case in which the initial condition, f, is
square—integrable; that is,

/Oo |f(z)|? dz < 0 (5.299)

— 00

Observe that, for the function f in Example 5.2.8 satisfies

| i@ a2

— 00

so that the integrability condition in (5.299) holds true for the function in
(5.294).

Before we establish that (5.298) is true for any solution of the initial value
problem (5.245) in which the initial condition satisfies (5.299), we will first need
to derive other properties of the function w given in (5.246).

Proposition 5.2.9. Let f: R — R be continuous and satisfying (5.299); that
is,

| i@ de < o

— 00

Put

u(z,t) = / p(x —y,t)f(y) dy, forxz € Randt>0. (5.300)

—0o0
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Then,
/ lu(x,t)|? de < oo, for all t > 0, (5.301)
and
> |ou 2
3 —(x,t)| dr<oo, forallt>0. (5.302)
x

Proof: Let u be given by (5.300), where f satisfies the condition in (5.299).
Apply the Cauchy—Schwarz inequality (or Jensen’s Inequality) to get

lu(z, )2 < / plx—y,)|f(W))? dy, forzxc€Randt>0, (5303)

— 00

where we have also used (5.244) and the positivity of the heat kernel (see (ii)
and (iii) in Proposition 5.2.4).
Integrate with respect to x on both sides of (5.303) to get

/°° fue, )" de / / plz =y, O)|f ()I” dydz, (5.304)

— 00

for t > 0. Interchanging the order of integration in the integral on the right—
hand side of (5.304) we obtain

/_o; u(z, ) dz < /_O; |f(y)? {/_Zp(x —y,t) dx} dy, (5.305)

for t > 0. It follows from (5.305) and (5.244) that

/ lu(z, 1) da g/ F@) dy, fort>0, (5.306)

— oo —00
Combining (5.306) and (5.299) then yields

/ lu(z,t)|? de < oo, for all t > 0, (5.307)
—00

which is the condition in (5.301).

Next, differentiate u in (5.300) with respect to z to get

ou B [es) (.’17 _ y) e—(m—y)2/4Dt
ozt = /_ 2Dt o W
so that 5 - ( )
u T—y
e == [ sa-u.0550 ) dv (5.308)

for x € R and ¢t > 0.
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Proceeding as in the first part of this proof, use the Cauchy—Schwarz in-
equality (or Jensen’s inequality) to obtain from (5.308) that

2

ou

7(37775)

o S /oo pla - yvt)wlf(y)lz dy, (5.309)

e 4D2¢2

forx €e Rand t > 0.
Next, integrate on both sides of (5.309) with respect to = and interchange
the order of integration to obtain

< | ou
[ |5
for t > 0.

Observe that the inner integral in the right-hand side of (5.310) is simply
the variance, 2Dt, of the probability density function p(z,t), so that

2

N

dz < ﬁ/ |f(y)|2/ (x—y)*p(z—y,t) dz dy, (5.310)

— 0o — 00

/ (x —y)?*p(x —y,t) dv =2Dt, for all y € R and ¢ > 0. (5.311)

Putting together (5.310) and (5.311)
/OO

which implies (5.302) by virtue of (5.299). W

% 2

1 o0
o] <o [ U@y foreso

2Dt |

We will next show that, if in addition to the integrability condition in (5.299)
for the initial distribution, f, we also impose the conditions (5.301) and (5.302)
on the initial value problem (5.245), then any solution must be of the form given
in (5.246). This amounts to showing that the initial value problem (5.245) in
which the initial condition satisfies (5.299), together with the integrability con-
dition in (5.301) and (5.302), has a unique solution. We will need the estimate
in the following lemma when we prove uniqueness.

Lemma 5.2.10. Let f: R — R be a continuous function satisfying (5.299). Let
v be any solution of the problem

Ju 0%u
— =D— f R ;
5 922’ orz € R, t>0;
u(z,0) = f(x), for x eR;
00 (5.312)
/ lu(z, )| dr < oo, for all ¢ > 0;
. 2
/ %(Lt) dr < oo, forallt>D0.
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Then,
/ lv(z,t)|? do < / |f(2)|? do, fort>0. (5.313)
Proof: Let v denote any solution to the problem (5.312), where f satisfies the
integrability condition in (5.299).
In order to establish (5.313), set

E(t) = / lv(z,t)[* dz, for all t > 0. (5.314)

It follows from the integrability condition in (5.312) that E(t) in (5.314) is well
defined for all ¢ > 0 as a real valued function, E: [0,00) — R. Note also that

B(0) = /_Do F(2)[2 da, (5.315)

by virtue of the initial condition in problem (5.312).
Next, observe that, since v satisfies the diffusion equation in (5.312), that is

Uy = D'Uz:ca
then F is differentiable and
oo oo
E'(t) :/ 20(z, t)ve(x, t) doe = 2D/ v(w, ) v (2, t) dz, (5.316)
for t > 0.
We note that the integrability conditions in (5.312) imply that
li_}In v(z,t) =0and lim wv(z,t) =0, fort>0, (5.317)
xr oo r—r— 00
and
lim vy(z,¢) =0and lim wv,(z,t)=0. fort>0, (5.318)
T—r00 Tr—r—00

Integrate by parts the last integral in (5.316) to get

R
E'(t) = lim |v(R,t)ve(R,t) — v(—R,t)ve(—R,t) 7/ (vg(x,1))? dx] ,
R—o0 R
so that
y v 2
E'(t)= —/ a—(m,t) dx, fort>0, (5.319)
—oo | O

by virtue of (5.317), (5.318) and the last integrability condition in (5.312).
Now, it follows from (5.319) that

E'(t)<0, forallt>0,
so that E is nondecreasing in ¢ and therefore
E(t) < E(0), forallt> 0. (5.320)
The estimate in (5.313) follows from (5.320) in view of (5.314) and (5.315). W
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Proposition 5.2.11. Let f: R — R be a continuous function satisfying (5.299).
The problem

0 0?
%:Da—;;, forx € R, t > 0;
u(z,0) = f(z), for z e R;
oo (5.321)
/ lu(z,t)|? da < oo, for all ¢ > 0;
oo 2
[w %(w,t) dr < oo, forallt >0,

has at most one solution.

Proof: Let v be any solution of the problem in (5.321) and let u be given by
(5.300). It follows from Proposition 5.2.3 and Proposition 5.2.9 that u solves
problem (5.321). Put

w(z,t) =v(z,t) —u(z,t), forxeRandt>D0. (5.322)

It follows from the linearity of the differential equation in (5.321) that w also
solves the diffusion equation; indeed,

wy = v — U = DUpy — Dge = D(Vgy — Ugsy) = DWyy.

The function w defined in (5.322) also satisfies the integrability condition in
problem (5.321) ; in fact, by the triangle inequality,

w(z, )] < [o(z, )] + [u(z, )],
so that
[w(z, O < [v(z, )] + 2lv(@, )] - [ulz, B)] + [u(z, 1), (5.323)
for all x € R and all ¢ > 0. Next, use the inequality
2ab < a? + b2, for a,b € R,
in (5.323) to get
lw(z,t)]* < 2 [|Jv(z, )] + |u(z,t)’], for z € R and t > 0. (5.324)

Integrating on both sides of (5.324) with respect to 2 we then obtain that

/ lw(z,t))? dz <2 {/ lo(z, 1) da +/ lu(z,t)|? dx] , fort>0,

—o0 —o0 —o0
so that
oo
/ lw(z,t)|* de < oo, for t >0,

— 00
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since both u and v satisfy the integrability conditions in problem (5.321). Sim-
ilarly, we can show that

o
/ |we(x,t)|> do < oo,  for t > 0.
—00

Now, observe that, since both v and u satisfy the initial condition in problem
(5.321,

w(z,0) = v(x,0) —u(z,0) = f(z) — f(x) =0, forallzeR,
so that w is a solution of problem (5.312) in which the initial condition is the
constant function 0, it follows from the estimate (5.313) in Lemma 5.2.10 that
o0
/ |w(z,t)|* de <0, fort>0,
—o0
from which we get that
/ lw(z,t)|* de =0, fort>0. (5.325)
It follows from (5.325) and the continuity of w that
w(x,t) =0, forallze R andt >0,

so that

v(z,t) =u(z,t), forallz€Randt >0,
in view of the definition of w in (5.322). Hence, any solution to the problem in
(5.321) must be that given by (5.300). MW

We will next show that, if u is any solution of problem (5.321), where f
satisfies the integrability condition

| 1P s <. (5.32)
then
lim u(z,t) =0, forallz €R. (5.327)

t—o00

To see why this is the case, apply Proposition 5.2.11 to write
0o ef(xfy)2/4Dt

- Wf(y) dy,

for all x € R and ¢ > 0, from which we get that

u(z,t) =

00 o~ (z—y)?/ADt
ue ) < [ 1) (5.328)
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for all z € R and ¢t > 0. Next, square on both sides of (5.328) and apply the
Cauchy—Schwarz inequality to get

—(e—y)*/2Dt o0

1 < o
\/W/ V2rDt dy [ |f(y)* dy, (5.329)

Ju(z, 1) <

where
o e—(z—y)2/2Dt

— dy =1. 5.330
—o V21Dt Y ( )
Combining (5.329) and (5.330), we then get
2 1 - 2
u(z, ) < —— dy, 5.331
ua )P < o= [ 11w dy (5.331)

forzr € Rand t > 0.
It follows from (5.326) and (5.331) that

lim |u(z,t)|* =0, forallz € R,
t—o00

which implies (5.327).

5.3 Solving the Dirichlet Problem in the Unit
Disc

The goal of this section is to construct a solution of the boundary value problem
for the two—dimensional Laplacian

{um—&-uyy =0 in Dy;

u(z,y) = g(z,y), for (z,y) € 0Dy, (5.332)

where D1 = {(z,y) € R? | 2% + y? < 1} is the unit disk in R?, and g is a
given function that is continuous in a neighborhood of the unit circle 9D;. A
function u € C?(D1,R) that satisfies the PDE in Problem (5.332) is said to be
harmonic. Thus, we would like to find a function, u, that is harmonic in D,
and that takes on the values given by a continuous function, g, on the boundary
of Dl.

To construct a solution of the Dirichlet problem in (5.3) we use the same
procedure that we used to construct a solution of the Vibrating String Problem
in Section 5.1. This will serve as another another illustration of the methods
of separation of variables and eigenfunctions expansion. This approach has
been particularly successful in the construction of solutions of boundary value
problems for linear PDEs over domains with simple geometry.

The discussion here will parallel that of the Vibrating String Problem in
Section 5.1.

e First, in view of the radial symmetry of the domain, we will express prob-
lem (5.3) in polar coordinate r and 6.



5.3. DIRICHLET PROBLEM FOR THE UNIT DISC 141

0D4

Figure 5.3.5: Unit Disk in R?

e Next, we look for a special type of solutions that are products of a function
of r and a function of #. In other words, we look for solutions in which
the variables separate; this is where we use the method of separation
of variables.

e When looking for solutions that are nonzero over the domain by means of
separation of variables, we are invariable led to an eigenvalue problem.
Solution of the eigenvalue problem leads to a family of solutions in one
(or both of the variables), called eigenfunctions. These eigenfunctions
generate a special family of solutions.

e We will then use the principle of superposition to construct linear combi-
nations of the eigenfunction solutions. We hope that a sequence of these
linear combinations will converge to a function that solves the PDE in
(5.332) and satisfies the boundary condition in that problem; here is where
we use the method of eigenfunctions expansion.

5.3.1 Separation of Variables

In view of the radial symmetry of the domain (see Figure 5.3.5), we will treat
the problem in polar coordinates, (r,6), where

r=rcosf and y=rsinf.

We will also exploit the linearity of the PDE and the boundary condition in
(5.332) and use the principle of superposition to construct a solution of the
problem by superposing simple solutions of the problem. The strategy then is
to, first, find a special class of functions of r and # that solve Laplace’s equation,
and then use sums of those solutions to construct a solution that also satisfies
the boundary condition.
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We begin by expressing the BVP (5.332) in polar coordinates:

8%v  10v 1 0%v

CACSTIE 0 1,-m<0<m
3r2+r3r+r2692 ’ SrshTmsiem

v(1,0) = g(cosb,sinh), —mw <0<,
(5.333)
where we have set
v(r,0) = u(rcosf,rsinb).

We will denote g(cos8,sinf) by f(0), where f: R — R is a continuous, periodic
function of period 2w. We can then rewrite the BVP in (5.333) as

v 10v 1 0%
724_,87_5_*2@ = 0, O<r<l,—m<f<m
or2  ror r (5.334)

v(l,0) = f(), —-w<o<.

We start out by looking for special solutions of the PDE in (5.334) of the

form
v(r,0) = h(r)z(0), forr>=0and —7m <0 <m, (5.335)

where h: [0,00) — R is a continuous functions that is C? in (0,0), and 2: R —
R is a C?, periodic function of period 27. We can therefore compute the partial
derivatives,

ov

8—(1", 0)=h(r)z(0), r>0—7<0<Lm
,

0% "

Or2 (r,0) =h"(r)z(0), r>0,—7 <0<,
0% .

902 (r,0) = h(r)z"(0), r>0,-7<@<m,

and substitute them into the PDE in (5.334) to obtain
R (r)z(0) + 1h’(r)z(&) + %h(r)z”(ﬁ) =0, forr>0,—7m<6<7. (5.336)
r r

Assuming that v(r, ) is not zero for all values of r and 6, and dividing on both
sides of (5.336) by v(r,§) as given in (5.335), we obtain
R'(r) [ 1K(r) 12"(0)
h(r) — r h(r) 2 z(9)

=0, for0<r<l,—m<é<m. (5.337)

Multiplying on both sides of the equation in (5.337) by 72, we notice that that
equation can be written in such a way that the functions that depend only on
r are on one side of the equation and those that depend only on 6 are on the
other side of the equation:

o h'(r) | W) 2"(6)

- _ f 1,- <. )
B +Th(r) 20) or0<r<l,—m<f<nm (5.338)




5.3. DIRICHLET PROBLEM FOR THE UNIT DISC 143

Since (5.338) holds true for all values of r and 6 in (0, 1) and (—, 7], respectively,
it follows from (5.338) that each side of the equation in (5.338) must be equal
to a constant.? Call that constant \ so that
h'(r) R (r) 2"(6)
2
r +r =— =) forO0<r<l,—m<6<m. 5.339
fi ) T ) (5:339)

The expression in (5.339) leads to two ordinary differential equations

—2"(0) = X2(0), for —mw <0<, (5.340)

and

20 (r) 4+ rh/(r) = Ah(r),  for r > 0. (5.341)
The requirement that the function g in (5.334) be periodic of period 27 yields
the following conditions for z:

2(—m)=z2(r) and Z'(—m) = Z(7); (5.342)

in other words, we will assume that z can be extended to a C? periodic function
defined on R with period 27. Putting together (5.340) and (5.342) yields the
following two—point boundary value problem:

—2"(0) = AXz(0), for —m<O<m;
z2(—m) = z(m); (5.343)
Z(—m) = Z'(n).

5.3.2 An Eigenvalue Problem

Observe that the constant function z(6) = 0, for all values of 6, solves the two—
point BVP in (5.343); we shall refer to this solution as the trivial solution.
We are interested in nontrivial solutions of (5.343); otherwise, the special
solutions in (5.335) of the BVP in (5.334) that we are seeking would all be
the zero function. These solutions will not be helpful in the construction of a
solution of the BVP in (5.334) for arbitrary (nonzero) boundary conditions. We
will see shortly that the answer to the question of whether or not the two—point
BVP in (5.343) has nontrivial solutions depends on the value of A in the ODE in
that problem. In fact, there is a certain set of values of A for which (5.343) has
nontrivial solutions; for the rest of the values of A the two—point BVP (5.343)
has only the trivial solution.

2To see why this assertion is true, pick 6, in (—m, 7] such that z(6,) # 0; then, by virtue

h// hl " 9
of (5.338), 12 (r) +r (r) -z ( O), for all » > 0; so that the left—-hand side of (5.338)
h(r) h(r) 2(6o)
1"
0
is constant. Similarly, for fixed 7o in (0,1) with f(r,) # 0, (5.338) implies that z ((0)) =
z

2l W)

° hire)  ° h(ro)
be constant.

, for all 0 in (—m, 7], so that the right-hand side of (5.338) must also



144 CHAPTER 5. SOLVING LINEAR PDES

Definition 5.3.1 (Eigenvalues and Eigenfunctions). A value of X in (5.343) for
which the two—point BVP in (5.343) has a nontrivial is called an eigenvalue of
the BVP; a corresponding nontrivial solution is called an eigenfunction.

We will next compute the eigenvalues and eigenfunctions of the two—point
BVP in (5.343). Before we proceed with the calculations, it will be helpful to
know that the eigenvalues of (5.343) must be nonnegative. We state that fact
in the following proposition.

Proposition 5.3.2. Assume that the two—point BVP (5.343) has nontrivial
solution. Then, A > 0.

Proof: Let z be a nontrivial solution of (5.343). Multiply the ODE in (5.343)

by z and integrate from —7 to m to get

_ / " (0)4(0) df = A / " L(0)(0) db. (5.344)

-7 -

Use integration by parts to evaluate the left—most integral in (5.344) to get

/_ " (0)4(0) df = 2(0)2'(9) T - /_ " 0)2'(0) do,

so that, in view of the boundary conditions in (5.343),
/ " (0)2(0) b = — / " 002 db. (5.345)
Substituting the result in (5.345) into the left—hand side of (5.344) then yields
/ﬂ [2/(0))* db = A/W [2(0)]? df. (5.346)
Since z is a nontrivial solution of the two—point BVP in (5.343), it follows that

/ [2(0)]* d0 > 0. We can therefore solve (5.346) for A to obtain

—T

which shows that A is nonnegative. M

In view of the result of Proposition 5.3.2, it suffices to look for nontrivial
solutions of (5.343) for either A =0 or A > 0.
For the case in which A = 0 in (5.343), the ODE in (5.343) becomes
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which has general solution
2(0) = 10 + co, (5.347)

for arbitrary constants ¢; and cso.
Applying the first boundary condition to z given in (5.347) yields

—TC1 + Cg = TCa + C2,

from which we get that 2m¢; = 0, so that ¢; = 0. It then follows from (5.347)
any solution of the BVP in (5.343) with A = 0 must be constant:

z2(0) =¢, forall 6. (5.348)

In particular, if ¢ # 0 in (5.348), z(0) = c for all § is a nontrivial solution of the
two—point BVP (5.343). Consequently, A\ = 0 is an eigenvalue of (5.343). For
future reference, we shall denote this eigenvalue by A,, so that

Ao =0, (5.349)
and we shall pick the special eigenfunction
po(0) =1, for all 0, (5.350)

and note that any solution of the BVP in (5.343) for )\, is a constant multiple
of ¢, given in (5.350); so that

z0(0) = a,, for all 6, (5.351)

where a, denotes a real constant, represents all solutions of the two—point BVP
in (5.350) corresponding to the eigenvalue A\, = 0.

Next, we look for positive eigenvalues of the BVP in (5.343). For the case
in which A > 0 in (5.343), the general solution of the ODE in (5.343) is

2(0) = ¢1 cos(VAO) + casin(VAG),  for all 6, (5.352)
and arbitrary constants ¢; and cg, so that
2'(0) = —e1VAsin(VAG) 4 coV A cos(VAG),  for all 6. (5.353)

Imposing the the boundary conditions in (5.343) to the functions given in (5.352)
and (5.353) yields the system of equations

c1cos(—VAT) + casin(—v/Ar) = ¢1 cos(VAT) + cpsin(vAr);
—c1VAsin(—vVAr) + cavV/ X cos(—V/A) —c1VAsin(VAT) + cav/ A cos(VAT);
(5.354)
thus, dividing the second equation in (5.354) by VA, since A > 0, and using the
fact that cos is even and sin is odd,

{ c1 cos(VAT) — ¢ sin(—v/An) c1 cos(VAT) + ¢ sin(v/Ar);
c18in(vVAT) + e cos(VAT) = —eypsin(vVAT) + ¢z cos(VAT),
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from which we get that

{zczsin(ﬁw) = 0 (5.355)

2¢ysin(vVAr) = 0.

Since we are looking for nontrivial solutions of (5.343), we require that ¢; and
¢o in (5.352) are not both zero. Consequently, we obtain from (5.355) that

sin(vV/Ar) = 0. (5.356)
Solutions of the trigonometric equation in (5.356) are given by
VAT =nm (5.357)

where n is an integer. It follows from (5.357) that the positive eigenvalues of
the BVP in (5.343) are given by

A=n? forn=1,2,3,.... (5.358)

We will denote the positive eigenvalues of the BVP (5.343) in (5.358) by A, for
n=1,2,3,..., so that

Apo=n?, forn=1,2,3,.... (5.359)

We will denote the corresponding eigenfunctions by z,. These are linear com-
binations of cos(nf) and sin(nf), so that

2 (0) = ap, cos(nf) + b, sin(nf) forn=1,2,3,..., and € R,  (5.360)

where a,, and b,, for n =1,2,3..., are real constants.
We shall put together the results in (5.349), (5.351), (5.359) and (5.360) in
the following proposition:

Proposition 5.3.3 (Eigenvalues and eigenfunctions of BVP (5.343)). The eigen-
values of the two—point BVP (5.343) are given by

A\p=n? forn=0,1,2,3,..., (5.361)
with corresponding eigenfunctions of the form
wo(0) =1, forall 6 € R,
corresponding to A\, = 0, and
©n1(0) = cos(nf) and @,2(0) =sin(nf) ford e Randn=1,2,3,...,

corresponding to A, = n?, forn=1,2,3,....
The corresponding eigenspaces are made up of the funnctions

20(0) = a,, forall € R,
and arbitrary real numbers a,, and
2n(0) = ap cos(nb) 4+ b, sin(nf) for6 e Rand n=1,23,...,

where a,, for n = 0,1,2,..., and b,, for n = 1,2,3,..., are arbitrary real
constants.
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With the values for A given in (5.361), we now proceed to solve the ODE in
(5.341) for the radial component of the special solutions of the BVP in (5.334)
of the form given in (5.335); namely,

20 (r) +rh/ (r) = n?h(r), forr>0andn=0,1,2,... (5.362)
We shall first solve (5.362) for the case n = 0. In this case the equation becomes
rh”(r)+h'(r)=0, forr >0, (5.363)

where we have divided by r > 0. Observe that the equation in (5.363) can be

written as d
a[rh’(r)] =0, forr>0,

which can be integrated to yield
rh/(r)=cy, forr >0,

and some constant ¢, or

W (r) = 671 for r > 0, (5.364)

and some constant ¢;. Integrating the equation in (5.364) then yields
h(r) =c1In(r) + ¢,  for r >0, (5.365)

and some constants ¢; and co. Observe that, if ¢; # 0 in (5.365), the function
h given a (5.365) is unbounded as r — 0. Thus, since we are looking for
C? functions defined in the unit disc, D, we must set ¢; equal to 0. This is
equivalent to imposing the following boundary condition on h:

lim h(r) exists. (5.366)

r—0+

Hence, it follows from (5.365) and (5.366) that, for n = 0, a solution of (5.362)
is given by
h(ry=¢, forallr, (5.367)

is a solution, for some constant c. Taking ¢ = 1 in (5.367) we get the solution
of (5.362) corresponding to n = 0:

ho(r) =1, for all r. (5.368)

Next, consider the case n > 1in (5.362). In this case the differential equation
in (5.362) is an ODE of Euler type:

P20 (r) 4 7' (r) — n?h(r) = 0,  for r > 0. (5.369)
The ODE in (5.369) can be solved by looking for solutions of the form

h(r)y=r1 forr >0, (5.370)
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and some real number q.
Taking derivatives of h in (5.370) and substituting into (5.370) yields

r2q(q—)ri 2 +rgri~t —n*r9=0, forr >0,
or
q(q—1)r?+qr? —n?*r? =0, forr >0,

or
[¢(g—1)+q—n*ri=0, forr>0. (5.371)

It follows from (5.371) that
q(g—1)+q—n*=0,

or

or
(¢+n)(qg—n) =0,
from which we get that
q = En. (5.372)

It follows from (5.371) and (5.372) that
h_p(r)y=r"" and h,(r)=7r", forr>0. (5.373)

In view of the boundary condition in (5.366), we take the second solution in
(5.373),
ho(r)=7", forallrandn=1,23,.... (5.374)

Putting together (5.374), (5.368), (5.360), (5.351), and (5.335), we conclude
that we have found an infinite collection of solutions of the PDE in (5.334);
namely,

Uo(r,0) = a,, for all r and 6; (5.375)
(7, 0) = r"[ay, cos(nd) + b, sin(nh)], for all r and 6, (5.376)
where a,, forn=0,1,2,..., and b,, for n =1,2,3, ..., are real constants.

5.3.3 Expansion in Terms of Eigenfunctions

None of the functions in (5.375) and (5.376) by itself will satisfy the general
boundary condition in (5.334). We can, however, attempt to construct a solution
of (5.334) by adding all of them together; in other words, by applying the
principle of superposition:

v(r,0) = a, + Z r"[an, cos(nf) + b, sin(nb)], 0 < r <1, -7 <0 < 7. (5.377)
n=0

provided the series in (5.377) converges to a C? function.
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Let’s assume for the moment that the series in (5.377) converges also for
r =1, so that we can apply the boundary condition in (5.334) to get

o + i[an cos(nf) + b sin(nd)] = f(0), for —w<O<m.  (5.378)

n=0

Assuming for the moment that the series on the left-hand side of (5.378) con-
verges in such a way that it can be integrated term by term, we can compute
the values of the coefficients a,,, forn =0,1,2,..., and b,, forn =1,2,3,..., in
terms of the function f by means of the following integration facts:

/ sin(nf) cos(mf) dd =0, for all m,n=1,2,3,...; (5.379)
™ 'f .
/ cos(nB) cos(mb) db = {0’ nm 7 (5.380)
- w, ifm=mn;
and
s 'f .
/ sin(nf) sin(mb) df = {0’ e 7 (5.381)
- m, ifm=n.

Indeed, integrating on both sides of (5.378) from —7 to ™ we get, assuming that
the series in (5.378) can be integrated term by term,

2ra, = f(0) do,

—T

from which we get
1 s
o= — 0) do; 5.382
vo=5- [ 10 (5.382)
thus, a, is the average value of f over the interval (—m,].
Next, multiply the equation in (5.378) on both sides by cos(m#@) to obtain

a,cosmb + Z [an, cos nf cosml + by, sinnf cosmb] = f(0) cosmb.  (5.383)

n=0

Then, integrate on both sides of (5.383) with respect to 6 from —x to =, and
use the identities in (5.379) and (5.380) to get

Ty = f(8) cos(mb) db,

from which we get

Ay = 1 / f(0)cos(mb) do, form=1,2,3,.... (5.384)
71'

—T
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Similar calculations (this time multiplying the equation in (5.378) on both sides
by sin(m#f), integrating from — to 7, and using the integral identities in (5.379)
and (5.381)) lead to

b= = [ F(0)sin(m0) 6, form=1,2,3,. ... (5.385)
T J—7m

The numbers defined in (5.382), (5.384) and (5.385) are the Fourier coef-
ficients of the 2m—periodic function f. Note that the Fourier coefficients of f
are defined whenever f is absolutely integrable over the interval [—m, .

Definition 5.3.4 (Absolute Integrability). A function f: [—7, 7] — R is said
to be absolutely integrable over [—m, ] whenever

/Tr |f(0)] db < oo. (5.386)

—T

Note that f doesn’t have to be continuous for (5.386) to hold true. For
instance, if f is bounded and piecewise continuous then (5.386) holds true;
indeed, suppose that f piecewise continuous and

lf(0)] <M, forfe[-mmn],

and some positive constant M; then

/ F0) do < [ M db=2xM < .

—T —T

Notation 5.3.5. We will denote the integral in (5.386) by || f||L1; so that

I = [ " 150)] do. (5.387)

—T

If the integral in (5.387) ia understood as the Lebesgue integral, and || f|| 11 < oo,
we will say that f is an L! function and write f € L'(—m, ). We shall refer to
I fllz: as the L! norm of f € L'(—m, ).

The existence of the Fourier coefficients of f in (5.382), (5.384) and (5.385)
is guaranteed for absolutely integrable 27—periodic functions, f, or for f €
L'(—m, ). This is the content of the following proposition.

Proposition 5.3.6 (Existence of the Fourier Coefficients). Let a,, for n =
0,1,2,..., be as given in (5.382) and (5.384), and b, for n = 1,2,3,..., be as
in (5.385), where f € L*(—n, 7). Then,

1
lan| < ;Hf”Ll, forn=0,1,2,3,...; (5.388)

and 1
|bn] < =|Ifllzr, forn=1,2,3,.... (5.389)
0
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Proof: The estimates in (5.388) and (5.389) follow from properties of the inte-
gral. For a,, we get from (5.382) that

la0] < = / £(0)] b,

2 J_,

so that, using the definition of the L' norm of f in (5.387),

1 1
ol € 5= < = .
a0] < ol fller < s

For n =1,2,3,... we obtain from (5.384) that

wl < 1 " 150 | cos(nb)| db

T J—n

< 1/77 1£(6)] db,

L

since | cos(nd)| < 1 for all  and all n, which yields (5.388). Similar calculations
lead to (5.389). W

It follows from Proposition 5.3.6 that the sequences of Fourier coefficients,
(a,) and (b,), of f are bounded by a constant depending on the L' norm of
f. In fact, it can be shown that the Fourier coefficients of an L', 27—periodic
functions tend to 0 as n goes to infinity; this is known as the Riemann—Lebesgue
Lemma.

Proposition 5.3.7 (Riemann-Lebesgue Lemma). Let a,, for n = 0,1,2,...,
be as given in (5.382) and (5.384), and b,,, for n = 1,2,3,..., be as in (5.385),
where f € L'(—m,m). Then,

lim a, =0 and lim b, = 0.
n— o0 n— oo

For a proof of the Riemann-Lebesgue Lemma, see [Tol62].
We will next use the result of Proposition 5.3.6 to prove that the series
defining the function v in (5.377) converges in D;.

Proposition 5.3.8 (Point-wise Convergence of Series in (5.377) ). Let ay, for
n =0,1,2,..., be as given in (5.382) and (5.384), and b,, for n = 1,2,3,...
be as in (5.385), where f € L!'(—m, 7). Then, the series defining v in (5.377)
converges absolutely in D;.

Proof: The conclusion will follow by comparing with the geometric series since
0<r<1and

Az n

r"™,  for all n,
T

[r"ay, cos(nd)| < r*|a,| <
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where we have used the estimate (5.388) in Proposition 5.3.6. Similarly, using
(5.389) in Proposition 5.3.6,

|r"by, sin(nd)| < 1/ r",

™

foralln. W

Proposition 5.3.8 allows us to conclude that the function v given in (5.377)
is well defined. However, in order to prove that that function is harmonic in
D;, we have to be able to differentiate the series term by term. This would
be possible, for instance, if we knew that the series on the right—hand-side of
(5.377), and the series for the partial derivatives

Z nr[—a, sin(nd) + b, cos(nd)],

- Z n?r"[a, cos(nf) + b, sin(nd)],

n=0
Z nr" " ay, cos(nf) + by, sin(nd)],

and
oo

Z n(n — 1)r" " ?[a, cos(nf) + b, sin(nd)],

n=0

converge uniformly. However, we do not know that at this point. In order to
answer these questions, though, we will have to make further assumptions on f.
Before we deal with these questions, we will first answer the question of when the
trigonometric series on the left—hand side of the equation in (5.378) converges
uniformly. Uniform convergence will justify the term-by—term integration that
was done in order to obtain the formulas in (5.382), (5.384) and (5.385). We will
denote the trigonometric series on the left-hand side of the equation in (5.378)

by f(@), so that

F(0) = a, + Z[an cos(nf) + by, sin(nd)], for —x <6 < 7, (5.390)

n=0

where a,, for n = 0,1,2,..., and by, for n = 1,2,3,..., are the Fourier coef-
ficients of f. Let (f,(#)) denote the sequence of partlal sums of the series in
(5.390) so that

~

Fu(0) = ao+ Y [ay cos(kf) + by sin(k0)], for —7w <O < . (5.391)
k=0
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Definition 5.3.9 (Uniform Convergence). We say that sequence of functions,
(fn), defined in (5.391) converges uniformly to f in [—m,«] if
Jm | max |fn(0) — F(0)] = 0.

The following proposition gives a sufficient condition for the trigonometric
series in (5.390) to converge uniformly to f.

Theorem 5.3.10 (Uniform Convergence 3). Assume that f: R — R is a con-
tinuous, 2m—periodic function; assume also that f is piecewise differentiable with
1: R = R piecewise continuous. Let (f,,) be the sequence of trigonometric func-
tions defined in (5.390), where a,,, for n =0,1,2,..., and b,, for n =1,2,3, ...,
are the Fourier coefficients of f. Then, (j?n) converges uniformly to g in [—7, 7]
as n — oo.

The proof of Theorem 5.3.10 follows from the Uniform Convergence Theorem
2 in Theorem 5.1.14, with L = 7, on page 111 in these notes. Note that, if f is
piecewise differentiable with piecewise continuous derivative, f': R — R, then
f’ is square—integrable on [—m,7|. (For another proof, see [Tol62, pp. 80-81]).

Let’s assume for the moment that f: R — R is 27—periodic, and satisfies
the assumptions of 5.3.10. It then follows from Theorem 5.3.10 that the Fourier
series on the left-hand side of (5.378), where a,, for n = 0,1,2,..., and by,
forn =1,2,3,..., are the Fourier coefficients of f, converges uniformly to the
right—hand side of the equation. This justifies the term—by—term integration of
the series that lead to the formulas for the Fourier coefficients in (5.382), (5.384)
and (5.385) by virtue of the following theorem form Analysis:

Theorem 5.3.11 (Term—by—Term Integration). Let (uy) be a sequence of con-
tinuous functions over a closed and bounded interval, [a,b]. Assume that the

series
o0
> un

k=1

converges uniformly to f. Then, f is continuous on [a, b], and

/abf@:) dng/abum) dz,

/ab <§uk(:ﬁ)> dx = g/@buk(m) dx,

For a proof of this theorem refer to Rudin [Rud53, pg. 121-122].

We saw in Proposition 5.3.8 that the trigonometric series defining v(r, ¢) in
(5.377),

v(r,0) =a, + Zr”[an cosnf + by sinnf], 0<r <1, -7 <0< m (5.392)

n=0
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converges in Dj, provided that f € L'(—m,m), or absolutely integrable on
[—7,7]. In the next proposition we will use the Weierstrass M—Test for uni-
form convergence, (see [Rud53, Theorem 7.10, pg. 119]), in order to show that,
for the case in which f is piecewise C' and 27-periodic, then the series in
(5.392), where the a,, for n = 0,1,2,..., and b,, for n = 1,2,3,..., are the
Fourier coefficients of f, converges uniformly in D1, the closed unit disk in R2.

Proposition 5.3.12 (Uniform Convergence of Series in (5.377) ). Let a,, for
n=0,1,2,..., be as given in (5.382) and (5.384), and b, for n =1,2,3,... be
as in (5.385), where f is a piecewise O, 2r—periodic function. Then, the series
defining v in (5.392) converges uniformly in D;.

Proof: The assumptions that f is piecewise C'' and 27—periodic imply that the
Fourier coefficients of f satisfy the estimate

> (lak] + [be]) < oo (5.393)
k=0

See the calculations leading to the proof of Proposition 5.1.9, with L = «, on
page 106 in these notes for a derivation of the estimate in (5.393).

Next, use the triangle inequality to estimate the absolute values of the terms
of the series in (5.392) to get

|r" [an cos(n@) + b, sin(nb)]| < |an| + |bn], foralln=1,2,3 ...,

and all r € [0,1] and 0 € [—m,«]. Thus, the absolute values of the terms of
the series in (5.392) are “majorized” by the terms of the convergent series in
(5.393). It then follows by the the Weierstrass M—Test for uniform convergence
([Rud53, Theorem 7.10, pg. 119]) that the series in (5.392) converges uniformly
forr €[0,1] and 6 € [-7,7]. N

We will get a chance to use the Weierstrass M—Test for uniform convergence
once again to justify the following calculations based on the trigonometric series
representation for v(r,0) in (5.392) and the assumption that f is a piecewise
C', 2n—periodic function.

First, substitute the formulas defining the Fourier coefficients of f in (5.382),
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(5.384) and (5.385) into the right-hand side (5.392) to get

W 0) = o [ s de sy [i( ™ 116 costng) df) cos(n6)
s 2 ([ r@sintg) ac ) singon)
1 ™ 1 o0 N s
= 5 /_ 1© d£+;n§:jor { /_ _ cos(nf) cos(n) (€ dg
+ /_ " sin(nd) sin(né) £(€) dg]
1 U
= 5] J©d
I [T . .
+72/ r"[cos(nb) cos(né) + sin(nh) sin(né)] f(&) dE,
n=0"Y "7
which can be written as
1 [7 I [
o 0) =5 [ f@ e+ 2y [ rneostno - O)(€) 6. (5:399)

for 0 <r <1 and 6 € [—m, 7], by virtue of the trigonometric identity
cos(a — f8) = cosacos B + sin asin .

Next, we will interchange the order of integration and summation in (5.394).
This is justified by the fact that the series

o0
Z r™ cos(né)
n=1
converges absolutely and uniformly in £ € [—m, 7] for 0 < r < 1. To see why
this is the case, note that
[r™ cos(ng)| <", foralln=1,23,...

Thus, the assertion follows by the Weierstrass M—Test for uniform convergence,
for0 <r < 1.

Hence, interchanging the order of summation and integration in (5.394), we
can write

1 s
v(r,0) = ﬂ/

1+ 20" cosln(0 — €)]| f(€) de, (5.395)
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for 0 <r < 1and@ € [—m,n]. Putting

P(r,0) = 21

™

1+ Z 2r" cos(nG)] , for0<r<1land@e[-mmn], (5.396)

n=1

we see that (5.397) can be written as

v(r,0) = /Tr P(r,0 —&)f(&) d¢, for0O<r<1landfe[-mmn]. (5.397)

—T

5.3.4 The Poisson Kernel for the Unit Disc

The function P defined in (5.396) is called the Poisson kernel for the unit
disc in R2, and the expression on the right-hand side of (5.397) is called the
Poisson integral representation for v. In this section and the next, we will
prove several important properties of the Poisson kernel and the Poisson integral
in (5.397).

We will first show that the series defining the Poisson kernel in (5.396)
converges uniformly over § € [—m, 7] for each 0 < r < 1. This will justify
term-by—term integration of the series. We will use the Weierstrass M—Test for
uniform convergence. Thus, we first estimate the absolute values of the of the
terms of the series,

|2r™ cos(nf)| < 2r",  for all 6 € [—7, 7], (5.398)

and for n € N. It follows from (5.398) that the absolute values of the terms of
the series in (5.396) are “majorized” by the terms of the convergent geometric

series
o0
Z 2r",
n=1

for 0 < r < 1. Hence, the Weierstrass M—Test applies, and we conclude that
the series defining P(r,6) in (5.396) converges uniformly in 6 for 0 < r < 1.
This arguments can be carried out further to prove that, for any 0 < R < 1,
the series defining P(r,6) in (5.396) converges uniformly for 6 € [—m, 7] and
r € [0, R]. Hence, P(r,0) defines a continuous function in the open unit disc,
D+, in R2. This follows from the following important consequence of the uniform
convergence of a sequence of continuous functions:

Proposition 5.3.13 (Uniform Limit of Continuous Functions). Let (f,) be a
sequence of continuous functions on [a, b] that converges uniformly to a function
f:]a,b] = R. Then, f is continuous.

For a proof of this proposition see Rudin [Rud53, Theorem 7.12, pg. 20].

We will next show that, in fact, the Poisson kernel is C? in D; and that it
solves Laplace’s equation in D;. In order to show that the partial derivatives of
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P exist, we need to show that the series
o0 o)
Z 2nr" ! cos(nf)  and Z 2nr" sin(nd) (5.399)
n=1 n=1

converge uniformly. This assertion will follow from the following proposition

Proposition 5.3.14 (Term—by—Term Differentiation). Let (uy) be a sequence
of functions that are differentiable over a closed and bounded interval, [a,b].
Assume that the series -

D

k=1

converges absolutely and uniformly over [a, b]. Assume also that the series

Z ug (o)
k=1

converges absolutely at some point x, in [a,b]. Then, the series converges
oo
> uk
k=1

converges uniformly to a function f that is differentiable over [a, b], and

Fllw) = iu;(x), for all z € [a, b];

or

for all x € [a, b].

This proposition can be proved by applying Theorem 7.17 in [Rud53, pg.
124).

In order to see that the series in (5.399) converge absolutely and uniformly,
first note that

127" cos(nf)| < 2nr™"t  and |20 sin(nf)| < 2nr?

for all 6 € [—m, 7]; so that the series in (5.399) are “majorized” by the series

Z 2nr" 1 and Z 2nr™, (5.400)
n=1 n=1

respectively; both of the series in (5.400) converge by the Ratio Test (or the
Root Test), since 0 < r < 1. It then follows by the Weierstrass M—Test for
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uniform convergence that the series in (5.400) converge uniformly in 6. The
same argument applied to r € [0, R], where where R < 1, yields that the series
in (5.399) are absolutely and uniformly convergent for § € [—7, «] and r € [0, R].
This time the series in (5.399) are “majorized” by the convergent series

i 2nR" ! and i 2nR",
n=1 n=1

respectively. It then follows from Proposition 5.3.14 that the partial derivatives
of the Poisson kernel in (5.396) have partial derivatives in D; given by

0
< — .
ar[ = o E 2nr" L cos(nf), 0<r<1landfc[-m 7], (5.401)

and

0 1 &
%[P(r, 0)] = —5- 7; 2nr"sin(nf), 0<r<1land@c[-mn], (5402)
where we have differentiated the series in (5.396) term-by—term. A similar
argument can be used to obtain the second partial derivatives of the Poisson
kernel:

0? 1 o
ﬁ[ =5 E "2cos(nf), 0<r<1,6¢c|-nmn] (5403)
and
82
892[ g 2n%r"™ cos(n 0<r<1landfe[—mmnr| (5404)

where the series in (5.401) and (5.402) have been differentiated term-by—term.
Next, substitute the partial derivatives in (5.401), (5.403) and (5.404) into
the expression for the Laplacian of P in polar coordinates to get

0’P 10P 1 0?P
57 +r8r+ﬁﬁ = Zan—l ~2 cos(nb)

QWQ Z 2n*r" cos(n (5.405)

I
o
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for all € [—m, 7] and 0 < r < 1. We have therefore shown that the Poisson
kernel solves Laplace’s equation in the open unit disc.

Next, integrate the series in (5.396) over the interval [—m, 7], which is justi-
fied by the uniform convergence of the series, to obtain

/ P(r,0)dd =1, forall0<r<1. (5.406)

The series defining the Poisson kernel in (5.396) can actually be evaluated
by using the identity _ _
2 cos(nf) = e + e~

and then adding geometric series. Indeed,

rn [einG + e—in@}

NE

Z 2r* cos(nf) =
n=1

3
Il
—

I
hE

)
rn [eie]n + Z rm [e—w]n
n=1

3
Il
—

3

e
— [rew]n + Z[re—w]n7
1 n=1

3
Il

so that, since |re™| = r < 1, for all 6,
ret? re~
— -
1—ret? 1 —pe-i’

Z 2r"™ cos(nf) =
n=1

which simplifies to

ret —p2 4 pei0 — 2

1—1re® —re—i 4927

Z 2r" cos(nf) =
n=1

or 4 '
rle?? + e — 272
1 —r[et? + e~ 4 72’

Z 2r" cos(nf) =
n=1
or

= 2r cos(f) — 2r?
S 2 - <r<l0el-ma. (5
2 27" cos(nf) T 2rcos(d) 112 0<r<1,0€[-mn] (5.407)

Substituting the value of the series in (5.407) into (5.396) then yields the formula

1 1—r?
P(r,0) = — for 0<r<landfe|—mn], (5408
(r,9) 21 1 — 2rcos(f) + 12’ o r<landf€f-mn], ( )

for the Poisson kernel.
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We will next use the formula in (5.408) for the Poisson kernel for the unit disk
to derive further properties of the Poisson kernel. We summarize these proper-
ties, as well as the ones we have already established using the representation in
(5.396), in the following proposition.

Proposition 5.3.15 (Properties of the Poisson Kernel). Let P(r,0) be given
by (5.408), or its equivalent representation as an infinite series in (5.396). Then,
the function P: [0,1) x [—m, 7] — R satisfies the following:

(i) P(r,0) >0 for all (r,0) € [0,1) x [—m,7];
(ii) P € C*=([0,1) x [—m,7]);

(iii) P is harmonic in Dy;

(iv)/ P(r,d—¢)d¢=1, forall{ e Rand all0 < r < 1.

—T

(v) lim P(r,0 —¢) =0, for£+#6and|{—0| <m;

r—1-

(vi) lim P(r,0 —&) = +4o0, for £ =0.

r—1—

Proof: In order to prove (i) and (ii), first note that, for all § € R and r > 0,
2rcosf < 2r,

so that
1—2rcosf+r2> 1—2r+7"2,

or
1—2rcos(@) +r2>(1—r)?, for0<r<1and@cR. (5.409)

It follows from (5.409) and the formula for P(r,0) in (5.408) that P(r,0) is
defined for all » € [0,r) and all § € R, and P(r,0) > 0 for r € [0,1) and all
0 € R; we have therefore establlished (i).

From (5.409) we also obtain that

1—2rcos(9)+r2>0, for0<r<1landfecR.

Thus, the denominator in the formula for P(r,6) in (5.408) is not zero for
0 <r <1and# € R; hence, since the numerator and denominator of the
expression defining P(r,6) in (5.408) are C*° functions, (ii) also follows.

We have already established that P satisfies Laplace’s equation in D (see
the calculations leading up to (5.405) on page 158) using the definition of P in
(5.396). Thus, P is harmonic in D; and so we have established (iii).

The integral identity in (iv) will follow from (5.406) and the 2r—periodicity
of P(r,0) in §. Indeed, making the change of variables { = 6 — £ in the integral



5.3. DIRICHLET PROBLEM FOR THE UNIT DISC 161

in (iv) we have

—T —+
O+
- | peoa
O0—m
= P(r,¢) d¢
= 17
for all 6 € R.
Next, use the formula for P(r,8) in (5.408) to obtain that
1 1—r?
P8 =0 =5 1512
for 8 = ¢, from which we get that
1 147
— = — < =¢. .
P(r,0 —¢) 5 T for0<r<landf=¢ (5.410)

The assertion in (vi) follows from (5.410).
To prove (v), first note that

lim [1 —2rcos(f — &) +72] = 2—2cos(f —¢&)

r—1-
= sin?(f —¢)
so that

lim [1 —2rcos(d — &) +72] #0, foré#0and|¢—0] <7 (5.411)

r—1-
The assertion in (v) then follows from (5.411) and the expression for the Poisson
kernel in (5.408). W
5.3.5 The Poisson Integral Representation

Let f: [-m, 7] = R be a continuous function that can be extended to a contin-
uous, 27—periodic function in R. We then have that

lf(0)] < M, forall§e[—mmn],

and some positive constant M. The goal of this section is to use the properties
of the Poisson kernel listed in Proposition 5.3.15 to prove that the function
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v: D1 = R defined by

/7T P(r,0 —&)f(§) d¢, for0<r<1,0¢el[—mmnl
v(r,0) =" " (5.412)

f(6), forr=1, 0 € [-m, 7],

where P(r, ) denotes the Poisson kernel for the unit disc in R? given in (5.396)
or (5.408), solves the Dirichlet problem (5.334) for the unit disc in R2.

We first show that v € C?(D1,R) and that it solves Laplace’s equation in
Dy; in polar coordinates,

v 10v n 1 0%

or?2  ror  r200?
This will follow from (iii) in Proposition 5.3.15, provided we can show that
differentiation under the integral sign in the first part of the definition of v in
(5.412) is valid. Indeed, property (iii) in Proposition 5.413 says that

o’P 10P 10°P
W+;E+EW:0’ foro<r<1, 6€[—mmn] (5.414)

Thus, assuming for the moment that differentiation under the integral sign in
(5.412) is valid, we have that, for 0 < r <1 and 0 € [—m, 7],
v  10v 1 0% T 0?

=0, forO<r<1, §e[-mmn] (5.413)

+ [ ISP - ol de

—T

T 82
+ / %ﬁ[P(n@ — ©)I£(¢) de,

which can be written as

A ™[ o2 g 10 g 1 92 g J
o= [ |t 0 =1+ TP - O]+ (0 - €] 16 e
where we have used the short—hand notation, Awv, for the Laplacian of v. The
fact that v is harmonic in D; then follows from the previous identity and (5.414).

We will next see that differentiation under the integral sign is justified. In
order to do this, we first note that the continuity of f implies that there exists
a positive constant, M, such that

[f(O)] < M, foralle[—mmn]. (5.415)

In view of (5.415) and (5.414), in order to justify the differentiation under the
integral sign in the first part of the definition of w in (5.412), it suffices to prove

that
0 0 0?

55 P 0 =6 o [P(r,0—¢)] and =

90 or [P(’I’7 0 — f)]



5.3. DIRICHLET PROBLEM FOR THE UNIT DISC 163

are absolutely integrable over [—m, 7] for each [—, .
Use (5.408) to compute

0 1 (T—7%)2rsin(d —¢)
T ALY i el ¢ e sy 4

which can be written as

5 B 2rsin(6 — &)
%[P(rﬁ -9 = " 1—2rcos(f— &)+ 12

P(r,0 —¢&), (5.416)
by virtue of the expression for the Poisson kernel in (5.408). Next, take absolute

values on both sides of (5.416) and use the estimate in (5.409) to get

2r
(1-7r)2

P(r,0 —¢), (5.417)

0
P06l <

where we have used the positivity of the Poisson kernel in (i) of Proposition
5.3.15. Integrating on both sides of the inequality in (5.417) form —7 to 7 and
using property (iv) in Proposition 5.3.15 we obtain that

0
which shows that %[P(r, 0 — &)] is absolutely integrable over [—m, x| for 0 <

r<1and®f € [—m,mn|
Next, take partial derivative with respect to 6 on both sides of (5.416) to get

0

[Pme—gﬂ\ de<

(1—=r)*

< _
50 for0<r<1andfe[—mn],

0? B 2rcos(6 —§)
W[P(T’a -9l = 11— 2rcos(0— &) + TQP(T’H =9

4r? sin?(0 — ¢)

T 2rcos(8 —€) + 122

P(r,0 —¢)

2rsin(f — €) )
11— 2r cos(f — &) + 12 %[P(T»H -9,

so that, in view of (5.416),

0? _ 2r cos(6 — &)
@[P(Tve—f)] — _1—2TCOS(0—£)+T2P(T,9_§)

412 sin® (0 — &)
+ (1 —2rcos(6 — &) +1r?)

QP(T79_§)

412 sin® (0 — &)
+ (1 —2rcos(f — &) +r?)

2P(T,0—§),
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or

52 B 2r cos(0 — &)
W[P(T,G—f)] T 1—2rcos(f— &) +12

P(r,0 —¢)
(5.418)
8r2sin?(f — &)
+ (1 —2rcos(f — &) +r?)

5 P(r,0 —¢€).

Taking absolute values on both sides of (5.418) and applying the triangle in-
equality, we obtain

52

~Z_(P(r.0 — <—"
-6l < 2

2r 8r2
P(ra075)+ (1-7")4

where we have also used the estimate in (5.409) and the positivity of the Poisson
kernel (see property (i) in Proposition 5.3.15). Integrating from —7 to 7 on both
sides of (5.419) then yields

™

/.

where we have also used property (iv) in Proposition 5.3.15; thus, we have shown
2

that %[P(r,@ —&)] is absolutely integrable over [—m, 7] for 0 < r < 1 and
6 eR.

Next, differentiate the Poisson kernel in (5.408) with respect to r, for 0 <
r < 1, to obtain

P(r,0—¢),  (5.419)

aQ[P@:e—f)}‘ dge< 2y 8

202 =2 a=nt for0<r<1, 0 eR,

5 1 _op 1 (1—7r%)(2r—2cos(d —¢))

g[P(r,G—g)]:% 1—2rcos(0 —&)+r2 21 (1 —2rcos( —€) +r2)2

where we have applied the Product Rule; so that, in view of the expression for
the Poison kernel in (5.408),

0 2r 2r — 2cos(0 — &)

E[P(Ta‘)*f)} :*mp(r,9*5)* 1_2TCOS(9_€)_~_T2P(T79*§)7
or
0 | —2r 2r — cos(0 — &)
a[P(r,Q—g)] N [1 — 72 + 1 —2rcos(f —¢) +r2] P(r,0 =¢), (5.420)
for 0 <r < 1andall £ and 0 in R.

Next, take absolute values on both sides of (5.420), applying the triangle
inequality, and use the estimate in (5.409) to obtain

2r 2r+1
-2 {17

‘g[m, 0- g)]‘ < { 2} P(r,0 - €), (5.421)

for 0 <7 < 1and#,£ € R, where we have also used the positivity of the Poisson
kernel (see property (i) in Proposition 5.3.15).
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Integrating from —7 to 7 on both sides of (5.421) and using property (iv) in
Proposition 5.3.15 then yields

1o
—I[P(r,0 — d¢ <
[ |areo- g a

. 0 . .
which shows that —T[P(r, 0 —¢)] is absolutely integrable over [—m, 7] for 0 <
r<1and@e€[-mmn].

Hence, differentiation under the integral sign in the first part of the definition
of win (5.412) is justified. (See the results in Appendix B.1). We have therefore
established that the function v defined in (5.412) is in C*(D;) and satisfies
Laplace’s equation. It remains to prove that v € C(D1) and that it satisfies

the boundary conditions in problem (5.334). This will be accomplished once we
prove the following lemma:

2r + 2r+1
12 (1—p)2

for0<r<0, 8 R,

Lemma 5.3.16 (Boundary Limits of the Poisson Integral Representation). Let
v be as given in (5.412) where f is continuous on [—m,7]. Then, for every
¢ €[, 7],
lim v(r,0) — =0. 5.422
L 00) = ) (5.422)
Proof: First consider the case in which ¢ € (—m, 7).
Let € > 0 be given. Since f is is continuous on [—m, 7], there exists §; > 0

such that d; < 57 and

§-Cl<h=ge(-mm and |£(€) - FQ)] < 3. (5.423)
Next, use property (iii) of the Poisson kernel in Proposition 5.3.15 to write
o) =10 = [ Pro-90€) de- 1) [ Plro-g) ag
= [ reo-gn@ - [ Peio-010) d
so that
o)~ 50 = [P0 ©((E) - 7(0) de. (5.421)

—T

Next, take absolute values on both sides of (5.424) and use the positivity of the
Poisson kernel (see property (i) in Proposition 5.3.15) to obtain that

o(r.6) — £(O)] < [ " P 0 - () — J()] d. (5.425)

We'll next divide the integral on the right—hand side of (5.425) into three inte-
grals over the domains [—m,( — 1], [( — d1,{ + 61] and [¢ + d1, 7], respectively.
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We first estimate the integral over [( — 01, + d1] using (5.424) to get
(+61 e [CTor

| Pro-oin© - s@lde< s [ Pwo-g e
(=61 3Je-a

so that, by virtue of the positivity of the Poisson (property (i) in Proposition
5.3.15)

¢+01 € T
[ Pro-9© - gl de <5 [ Pro-9 d
¢—01 -
hence, by property (iv) in Proposition 5.3.15,
¢+01 c
L, P -ue ol < 5 (5.420)

Next, we estimate the integral over [( + 01, 7]. Using the estimate in (5.415)
and the triangle inequality we obtain

| pro-ol@-r©lde<am [ Pro-gd  (az)
(461 (+61

for all € (—m,m) and 0 < r < 1. Then, for
]
0 —¢l <5, (5.428)

we obtain from (5.427) and the positivity of the Poisson kernel that

T

/ P(r,6 = &[f(€) — f(Q) d§<2M/ P(r,0 =€) d¢; (5.429)
C+51 0"”51/2
Thus, making the change of variables w = £ — 6 in (5.429) we get
T T—0
| Pwo-olr© - sl a <21 [P do,
¢+01 81/2
so that, by the positivity of the Poisson kernel,
[ pwo-gir©-s@la <o [ Prw) o (5430
¢+d1 81/2
Now, it follows from the properties of the cosine function that

%1 <w < 7= cos(w) < cos(d1/2);

so that, for 0 < r < 1,

)
51 <w<m=1-2rcos(w)+7r*>1—2rcos(6,/2) + %
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so that, by the expression for the Poisson kernel in (5.408),
P(r,w) < P(r,01/2), forall we [01/2,m]. (5.431)

It then follows from (5.430) and (5.431) that

s s

P(r,0 = )If(&) — f(Q)| d§ < 2M P(r,61/2) dw,
61 51/2

for 0 < r < 1; so that,

s

1)
) P(r,0 — )| f(€) — f(O)] d¢ < 2M <7r - 21) P(r,8/2), (5.432)
¢+d1
for 0 <r < 1.
Now, it follows property (v) in Proposition 5.3.15 that there exists do > 0
such that

€
Thus, combining (5.432), (5.428) and (5.433) we see that
0 T €
r=1l<dand[0-C <= [ Pro-IF© - F(Q) d < 5. (5.43)

¢+d1

Calculations similar to those leading to (5.434) show that there exists d3 > 0
such that

(=01

Ir—1] < 85 and [§ —¢| < % = P(r,0—)IF(&) = F(Q)] d€ < <. (5.435)

—T

Letting 6 = min %1, da, 63} , we see that, in view of (5.425), (5.426), (5.434)
and (5.435),
|r—1] <d and |8 —¢| <& = |v(r,0) — f({)| <e.

This completes the proof of the boundary limits lemma for the case ¢ € (—m, 7).
The case in which ¢ is one of the end—points of the interval [—m, 7] can be treated
in an analogous manner to the interior point case using one-sided limits at those
points. W

5.3.6 Existence for the Dirichlet Problem on the Unit Disc

In Section 5.3.5 we studied the Dirichlet problem of the two—dimensional Lapla-
cian in the unit disc in polar coordinates,

0%v 10w 1 0%v

—t—— 4 —=— = 0, O<r<l,—-w<O<m;
or?2  ror  r206? (5.436)
v(1,0) = f(0), -—-w<LO0<Lm,
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where f: R — R is a continuous, 27—periodic function. We constructed a
candidate for a solution given by (5.412); namely,

/7T P(r,0 —&)f(&) d§, for0<r<1, 0¢€[—mn|
o(r,)=4""" (5.437)
1(6), forr=1, 6 € [-7, 7,

where P(r,6) denotes the Poisson kernel for the unit disc in R? given in (5.396)
or (5.408); that is,
1 1—r?

= — < — .
P(r,0) 57 1= 2rcos(®) 112 for0<r<1land@e|[—mmn|, (5438)

We showed in Section 5.3.5 that

v(r,0) = ' P(r,0—¢)f()d§, for0<r<1, €[-m,mn], (5.439)

—T

is a C? function that solves Laplace’s equation in D;. It remains to show that
v € C(D1,R) and that v(1,0) = f(0), for all 0 € [—m,7].

The fact that the function v: D; — R defined in (5.437) is continuous follows
from Lemma 5.3.16. Indeed, for v(r, 6) as given in (5.439), we get from Lemma
5.3.16 that

lim o(r,0) = , forall ¢ € [—m, 7];
Lm0 = £(0) ¢ € [-ma]

so that, in view of the definition of v in (5.437),

lim o(r,0) =v(1,(), forall (e |[—m ],
lm(r0) = o(1.0 Cel-mm

which shows that v is continuous at every point (1,¢) € 0D;. This completes
the proof of the following result.

Theorem 5.3.17 (Existence for the Dirichlet Problem for the Disc, I). Let
J/: R — R be a continuous, 27—periodic function. There exists a function v €
C?(D1,R) N C(Dy,R) that solves the BVP in (5.436).

By converting back to Cartesian coordinates from polar coordinates, we
obtain a solution of the Dirichlet problem in (5.332); namely,

5.440
u(z,y) = g(z,y), for (x,y)e€ oDy, ( )

{ Upg +Uyy = O in Dy;
where g € C(0D4,R). Indeed, for (z,y) € Dy, write
xr=rcosf and y=rsinfd, for0<r<land —7w<6<m,

and, for —w < £ < 7, put

w1(€) = cosé and wy =siné;
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so that, (w1(§),w2(§)) € dD; for all £ € (—m, «]. Consequently, denoting the
Euclidean norm of vector in R? by | - |,

(2, y) — (w1,ws)|? = 1% — 2(2,y) - (w1,wa) + 1, (5.441)

where the middle-term on the right-hand side of (5.441) is the dot—product of
the the vectors (z,y) and (wy,ws). Thus,

(2, y) — (wi,ws)|* =72 — 2rcos(h — &) + 1. (5.442)
Hence, in view of (5.438), we see from (5.442) that

1 1y
P00 = 5 ) — )P

(5.443)

for (z,y) € Dy and (wy,ws) € OD;.
The right-hand side of the equation in (5.443) gives the Poisson kernel in
Cartesian coordinates. We write

1 1= (=)
21 |(x,y) — (w1, w2)|?’

for (xz,y) € Dy and (w1,ws) € D;. Then, in view of (5.439) and (5.444), we
define

P((z,y), (w1, w2)) =

(5.444)

u(z,y) = ]gD P((z,y),w)g(w) dsw, for (z,y) € Dy, (5.445)

where w = (wy,ws) € D7 and ds,, is the element of arc-length along the circle
0D;s.
The boundary limit Lemma 5.3.16 implies that

lim P((2,9),0)9(w) dsw = g(er, 22),  (5.446)
(z,y)—=(21,22) JoD,
(z,y)€D1
for all (z1,22) € dD;y. Thus, in view of (5.437), (5.445) and (5.446), we see that
the function u: D1 — R given by

P((z,y),w)g(w) dsy, for (z,y) € Dy;

u(z,y) =4 (5.447)

g(‘ray)v for (xvy) EaDla

where P((z,y),w), for (z,y) € D1 and w € dDy, is the Poisson kernel for the
unit disc, D1, given in (5.444), gives a solution of the boundary value problem
in (5.440). We state this fact as the following existence theorem, which is,
essentially, the Cartesian coordinates version of Theorem 5.3.17.

Theorem 5.3.18 (Existence for the Dirichlet Problem for the Disc, II). For
any given g € C(0D1,R), there exists a function u € C?(Dy,R) N C(D1,R)
that solves the BVP in (5.440). Indeed, u is given by the Poisson integral
representation in (5.447).



170 CHAPTER 5. SOLVING LINEAR PDES

5.4 Green’s Functions

In Section 5.3.6 we constructed a solution of the Dirichlet problem for Laplace’s
equation in the unit disc, Dy, in RZ:

Ugy +Uyy = 0 in Dq;
u(z,y) = g(z,y), for (z,y) € 0D,

where g € C(0D1,R) is given. The construction was based on the Poisson
integral representation of a harmonic functions in terms of its boundary values.
In this section, we turn to the Dirichlet problem for Laplace’s equation in a
general bounded domain Q C R? with piecewise smooth boundary 9€:

Au = 0 in
{ u (5.448)

r,y) = g(z,y), for (z,y) € o9,

where g € C(9Q,R) is given. We will be able to construct a solution of the
Dirichlet problem in (5.448) by using the integral representation of a harmonic
function in €2 in terms of its values on the boundary of 2. This integral repre-
sentation in turn relies on the existence of a special function tied to the domain
Q that is known as the Green’s function of the domain.
We will also construct a solution of the Dirichlet problem for Poisson’s equa-
tions:
{ _Au(xay) = f(xvy)v for (xay) € Q; (5 449)
u(z,y) = g(z,y), for (z,y) € 09, ’

where g € C(0€2,R) and f: Q@ — R is assumed to be Holder continuous.

Definition 5.4.1 (Holder Continuity). Let € denote an open subset of R? and
f: Q2 — R be a real valued function. The function f is said to be Hoélder
continuous with Hoélder exponent «, where 0 < o < 1, if and only if there
exists a positive constant M such that

|f(z,y) = f(§m)| < M|(x,y) — (§n)|*  forall (z,y),(§,n) € Q. (5.450)

If « = 1in (5.450), we say that f is Lipschitz continuous in 2, with Lipschitz
constant M.

5.4.1 Green’s Integral Representation Formula

In Section 4.2.1 we saw that the functions of the form

W(z,y) =Clnva2+y2, for (z,y) # (0,0), (5.451)

where C is a constant, are harmonic in the punctured plane, R?\{(0,0)}; that
is, W solves
Upy +uyy =0 in R2\{(0,0)}. (5.452)

We also saw that the functions in (5.451) are radially symmetric solutions of
the problem in (5.452).
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Since Laplace’s equation in (5.452) is also translation invariant, given any
point (7,,¥,) € R?, it follows that the function

(‘T7 y) = W(.’E —ZoyY — yo)’ for (l‘,y) 7é (3707 yo)7 (5453>

solves Laplace’s equation in R?\{(x,,¥,)}. Denoting the function defined in
(5.453) by Wiz, y.), We see that

Wieawo) (@,9) = Clny/(z —26)2 + (y —yo)2, for (2,9) # (20,40), (5.454)

solves

Upy + Uy =0 in RA\{(20,90)} (5.455)

Let U denote an open subset of R? and let Q be a connected, bounded and
open subset of U such that Q C Y. Assume that the boundary, 99, of Q is
piecewise C!. Let u € C?(Q,R) N C(Q,R) and v € C?*(Q,R) N C(,R). Using
the Divergence Theorem (or Green’s Theorem), we can derive the following

identity
ou Ov
//Q (vAu — uAv) dady = jgﬂ <v3n - u8n> ds, (5.456)

where Au and Av denote the Laplacian of v and v, respectively, and

G—HZVu-ﬁ and %:Vv-ﬁ (5.457)
denote the directional derivative of u and v, respectively, in the direction of the
outward, unit normal vector, 7, to the boundary, 99, of 2. The differential ds in
the integral on the right—hand side of (5.456) denotes the element of arc—length
along the curve 9Q. The identity in (5.456) is called Green’s Identity II.

Next, let (2,,9,) € Q and let € > 0 be such that the closure of the disc of
radius e centered at (z,,¥y,) is contained entirely in Q. Setting

D.(T0,Y0) = {(,y) € R? | (z — 550)2 +(y— yo)2 < 52}a

we have that
D (%0, y0) C 2.

Define Q. = Q\D.(x,, Yo), the set Q with D.(x,,y,) taken out. Observe that
the function W(,_, ) defined in (5.454) is harmonic in 2. by virtue of (5.455).

Next, let u € C?(U,R) and apply Green’s Identity II in (5.456) with Q. in
place of €, and with W(,_ . in place of v to get

Ou W,y
Wie oyAu dedy = Wip oy — u—2¥2l ) g, 5.458
//Q (2o,yo) AU dxdy ]29( O ) s ( )

where we have used the fact that W(,_, ) is harmonic in €.
The boundary of €. is the union of 9 and 9D, (z,,y,). We can therefore
rewrite the boundary integral on the right-hand side of (5.458) as

ou ow ou ow
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where we have written W for W, ., y and D for D.(x,,y,), and the minus
sign before the second integral in (5.459) indicates the fact that the outward,
unit normal of 9. at a point on dD.(x,,y,), points toward the point (x,,y,).
We can therefore rewrite (5.458) as

ou ow ou ow
A = _— — y— — - o —_
/Q€ W drdy 7{99 (Wan “on ) ds 7{3D€ (Wan “on ) ds,

which can be rewritten as

7{ W@—ua—w ds = —/ W Au dzdy
8D, an 6n Q.

8u ow
We proceed to compute the limit as e — 0T of the integrals in (5.460) that

depend on e. These calculations will depend on the definition of W in (5.454)
and the assumption that u € C%(U,R). We begin by showing that

(5.460)

lim // W Au dxdy :/ W Au dxdy. (5.461)
Q. Q

e—0t

To establish (5.461), first note that

// W Aw dxdy — // W Au dxdy z/ W Au dzdy;
Q QE DE

so that,

'/ W A dxdy —/ WA dxdy’ < // |[W||Au| dzdy. (5.462)
Q QE DE

Now, since we are assuming that u € C*(U,R) and Q is bounded, |Au] is
bounded on 2. Putting

M = max |Au(z,y)|,
(z,y)eQ

we obtain from (5.462) that

‘/ WAy dxdy — / W Au dxdy’ M// (z,y)| dzdy, (5.463)

where W is defined in (5.454). We can use polar coordinates to evaluate the
integral on the right-hand side of (5.463) as follows

2m €
// (z,y |dzdy—\0|/ [lnr|r drdf.
0
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Thus, assuming that ¢ < 1,

// (z,y)| dedy = —27T|C|/ rinr dr. (5.464)

We can use integration by parts and L’Hospital’s Rule to evaluate the integral
on the right-hand side of (5.464) to get

&2 2
// (z,y)| dedy = —27|C)| ( Ine — 4> . (5.465)
Thus, combining the estimate in (5.463) with the result in (5.465),
2
‘/ WAy dxdy — / W Au dxdy‘ 7M|C| ( +€|61n€|> (5.466)

for 0 < ¢ < 1. Letting € — 0" in (5.466) and using the fact that

lim elne =0, (5.467)

e—0*t

which follows from L’Hospital’s Rule, we obtain from (5.466) and (5.467) that

// W Au dxdy — / W Au dxdy‘ =0,
Q. Q
which implies (5.461).

Next, we estimate the first boundary integral on the left—hand side of (5.460)
to get

lim
e—0t

W% ds
8D, n

<M % W] ds, (5.468)
0D,

where M is given by
M; = max |Vu(z,y)],
(z,y)eQ
according to the definition of the outward-normal derivative of w in (5.457).
Using the definition of W in (5.454) we can evaluate the integral on the
right—hand side of (5.468) to obtain

7{ |W| ds = 2me|Ine|,
oD.

for 0 < € < 1; so that,

W@ ds

o < 27Milelne|, for0<e<1. (5.469)

Consequently, using (5.467) again, we obtain from (5.469) that

ou
li —_— = A4
E_l)r(r)1+ W@n ds = 0. (5.470)
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It remains to evaluate

lim u—— ds,
e=0% Jap, on

where the outward, normal derivative, %—W, of W given in (5.454) is the deriva-
n

tive of W with respect to the outward, radial direction from (z,,y,) on the
boundary of D.(z,,y,). Wring

r= /(2 —20)2 + (y — %0)?,

we then have that

ow d
—— =—[C1 = —;
on 9D (z6,Y0) d?”[ Il’l"] r=e '
so that,
ow C
f U——— ds:—% u ds;
op. On € Jap.
. oW 1
j{ u—— ds = 27rC’—7{ uds, for0<e<l, (5.471)
8D, 611 2we 8D,
1
where Tme w ds is the mean value (or average value) of u on 9D (20, Yo)-
€ JoD.

Now, since u is continuous in U, which contains 2, it follows that

. 1
Elg& Ime -~ wds = u(xo, Yo)- (5.472)

Thus, combining (5.471) and (5.472), we get that

ow
lim u—— ds = 2rCu(o, Yo)- (5.473)
e—0+ 8D, on

Next, let ¢ — 0% on both sides of (5.460), and use the limits in (5.461),
(5.470) and (5.473), to get that

—27Cu(xo, yo) = — // WA dxdy —|—j£ (Wgu — u@VV) ds.  (5.474)
[e) o0 n on

From this point on we set
—2mC =1,
or
1
C=——; (5.475)
2m
so that, the equation in (5.474) becomes

W(To,Yo) = — //Q WAu dxdy + %99 (Wgz - u?jj) ds, (5.476)
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where, according to (5.454) and (5.454), W represents the function

Wiz, iyt R\{(#0,90)} = R

defined by

W(aco,yo)(x7y) = *% ln \/(x - xo)z + (y - y0)27 lf (a:,y) 7£ (:L'Oa yo)' (5477)

It what follows we will show how to use the formula in (5.476) to obtain a
representation of harmonic function u € C?(Q, R)NC(Q, R) in terms of its values
on the boundary of €. If we succeed, we will be able to obtain a representation
for a solution of the Dirichlet problem in (5.448); namely,

{ Ugy +Uyy = 0 in €; (5.478)

u(r,y) = g(z,y), for (z,y) € 0Q,

where g: 00 — R is a given continuous function on 0.
To obtain an integral representation for u € C?(U,R) in terms of its values
on 99, let H € C?(U,R) be a function that is harmonic in Q; so that,

AH =0, inQ. (5.479)

Next, apply Green’s Identity IT in (5.456), with u € C?(U,R) and H in place of

v, to get
// HAudscdyz% (Hau—uaH> ds,
Q a0 on on

where we have used (5.479), which we can rewrite as

0=— // HAwv dzxdy +?{ (Hau — u8H> ds. (5.480)
Q o0 on on

Adding the expressions in (5.476) and (5.480) we obtain

w(xo,Yo) = —//Q(W—i—H)Au dzdy
(5.481)

ou 0
+ W—i—H—ds—?{ u—|W + H| ds.
7@51( )Bn N 8n[ ]

Suppose that we can find a C? function H: Q — R that is harmonic in €
and such that
W+ H=0 on0Q,

or
H=-W on0Q. (5.482)

Tt then follows from (5.481) and (5.482) that

w(To,Yo) = — // (W + H)Au dxdy —]{ ui[W + H] ds, (5.483)
Q aa On
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for any (z,,y,) € Q, where W is given by (5.477), and H € C%(Q,R) N C(Q,R)
is a harmonic function in 2 satisfying the boundary condition in (5.482).
Since (2o, ¥yo) €  in (5.483) is arbitrary, by defining

Wiay(&5m) = —% /(€ —2)2 + (n — )2, if (&,n) # (2,y), (5.484)

and (z,y) € 2, we obtain from (5.483) the integral representation formula

u(zy) = - //Q (W (621) + H(Em) A€, ) dedy
(5.485)

— § e )5 Wia () + H(E )] ds,
on

for all (z,y) € Q.
We shall refer to the expression in (5.485) as Green’s Integral Represen-
tation Formula for a function u € C?(Q, R) N C(, R).

5.4.2 Definition of Green’s Function

We will denote the expression

Wiey(&n) + H(En), for (§,n) # (z,y), (5.486)

in Green’s Integral Representation Formula in (5.485), where W, ,y(§,7) is as
given in (5.484), by
G((z,y),(&n) (5.487)

and call it the Green’s function of the domain 2. With this notation, the Green’s
Integral Representation Formula in (5.485) becomes

u(zy) = — / / G(z,y), (€.m) Au(€, ) dédn
(5.488)

~ § (e 5elG ) (€ n)] ds
219

for all (z,y) € . Thus, according to (5.488), if we are able to find a Green’s
function for a domain Q C R2, we will be able to represent any function u €
C?(Q,R)NC(Q,R) in terms of its Laplacian, Au, in €, and its boundary values
on 0f2. In other words, we will be able to construct a candidate for a solution
of the Dirichlet problem for Poisson’s equation in (5.449); namely,

u(z,y) = //Q G((z,y), (€ 1) [ (E.m) dedn .

~§ slen5HIG ) (€ n)] ds
oN
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for all (z,y) € Q, provided that we make additional assumptions on f. In
particular, we will assume that f is Hélder continuous with Hoélder exponent «,
with 0 < o < 1 (see Definition 5.4.1 on page 170 in these notes).

For the special case in which u € C?(2,R) N C(2,R) is harmonic in £ and
u takes on values given by g on 0%, we obtain from (5.488) that

W) == § g€ g Gl €l ds, for (a0) € 2

which we can rewrite as

wa) = §_oten (~pelGlapEm)]) ds, for (o) €0 (5490)

Thus, setting
P((,), (6,1) = 2 [G (&) (6,) (5.491)

in (5.490), we recover the Poisson integral representation formula for a harmonic
function in € in terms of of its boundary values,

u(z,y) = y({mg(&n)P((z,y),(&n)) ds, for (z,y) € Q, (5.492)

that we obtained in Section 5.3.6 for the unit disc, Dy, in R2.

In this section, we discuss some properties of the Green’s function. We
will then compute the Green’s function for the disc Dy in R? for R > 0.
In subsequent sections, we will compute the Green’s functions of other simple
regions in the plane.

According to the definition of Green’s function given in (5.487) and (5.486)
at the start of this section, if a domain Q C R? has a Green’s function,

G((z,y), (& n)), for (z,y), (€,m) € Q, with (z,y) # (£,7), then the function
(&n) = G((z,y), (&) = Wy (&n),  for (§n) €9,
is harmonic in € and
G((z,y),(&n) =0, for ({,n) € 9Q.

We note that a given domain € can have at most one Green function. For
suppose that there are two functions, G1((z,y), (§,n)) and Ga2((z,y), (£, 1)),
with the properties that the maps

(5777) = Gl((xay)a (5777)) - W(a:,y) (57 77)7 for (6; 77) € Qv and i = 17 27

are harmonic in €2, and

Gi((z,y),(&n) =0, for (&,n) €I, andi=1,2.
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Then, the functions

Hi(§,n) = Gi((z,9), (&) = Wiz (&m),  for (§,n) €Q, andi=1,2,

solve the Dirichlet problem

{ Uggy T Uyy = 0 in Q; (5.493)

u(z,y) = Wy, ondQ,

where —W(, .y is continuous on 0%, since (x,y) ¢ 9Q (see the definition of
Wia,y) in (5.484)). Consequently, since the Dirichlet problem in (5.493) can
have at most one solutions (see Problem 5 in Assignment #5), it follows that

Hi(&n) = Ha(€,m), forall (&n) € Q.

Consequently,

Gl((x7y)’ (5777)) = GQ((JZ,Z/), (gan))’ for all (5777) € ) with (5777) 7’é ('Tay)

In the following example, we compute the Green’s function for the disc of
radius R around the origin, Dg, in R2.

Example 5.4.2 (Green’s Function of Dg). For any (z,y) € Dg, we construct
a function H, ,y: Dr — R that is harmonic in © and such that

H(L,y) (577’) = 7W(w,y)(€777)7 for all (5777) € ODk. (5494)

In the construction, we will use the fact that, if (z*,y*) € Dg, then the function

(&m) = Iny/(€ —2*)2 + (n— )%, for () € D,

or

(&mn) = I|(€n) - («",y")|,  for (§n) € Dg,

is harmonic in Dg.

We first consider the case in which (z,y) € D and (z,y) # (0,0); the case
(z,y) = (0,0) with be dealt with separately.

Assume that (z,y) € Dg and (z,y) # (0,0). We pick (z*,y*) to be a point
on the ray emanating from the origin, (0,0), and going through the point (z, y)
at a distance A > R from the origin; so that,

(x*ay*) = ('7;73/)7 (5495)

|(z,y)|

where A will be chosen shortly.
We consider the function H, ,): Dr — R given by

Hea(&1) = 5 QU p)l(€m) — (2%,7)]),  for (€1) € D, (5.496)
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Where Q(z,y) > 0, along with A > R in (5.495), be chosen so that the boundary
condition in (5.494) is satisfied.

We note that H, ) is harmonic in Dg, since |(z*,y*)| = A > R, according
to (5.495).

Next, use the definition of (z*,y*) in (5.495) to compute, for (£,n) € dDg,

* k|12 _ p2 A T . 2
_ Z‘* * 2: >\ R2|(J?,y)| _ T . P
6= P = s (IS ) (6o + M) - (497

Setting A|(z,y)| = R? in (5.497); so that,

2
A= ‘(fy”, (5.498)
we obtain from (5.497) that
2
(€)= @9 = o () = 2w) - (€0 + ).

or
2

[(&m) — (&%, y")|* =

from which we get that

@Dl ) — @ o) = lEm) — @yl Tor (€.m) € DR, (5.499)

It follows from (5.499) that

%m <|(~”ﬂéy)||(£,n) - (x*,y*)|) = %mq(g,n) —(z,9))), (5.500)

for all (¢,1) € 9Dg. Thus, comparing (5.496) with the left—hand side of (5.500)
we see that, we see that we can take

(=, )]

Qz,y) = 7

in (5.496) to obtain

H(:c,y)(gv 77) =

oo (52 € - @p)1) . for (60 € D (501

where, according to (5.495) and (5.498),

(" y*) = |(:CRT)\2 (1), for (z,y) € D with (z,9) £ (0,0).  (5.502)
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The identity in (5.500) then shows that

H(aﬁ,y) (fa 7’) = 7W(;C,y)(€777)7 for (5777) € bRa

which is the assertion in (5.494). It then follows from the definition of the Green
function in (5.486) and (5.487) that

G((‘T’ y)a (fa 77)) = H(z,y) (67 77) + W(wﬂ/) (Ea 77)7
for (x,y), (§,m) € Drwith (z,y) # (§,7n), and (z,y) # (0,0), or

Ganem = 5o (1 e - @)

(5.503)

for (x,y), (¢, n) € Drwith (z,y) # (£, 1), and (z,y) # (0,0).
Next, for the case (z,y) = (0,0), observe that the constant function

1
H(f, 77) = % lIlR, for (‘fﬂ?) € RQa

is harmonic everywhere. Furthermore, setting

W(En) = —5- (€], for (€n) # (0,0,

we see that
H(fﬂ?) = _W(§7T])’ for all (fan) € 8DR

Thus, we define
1 1
G((an)a(&??)) - %lan %hﬂ(fﬂma for (5777) 7é (070) (5504)

The function, G((z,y), (£,n)), defined in (5.503) and (5.504) is the Green
function of the disc of radius R around the origin in R?. We can use it to solve
the following Dirichlet problem for Poisson’s equation in Dg:

—Au(z,y) = f(z,y), for (x,y)€ Dg;
{ uw(z,y) = g(z,y), for (x,y)e€ 611)%}%7 (5.505)

where g € C(0Dg,R) and f: Dr — R is assumed to be Holder continuous.
Indeed, according to (5.489), a solution of (5.505) should satisty

//DR (2,y), (&) f(&n) d&dn

+ ?{)DRQ(&W) <_aan[G((x’y)’(§’77))]> ds,

(5.506)
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for all (z,y) € Dg.
Next, we compute the normal derivative of G((x,y), (§,n)) in the last integral
in (5.506), which is

6, €)= VienGllan). En) - g, (507)

for (§,n) € ODR, where V¢, denotes the gradient take with respect to the
variables ¢ and 7.
For (z,y) € Dr and (z,y) # (0,0), use (5.503) to write

1 |z, 1 .
Gl em) = o=m @Oy e - @y
us R 47
(5.508)
~ LEn) — ()P
e s, n T, Y) 53
so that, taking the partial derivative with respect to &,
0 E—a*
=G €, ) ) = 5=
pe LV ©M) = e — P
(5.509)
1 E—x

2 [(€m) — ()P

for (&,m) € ODg.
Similarly, taking the partial with respect to n on both sides of (5.508),

9 1 n—y
“a NG -
R T X R e
(5.510)
ot nmy
2m |(§,m) — (2, y)*
for (£,n) € ODg.
We can now use (5.509) and (5.510) to compute (5.507) to get
0 1 €40 —a"¢—y"n
“a —
on (($ay)7(£an)) 2%mR |(§717)—(x*,y*)|2
1 4 —xl -y
2rR ‘(5777) - (xay)|2 ’
for (§,m) € 0Dg, or
9 1 R —(a%,y%) - (&n)
7G 9 } =
g OV EM) = R i) — )P
(5.511)

1 R (2,9)- (&)
2nR |(&,n) — (z,y)>




182 CHAPTER 5. SOLVING LINEAR PDES

for (&,m) € ODg.
Next, use the definition of (z*,y*) in (5.502) and the identity in (5.499) to
rewrite (5.511) as

1 @) - (z,9) (&)
2rR |(fan) - (l',y)|2

o 1 RQ_(%Z‘/)(&J?)
2rR |(£,77)—(x,y)|2 ,

for (&,m) € ODpg, which can be rewritten as

T 2 _ p2
() ) = o A o (6.) € 0D,

B 27R |(€an) - (Jj,y)|27
from which we get that

2 (), (&)

_ 1 Ryl
-~ 2rR|(&n) — (,y)]*

Observe that the expression in (5.512) also works for (x,y) = (0,0), according
to the definition of G((0,0), (&, 7)) in (5.504).

The expression on the right-hand side of (5.512) is the Poisson kernel,
P((z,y),(&,n)), for the disc D (compare with the result of Problem 2 in As-
signment #6). We therefore get from (5.506) and (5.512) that the solution of
the Dirichlet problem for Poisson’s equation in (5.505) should have the repre-
sentation

I (). )

for (¢,m) € 0Dr.  (5.512)

uey) = [ Gl (cmirien) dean
! (5.513)

* % P((x,y), (&m)9(&,n) ds,
ODRg

for all (z,y) € Dg, where

_ 1 Ryl
2rR ‘(5777) - (‘T7 y)|2’
and (x,y) € Dg, is the Poisson kernel of the disc Dg, and G((z,y), (§,7)) is its
Green’s function defined in (5.503) and (5.504).
Next, we consider two special cases of the representation formula in (5.513).

First, suppose that f(z,y) = 0 for all (z,y) € Dg in (5.513) and (5.505);
then,

P((z,y), (& n)

for (¢,7m) € ODg, (5.514)

u(z,y) = ]g Pl (€ o) d, (5.515)

for all (z,y) € Dg, where P((z,y),(£,n)) is the Poisson kernel of D given in
(5.514) solves the Dirichlet problem

{ Au = 0, in Dg;
u(z,y) = g(z,y), for (z,y) € dDp,
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where g € C(0Dg,R) is a given continuous function. We have therefore recov-
ered the Poisson integral representation of a harmonic function in (5.515) that
we derived in Section 5.3 for the unit disc D; using separation of variables and
Fourier series.

Second, suppose that g(z,y) = 0 for all (x,y) € ODg in (5.513) and (5.505);
then,

u(z, ) = / [ Gl € fen) dedn. for (@) € D (5:516)

where G((z,y),(&,n)) is the Green’s function of Dp defined in (5.503) and
(5.504), is a candidate for a solution of the Dirichlet problem for Poisson’s
equation in Dpg:

—Au(z,y) = f(z,y), for (x,y)€ Dg;
{ u(z,y) = 0, for (z,y) € 351%, (5.517)

provided that we assume that f: Dr — R is Holder continuous in 2. We will
show this in the next section.

5.4.3 Solving Poisson’s Equation

The goal of this section is to show that, if f: Dr — R is Hoélder continuous with
Holder exponent « € (0,1] (see Definition 5.4.1), then then function u given in
(5.516) solves the Dirichlet problem for Poisson’s equation in (5.517).

We will frame the discussion in this section in the context of a general do-
main ), with piecewise C'' boundary, 012, and for which a Green’s function,
G((z,y),(&n)), exists. An instance of such a domain is the disc of radius R
around the origin in R?, Dpg, discussed in the previous section. Thus, we will
show that the function u: 2 — R given by

ulz,y) = / /Q G((x,y), (Em)f(€n) dédn, for (z,y) €Q,  (5.518)

where f: 0 — R is a Holder continuous function with Holder exponent o €
(0, 1], solves the Dirichlet problem

—Au(z,y) = f(z,y), for (x,y) e
{ U(%Z) = 0, ! for (x’z)eag (5.519)

Before we prove this result, we will have to establish an additional property
of the Green function.

Let 2 denote an open, bounded subset of R? with piecewise C'' boundary,
090, and suppose that  has a Green function, G((x,y), (§,7)), for (x,y), (£,n) €
Q such that (z,y) # (£,1). We have already seen that a Green function for €,
if it exists, it is unique. We have also seen that

G((z,y), (&m) = H((z,y), (€n) + W((z,v), (&), (5.520)
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where the map
(&) = H((x,y),(§,m),  for (§,1) € Q,
is harmonic if ; so that,
Hee + Hypy =0, in Q, (5.521)

and

Wy (6m) = —5- W& — @yl for () # €0 (65522)

It is also the case that
G((z,y),(&m) =0, forall (x,y) € Qand (§,n) € O. (5.523)

We will next show that G is symmetric; that is,

G((z1,91), (72,92)) = G((w2,92), (¥1,1)),  for (z1,y1) # (T2,92), (5.524)

and (21,y1), (22, y2) € Q.

To establish (5.524), we proceed as in the derivation of the Green Represen-
tation Formula in Section 5.4.1.

Assume that (x1,11), (z2,y2) €  are such that

(z1,91) # (22, 92). (5.525)
Define a function vy : Q\{(z1,41)} — R by
vi(&n) = G((z1,91), (§m)),  for (&,1) € A\{(z1,91)}- (5.526)

It then follows from the definition of the Green’s function in (5.520), (5.521)
and (5.522) that vy is harmonic in Q\{(z1, y1)}; indeed, there exists a harmonic
function hq: 2 — R such that

Ul(fa 77) = hl(fﬂ?) + W((xlayl)V (fa 77)) for (fa 77) € Q\{(xlvyl)} (5527)

Furthermore,
v1(&,n) =0, for (§,n) € 09, (5.528)

by virtue of (5.523).
Similarly, defining vo: Q\{(z2,y2)} — R by

va(§,m) = G((w2,92),(§,m)), for (§,n) € A\{(z2,92)}, (5.529)

there exists a harmonic function hs: 2 — R such that

U2(£777) = h2(€777) + W((x27y2)7 (5377))7 for (577’) € Q\{(x27y2)}7 (5530)

so that, vg is harmonic in Q\{(z2,y2)} and

v2(&,m) =0, for ({,m) € 0. (5.531)
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We will show that
v1 (22, y2) = va (w1, Y1) (5.532)

This will establish (5.524), in view of the definitions of v; and v, in (5.526) and
(5.529), respectively.

Since 2 is open and (z1,y1) and (z2, y2) are distinct points in Q (see (5.525),
there exist £, > 0 such that

ﬁeo(zl,yl) C Q, E&-o (l‘g,yg) C Q,

and

Dso(xlayl) N D60($2ay2) = (Z)

We may assume that e, < 1.
Let 0 < € < g,. As in the derivation of the Green Representation Formula
in Section 5.4.1, define

Q. = O\(De(x1,91) U De(22,2)),

and observe that, by virtue of the definitions of v; and v, in (5.527) and (5.530),
respectively, v1 and vy are harmonic in €2.. Thus, applying Green’s Identity 11
in (5.456) with v; and vy in place of u and v, and €. in place of Q,

0 0
féme <v2;nl — U1;:> ds = //QE (vaAvy — v1Avgy) dEdn,

from which we get that

81}1 6’02 o
f{;ﬂe <'L}28n — U1 an) ds = 07 (5533)

since v1 and v9 are harmonic in €,.

Observe that the boundary of €. is made up of the boundary of €2 together
with the circles 0D, (z1,y1) and 9D, (x2,y2). We can therefore the integral on
the left—hand side as

j{ o O 7?{ Gui 92

0. v2 Bn ! (’“)n 5 o a0 2 an U1 3n s
_% USRS

oDy > on Yon

_ ]{ w2 22 g
9Ds >on Y on ’
or, in view of (5.528) and (5.531),

/ dup O oo -4 Qo 002
0. on T on 5T oDy “on ~ Von y
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where we have written D; for D.(x1,y1) and Dy for D.(z2,y2). Combining
(5.533) and (5.534) we then get that

f CCIR D N _j,{ T L
oD, >on Y on N oD, > on Yon ’

8’01 81)2 81)2 a’Ul
— —un— | ds = — —vy— | ds. .
7{,172 <02 an ~ Lon > y éDl (m on 8n) § (5:535)

Next, we estimate the integral

or

0 0
fowfras=d (e - gmien @) G2 s 6590

where we have used the definition of vy in (5.530).

Observe that v in C? on D, (x2,%s), since, in view of the definition of v; in
(5.527), vy is harmonic on Q\{(z1,41)}. Consequently, there exists a constant
M{ > 0 such that

[Vor(&,m)| < Mj,  forall (§,1) € De, (22,12). (5.537)
Similarly, since hs is harmonic in €2, there exists a constant Ms > 0 such that
|h2(§777)| < M27 for all (ga 77) € EEO($27 y?) (5538)

Consequently, using the estimates in (5.537) and (5.538), we obtain the estimate

0
f{ ho(€,m) 2L ds| < M{Mo2me, for 0 < e < . (5.539)
8D, 877,
It follows from (5.539) that
0
lim halE, n)% ds = 0. (5.540)

e=0% JaD, (z2,y2)

Next, use the estimate in (5.537) again to estimate

1

1 0
%@m %ln|(§,n) — (xg,y2)|a% ds| < Mjlelng|, for0<e<e, (5.541)

It follows from (5.541) that

lim 1 In|(&n) — (x27y2)|% ds = 0. (5.542)

€=0% JaD, (x2,92) 2
Combining the results in (5.540) and (5.542) with (5.536) we conclude that
31}1

lim vg—— ds = 0. (5.543)
e=0" JoD, (22,y2) In
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Similar arguments can be used to show that

0
lim 0 22 ds = 0. (5.544)
e=0% JoD, (21,m1) on

Next, we evaluate the limit

9
lim 0 22 s, (5.545)
e=0% JaD, (22,y2) on

Using (5.530) we can rewrite the integral in (5.545) as

gr2 = Y _ .
f o (G g len — ) i

so that,

f vl%ds:]{ 022 g = 012 T |(€, 1)~ (2, 9) | ds, (5.546)
ODo 0D> an

dD> Bn _%

where we have written Dy for D, (x2,y2).
We estimate the first integral on the right-hand side of (5.546) as follows:

Oh
j{ v1 =2 ds| < MyMb2re,  for 0 < £ < &,, (5.547)
oD, 8n
where
Ml = ElaX |vl(§7n)|a
(§,m)€De, (z2,y2)
and

My= — max  [Vhy(§n)l.

(&,m)€De, (z2,v2)

Tt follows from (5.547) that

oh
lim 01— ds = 0. (5.548)

e=0% JaD, (22,y2) on

Next, use the fact that

0 d 1
% In |(£7n) - ($2ay2)| = % Inr e = gv for all (5’7]) € aDE(I27y2)a
to evaluate the last expression on the right-hand side of (5.546) as follows:
1 0 1
vi=— In|(&,n) — (z2,y2)| ds = — vy ds, (5.549)

2m 0D on 2me 9Dc(x2,y2)

the - average value of vy over the circle D, (3, y2). Thus, since vy is continuous
on D, (x2,ya2), it follows from (5.549) that

. 1 0
Jim gl — e ds = nra). (5550
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Hence, letting ¢ — 07 in (5.546), and using the limits in (5.548) and (5.550),

we get that

87}2
lim v1—— ds = —v1(x3,y2). 5.551

Similar calculations to those leading to (5.551) can be used to show that

8’1}1
lim vo—— ds = —va(x1,91). (5.552)
€=0% JaD, (21,51) on

Finally, letting ¢ — 0T in (5.535), and using the limits in (5.543), (5.544),
(5.551) and (5.552), we get that

v1($2ayz) = UQ(xlayl)a

which is the assertion in (5.532). We have therefore established the symmetry
of the Green’s function.

It follows from the definition of the Green’s function in (5.520)—(5.523), and
the fact that G((z,y), (§,7)), for (z,y) # (£,n), is symmetric, that the map

(@,y) = G((z,y), (&), for (z,y) # (& n),

is harmonic as a function of (x,y), if (z,y) # (£,n). Using the definition of G
in (5.520), we then get that

H((z,y),(&n)) = G((z,y),(&n) = W((z,9), (& n),
for (z,y) # (§,n), is also symmetric. Consequently, the map
(,y) = H((z,y),(&n)), for (z,y) € Q,
is harmonic as a function of (z,y) in €; so that,

Hyw+ Hyy =0, in Q. (5.553)

Using the symmetry of G, we may define

G((z,y),(&n) =0, for (z,y) € 9N and (&,7n) € Q. (5.554)

Next, assume that f: Q@ — R is Holder continuous with Holder «, with
0 < a < 1. Then, according to Definition 5.4.1, there exists a constant M > 0
such that

|f(z,y) — F(§m)] < M|(z,y) — (§,n)|%, forall (x,y),(§,n) € Q. (5.555)

It follows from (5.555) that f is continuous on €2 and that there exists a constant
M, > 0 such that

[f(&m)] < M,, forall (§,7) € Q. (5.556)
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(Recall that we are assuming that €2 is a bounded domain in R?).
Define u: 2 — R by

ulz,y) = //Q G((z,y), € )f(€n) dédn, for (x,y) € Q. (5.557)

We will show that u solves Poisson’s equation
—Au=f, in Q.
Furthermore, it follows from the definition of w in (5.557) and from (5.554) that
u(z,y) =0, for all (z,y) € 0.

Thus, the function u given in (5.557) solves the Dirichlet problem for Poisson’s
equation given in (5.519); namely,

—Au(z,y) = f(z,y), for (z,y) e
{ u(%z) = 0, ’ fgr (ac,z)eag, (5.558)
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Appendix A

Facts from the Theory of
Ordinary Differential
Equations

In this appendix we present some of the facts from the theory of ordinary dif-
ferential equations (ODEs) that are used in these notes. We begin with linear
second order ODEs with constant coefficients.

A.1 Linear, Second Order ODEs with Constant
Coefficients

We discuss here how to construct the general solution of the linear, homoge-
neous, second order ODE with constant coefficients

ay’ +by 4+ cy =0, (A1)

where a, b and ¢ are real constants, and y is assumed to be a twice differentiable
function of z € R
We look for solutions of (A.1) of the form

y(x) =em*, forz eR, (A.2)

where m is a parameter to be determined shortly.
Differentiating the function y defined in (A.2) and substituting into the ODE
in (A.1) yields the equation

am? +bm +c = 0. (A.3)

The quadratic equation in (A.3) is called the characteristic equation of the
ODE in (A.1). Its roots could be real and distinct, real and equal, or complex
conjugates.

191
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If the roots, 1 and 7o, of the characteristic equation in (A.3) are real and
distinct, the general solution of the ODE in (A.1) is given by

y(z) = c1e™” + c2e™”,  forall z € R, (A-4)

for arbitrary constants ¢; and cso.
If r € R is the only root of the characteristic equation (A.3), the general
solution of the ODE in (A.1) is given by

y(z) = 1™ + coze™, for all z € R, (A.5)

for arbitrary constants ¢; and cs.
If the roots of the characteristic equation (A.3) are the complex conjugates
a £4f, the general solution of the ODE in (A.1) is given by

y(x) = 1“7 cos B + c2e*Fsin Bz, for all x € R, (A.6)

for arbitrary constants c¢; and cs.



Appendix B

Theorems About
Integration

B.1 Differentiating Under the Integral Sign

Solutions of problems in the Calculus of Variations often require the differen-
tiation of functions defined in terms of integrals of other functions. In many
instance this involves differentiation under the integral sign. In this appendix
we preset a few results that specify conditions under which differentiation under
the integral sign is valid.

Proposition B.1.1 (Differentiation Under the Integral Sign). Suppose that
H: [a,b] x R — R is a C! function. Define h: R — R by

b
h(t) = / H(z,t) de, forall teR.
a

0H
Assume that the functions H and —— are absolutely integrable over [a,b].

ot

Then, h is C! and its derivative is given by

B (t) = / %[H(m, 0] da.

Proposition B.1.2 (Differentiation Under the Integral Sign and Fundamental
Theorem of Calculus). Suppose that H: [a,b] x R x R — R is a C! function.
Define

¢
h(y,t) = / H(z,y,t) de, forallyeR, teR.
a

0 0
Assume that the functions H, a—[H(x, y,t)] and E[H(x, y,t)] are absolutely
Y

193
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integrable over [a,b]. Then, h is C! and its partial derivatives are given by

/8 H(z,y,t)] dz

0
S = H. 0+ [ S0 da

Proposition B.1.2 can be viewed as a generalization of the Fundamental
Theorem of Calculus and is a special case of Leibnitz Rule.

and

B.2 The Divergence Theorem

We begin by stating the two—dimensional version of the divergence theorem. We
then present some consequences of the result.

Let U denote an open subset of R and Q a subset of U such that Q C U.
We assume that €2 is bounded with boundary, 0f), that can be parmetrized by
o:[0,1] = R, where o(t) = (z(t),y(t)), for t € [0,1], with z,y € C*([0,1],R)
satisfying

(@(t)* + (y(t)* #0, forallte]o,1], (B.1)
(where the dot on top of the variable indicates derivative with respect to t), and
o(0) = o(1). Implicit in the definition of a parametrization is the assumption
that the map o: [0,1) — R? is one-to—one on [0, 1). Thus, O is a simple closed
curve in U. Observe that the assumption in (B.1) implies that at every point
o(t) € 09, a tangent vector

o' (t) = (&(t),9(t)), forte[0,1]. (B.2)
Let ?: U — R? denote a C! vector field in U; so that,
Flo,y) = (P(2,9),Q(w,)),  for (a,y) € U, (B.3)

where P: U = R and Q: U — R are C', real-valued functions defined on U.
The divergence of the vector field Fe CY(U,R?) given in (B.3) is a scalar
field divF : U — R defined by

oP 0
AvE (w,) = G0 + Golaw) for () €U, (B.4)
Example B.2.1. Imagine a two—dimensional fluid moving through a region U
in the zy—plane. Suppose the velocity of the fluid at a point (z,y) € R? is given
by a C! vector field 7: U — R? in units of distance per time. Suppose that we
also know the density of the fluid, p(x,y) at any point (z,y) € U (in units of

mass per area), and that p: U — R is a C! scalar field. Define

Fle,y) = ple,y)V(@y), for (z,y) €. (B.5)
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Then ? has units of mass per unit length, per unit time. The vector field ? in
(B.5) is called the flow field and it measures the amount of fluid per unit time
that goes through a cross section of unit length perpendicular to the direction of

. Thus, to get a measure of the amount of fluid per unit time that crosses the
boundary 91 in direction away from the region ), we compute the line integral

F -7 ds, (B.6)
199}

where ds is the element of arc-length along 92, and 7 is unit vector that is
perpendicular to the curve 9 and points away from 2. The, expression in (B.6)

is called the flux of the flow field ? across 02 and it measures the amount of
fluid per unit time that crosses the boundary 0f.

On the other hand, the divergence, div?, of the flow field ? in (B.5) has
units of mass/time x length?, and it measures the amount of fluid that diverges
from a point per unit time per unit area. Thus, the integral

/ /Q divF ddy (B.7)

the total amount of fluid leaving the reagin (2 per unit time. In the case where
there are not sinks or sources of fluid inside the region €, the integrals in (B.6)
and (B.7) must be equal; so that,

/ /Q AvE dedy = 3 F .7 ds. (B.8)

The expression in (B.8) is the Divergence Theorem.

Theorem B.2.2 (The Divergence Theorem in R?). Let U be an open subset
of R? and Q an open subset of U such that Q C U. Suppose that Q is bounded
with boundary 0. Assume that 9 is a piece-wise C*, simple, closed curve.
Let F e C1(U,R?). Then,

/ /Q AvE dedy = 3 F -7 ds, (B.9)

where 7 is the outward, unit, normal vector to 9 that exists everywhere on
01, except possibly at finitely many points.

For the special case in which 9 is parmatrized by o € C1([0, 1], R?) satisfy-
ing (B.2), 0(0) = (1), the map o: [0,1) — R? is one-to—one, and o is oriented
in the counterclockwise sense, the outward unit normal to 0f2 is given by

Ao (t) = |U,1(t)|(y(t)7—:'c(t)), for t € [0, 1]. (B.10)

Note that the vector 7 in (B.10) is a unit vector that is perpendicular to the
vector o’ (t) in (B.2) that is tangent to the curve at o(t). In follows from (B.10)
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that, for the C! vector field ? given in (B.3), the line integral on the right—hand
side of (B.9) can be written as

F 7 ds =/ (P(a(t), Qo (1)) - (9(t), =&(t)) |0’ (1)} dt,
o0 0

o’ (#)]

Foiids = / [P(o(t)g(t) — Q(a(t))(t)] dt,
o0 0

which we can write, using differentials, as
?ﬁds:% (Pdy — Qdu). (B.11)
Q a0

Thus, using the definition of the divergence of Fin (B.4) and (B.11), we can

rewrite (B.9) as
/ / (81’ + aQ) dady = § (Pdy - Qo) (B.12)
o)

which is another form of the Divergence Theorem in (B.9).

Applying the Divergence Theorem (B.9) to the vector field ? =(Q,—P),
where P,Q € C*(U,R) yields from (B.12) that

/I, (Zf ) ?f;) dady = § (Pdz+Qay).

which is Green’s Theorem.
As an application of the Divergence Theorem as stated in (B.12), consider
the case of the vector field (P, Q) = (z,y) for all (x,y) € R2. In this case (B.12)

yields
// 2 dxdy = 74 (zdy — ydx),
Q a0

2 area()) = % (xdy — ydx),
00

from which we get the formula

or

area(Q2) = % fgg(xdy —ydx), (B.13)

for the area of the region 2 enclosed by a simple closed curve 92.



Appendix C

Kernels

C.1 The Dirichlet Kernel

In this section we derive the formula for the Dirichlet kernel (5.74) used in
connection with the proof of convergence of Fourier series.
The Dirichlet kernel was defined in (5.72) as

N
1 nmd
D,(0) = 3 + E cos (L) . for g eR. (C.1)
n=1

We will show that

1\ 70
sin [(N + ) }
D, (0) = . :9 Ll twozo (C.2)
2sin (2L)

We present two derivations of (C.2). The first one involves the use of Euler’s
formula

e =cosy +isiny, forallyeR. (C.3)
The second involves the use of some trigonometric identities.

0
Denote % by x and compute

N o 1 — ¢i(N+D)z
Z ol — e for = # 0. (C.4)

Observe that the real part of the expression on the left-hand side of (C.4) is

N
§ et

n=0

Re

N
=1+ Z cos(nz), forz €R, (C.5)
n=1

197
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where we have used (C.3). We will compute the real part of

1— ei(N+l)m (1 _ ei(N+1)x)(1 _ e—m)
: = - - f 0 C.6
1— e A—ei-ew @ re#l (€6)

where ‘ _ _ A
(I-e")(1—e)=2—-¢e"—e " =2(1 — cosx), (C.7)

be virtue of Euler’s formula in (C.3).
Next, expand and simplify the numerator of the expression on the right—hand
side of (C.6) to get

(1 —cos[(N + 1)z] —isin[(N + 1)z])(1 — cosz + isinz),
1 —cosx — cos[(N + 1)z](1 — cosx) + sin[(N + 1)z]) sinx
+ 3[(1 — cos[(N + 1)z]) sinz — sin[(N + 1)z](1 — cosx)].

It then follows that the real part of the expression on the right-hand side of
(C4)is
1 —cosz — cos[(N + 1)z](1 — cosx) + sin[(N + 1)z]) sinz
2(1 — cos ) ’

or

1 cos[(N+1)z] sin[(N + 1)z])sinz
T2 2 + 2(1 —cosz) ' (C8)

_ Li(N+1)z
Re {16]
1—ew

for x # 0, where we have also used (C.7).
Next, use the trigonometric identities

1 — cosx = 2sin? (g)

. . /T €T
sinx = 2sin (7> cos (7)
2 2

and

to rewrite (C.8) as

1— 6z'(NJrl):c] 1 cos|(N +1)a] sin[(N + 1)x]) cos (g)

: = + )
L —e 2 2 2 sin (g)

which is turn can be rewritten as

Re

Re [1 _162'(1;:1)1 1 . sin[(N + 1)z]) cos (5) — cos[(N + 1)z] sin <§>

: n(3) |
2 —
Sin D)
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or .
1 — giN+1)e 1 sin {<N+2) x}
€ |:w:| ==+ T ) (Cg)
1—e 2 2sin (5)
where we have used the trigonometric identity
sin(A — B) =sin Acos B —cos Asin B, for A,B €R.
In view of (C.4), (C.5) and (C.9), we can then write
1
N 1 sin [(N—i— 2) x]
1+ Z cos(nzx) = 3 + —z ,  forxz#£0. (C.10)
n=1 2sin (5)

1
Finally, subtract 3 from both sides of (C.10) to get

1
| X sin [(N + 2) x}
§+Zcos(mc): » (E) ,  forx #£0,
n=1 sin
2
from which we derive (C.2), in view of (C.1).

Alternatively, use (C.1) to compute
N

w6l 1 w6 w6l nml
in ( 22 = _sin( - )+ sin( o i 11
sm(2L> D, (9) 2sm(2L>+n_1sm(2L> cos( T ), (C.11)
and use the trigonometric identity

2sin Acos B = sin(A + B) + sin(A — B)
to each of the terms in the sum in (C.11) to get

S (5o () =2 [ (3) 7]+ 2 0 G) 7))

n=1
or
zN:sin 19 cos LwH —zN: 1sin n—i—1 LH —lsin n_l 19
n=1 2L L _n:1 2 2 L 2 2 L ’

since sin is an odd function. Note that the sum above telescopes to

N
0 nmd 1 1\ 70 1 0
in [ —— = —sin|(N+2) 2| —Zsin 2. 12
728111(2L>cos( L) 5 sin {( +2> L} 2811’1(2L> (C.12)

Combining (C.11) and (C.12) yields

sin (;2) D, (0) = %sm {<N+ ;) ﬂﬂ :

from which (C.2) follows.
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