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Topological symmetry groups of graphs embedded in the 3-sphere
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Abstract. The topological symmetry group of a graph embedded in the 3-sphere is the group
consisting of those automorphisms of the graph which are induced by some homeomorphism
of the ambient space. We prove strong restrictions on the groups that can occur as the topo-
logical symmetry group of some embedded graph. In addition, we characterize the orientation
preserving topological symmetry groups of embedded 3-connected graphs in the 3-sphere.
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1. Introduction

In this paper, we begin a systematic study of topological symmetry groups of graphs
embedded in the 3-sphere. The notion of a topological symmetry group was intro-
duced by Simon [Si], who was motivated by the Longuet-Higgins symmetry groups
of non-rigid molecules [L]. The significance of symmetry groups in chemistry stems
from the fact that the chemical properties of a molecule depend on the symmetries
of its molecular graph (where the vertices represent atoms and the edges represent
bonds).

The study of graphs as geometric objects necessarily involves an investigation
of their symmetries. The symmetries of an abstract graphγ are described by the
group Aut(γ ) of automorphisms ofγ . The automorphism group of a graph has been
the subject of much study, with roots in the nineteenth century (see [B3] and [B4]
for surveys). In contrast, the group of those symmetries of an embedded graph in
S3 which are induced by homeomorphisms of the ambient space has received little
attention.

By a graph we shall mean a finite, connected graph, such that each edge has
two distinct vertices and there is at most one edge with a given pair of vertices. An
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embedded graph � is a pair(V , E) of sets of verticesV and edgesE such thatV is
a set of points inS3, every edge is a smoothly embedded arc inS3 between two ver-
tices, and the interior of each edge contains no vertex and no point of any other edge.
When we writeh : (S3, �) → (S3, �) or h(�) = �, we shall mean thath(V ) = V

andh(E) = E. The restriction ofh to V induces an automorphism of the abstract
graphγ underlying�. Thetopological symmetry group TSG(�) is defined to be the
subgroup of Aut(γ ) consisting of those automorphisms which are induced by some
homeomorphism of(S3, �). Allowing only orientation preserving homeomorphisms
of S3 defines the orientation preserving topological symmetry group TSG+(�). For
any embedded graph�, either TSG+(�) = TSG(�) or TSG+(�) is a normal sub-
group of TSG(�) with index 2. Starting with a particular embedded graph�, we
can re-embed it by tying the same invertible chiral knot in every edge of� to get an
embedded graph�′ such that TSG(�′) = TSG+(�′) = TSG+(�). Thus every group
which is the orientation preserving topological symmetry group of some embedded
graph is also the topological symmetry group of some (possibly different) embedded
graph.

Frucht [Fr] showed that any finite group is the automorphism group of some
connected graph; moreover, restricting tok-connected graphs for a fixedk ≥ 2 does
not affect the conclusion [Sa] (a graph isk-connected if at leastk vertices together
with their incident edges must be removed in order to disconnect the graph or reduce
it to a single vertex). Since every graph admits an embedding inS3, it is natural to
ask whether every finite group can be realized as TSG(�) (or TSG+(�)) for some
embedded graph�. Using the terminology of [B3], the question becomes whether the
class of embedded graphs and their topological symmetry groups isuniversal for finite
groups. We show that the answer to this question is negative, and we characterize
the class of all orientation preserving topological symmetry groups for 3-connected
graphs.

In general, TSG+(�) will depend on the particular embedding of the graph inS3.
For example, considerθn consisting of two vertices which are joined together byn

edges. Sinceθn is not a graph, we add a vertex of valence 2 to each edge to obtain
a graphγn (see Figure 1). Starting with a planar embedding ofγn, we add identical

Figure 1.γn
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non-invertible knots to each of the arcs to obtain an embedded graph�n such that
TSG+(�n) is the symmetric groupSn. On the other hand, if�′

n is an embedded graph
obtained from a planar embedding ofγn by tying distinct non-invertible knots in each
edge, then TSG+(�′

n) is trivial.
Given any finite abelian groupH , we can construct an embedded graph� such

that TSG+(�) = H . For example, the embedded graph� which is illustrated in
Figure 2 has TSG+(�) = Z2 × Z3 × Z4. If H contains more than one factor of a
givenZn, we can add knots to the spokes of each “wheel” so that no homeomorphism
takes one “wheel” to another “wheel.”

Figure 2. TSG+(�) = Z2 × Z3 × Z4

Another source of topological symmetry groups comes from planar embeddings.
For a planar graphγ realized as a planar embedded graph� via the natural inclusion
of S2 in S3, it can be shown using results of [Ma] and [D, Theorem 4.3.1] that
TSG(�) = TSG+(�) = Aut(γ ). The automorphism groups of planar graphs have
been characterized by Mani [M] and Babai [B1], [B2]. In particular, these groups do
not exhaust all finite groups, and for 3-connected planar graphs the automorphism
groups are precisely the finite subgroups of O(3). In contrast to the case of planar
embeddings, in general for an arbitrary embedded graph, TSG+(�) �=Aut(γ ). In fact,
it was shown in [F1] that forn � 6, no matter how the complete graphKn is embedded
in S3, the cycle automorphism(1234) of Kn cannot be induced by a homeomorphism
of S3. Thus for any embedded graph� which has underlying abstract graphKn with
n � 6, TSG(�) is a proper subgroup of Aut(Kn).

In general, it is not possible for each element of TSG+(�) to be induced by a
finite order homeomorphism ofS3. For example, consider the graph�n with n � 4
described above whose underlying abstract graph is illustrated in Figure 1. Then as
seen above, TSG+(�n) = Sn; however, many of the homeomorphisms ofS3 which
induce the elements of TSG+(�) cannot be of finite order. Indeed, it follows from the
proof of the Smith Conjecture [MB] that no finite order homeomorphism of(S3, �n)

can interchange two vertices of valence two and fix the remaining vertices, since the
fixed point set of such a homeomorphism would include a non-trivial knot.
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In fact, there exist 3-connected embedded graphs� such that not every element
of TSG(�) can be induced by a finite order homeomorphism ofS3. An example of
such a graph is illustrated in Figure 3. There is no order 3 homeomorphism ofS3

which takes a figure eight knot to itself ([Ha] and [Tr]); and by Smith Theory [Sm],
no finite order homeomorphism ofS3 can pointwise fix�. Hence the automorphism
(123)(456) is induced by a homeomorphism ofS3 (by sliding the graph along itself),
but cannot be induced by a finite order homeomorphism ofS3.

1

2 3

4

5 6

Figure 3.(123)(456) cannot be induced by a finite order homeomorphism ofS3

The above examples indicate that a priori, the classification of all possible topolog-
ical symmetry groups could be rather complicated. The three main theorems which
follow help to clarify the situation.

Theorem 1. Let � be an embedded graph.

a) If TSG+(�) is a simple group, then it is either the alternating group A5 or a
cyclic group of prime order.

b) In general, the sequence of quotient groups in any composition series for TSG+(�)

contains only alternating groups An with n � 5 and cyclic groups.

We note that the same conclusion holds for the automorphism groups of planar
graphs; in factTheorem 1 implies the corresponding results in [B2], since TSG+(�) =
Aut(γ ) if � is planar embedding ofγ . However, there exist embedded graphs� such
that TSG+(�) is not isomorphic to the automorphism group of any planar graph (see
Section 2).

It follows from Theorem 1 that the class of orientation preserving topological
symmetry groups of embedded graphs is not universal for finite groups. Furthermore,
if TSG(�) is a simple group then TSG+(�) = TSG(�), and hence the class of
topological symmetry groups is also not universal.

Theorem 2. Let � be an embedded 3-connected graph. Then TSG+(�) is isomorphic
to a finite subgroup of the group Diff +(S3) of orientation preserving diffeomorphisms
of S3.
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In contrast to Theorem 2, the orientation preserving topological symmetry group
of an arbitrary graph is not necessarily isomorphic to a subgroup of Diff+(S3). For
example, we have seen that every finite abelian group is the orientation preserving
topological symmetry group of some embedded graph. However, not all finite abelian
groups are subgroups of Diff+(S3).

In the last section of the paper, we study when a graphγ may be embedded in
S3 in such a way that a given subgroup of Aut(γ ) is induced on the embedded graph
by an isomorphic subgroup of Diff+(S3). We also prove the following converse to
Theorem 2.

Theorem 3. For every finite subgroup G of Diff +(S3), there is an embedded 3-
connected graph � such that G ∼= TSG+(�). Moreover, � can be chosen to be a
complete bipartite graph Kn,n for some n.

We deduce fromTheorems 2 and 3 that the set of orientation preserving topological
symmetry groups of 3-connected embedded graphs inS3 is exactly the set of finite
subgroups of Diff+(S3). The finite subgroups of Diff+(S3) consist of the finite
subgroups of SO(4), possibly together with the Milnor groupsQ(8k, m, n) in the
case where the subgroup acts freely onS3 (see [DV] for the finite subgroups of SO(4),
and [Mi] and [Z] for groups that could act freely onS3). We note that Thurston’s
geometrization program [Th] would imply that the groupsQ(8k, m, n) do not occur.

We prove Theorems 1 and 2 in Section 2, assuming two propositions which are
proved in Sections 3 and 4. The heart of the argument lies in the proof of Proposition 1
in Section 3, which uses the Characteristic Submanifold Theorem of Jaco–Shalen [JS]
and Johannson [Jo] and Thurston’s Hyperbolization Theorem [Th], in the context of
pared manifolds. These results were applied in a similar fashion in [F2]. In the case
of a 3-connected embedded graph�, the strategy is to re-embed� in a “nicer” way
as� such that TSG+(�) ≤ TSG+(�) and TSG+(�) is induced by a finite subgroup
of Diff +(S3). Finally, in Section 5, Theorem 3 is proved by a direct construction.

The first and fourth named authors first met and began collaborating on this project
in the fall of 2000 during a visit to the Institut des Hautes Études Scientifiques. It is
a pleasure to thank the Institut for its hospitality. The second author wishes to thank
the California Institute of Technology for its hospitality during his sabbatical in the
spring of 2002.

2. Proofs of Theorems 1 and 2

Let � be a graph embedded inS3 with underlying abstract graphγ . Recall that
we defined TSG(�) as the subgroup of Aut(γ ) induced by homeomorphisms of the
pair (S3, �). However, for technical reasons we prefer to restrict our study to those
homeomorphisms of(S3, �) which are diffeomorphisms except possibly on the set
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of vertices of�. By an abuse of terminology we shall call such a homeomorphism
a diffeomorphism of (S3, �). Note that by standard smoothing theory (see [Moi]), if
there is a homeomorphism of(S3, �) inducing an automorphismα of �, then there
is also a diffeomorphism of(S3, �) inducing the automorphismα. Thus we can
equivalently define TSG(�) as the subgroup of Aut(γ ) induced by diffeomorphisms
of (S3, �).

Let G be a group of orientation preserving diffeomorphisms of(S3, �). Let H

be the image ofG under the natural homomorphism fromG to TSG+(�). ThenH

is said to beinduced on� by G.
A groupH is said to berealizable if there is an embedded graph� with TSG+(�) ∼=

H . In this case, we say thatH is realized by �.
We introduce some notation that we will use throughout the rest of the paper. Let

V denote the set of embedded vertices of an embedded graph�, and letE denote
the set of embedded edges of�. We shall construct a neighborhoodN(�) as the
union of two sets,N(V ) andN(E), which have disjoint interiors. For each vertex
v ∈ V , let N(v) denote a small ball aroundv, and letN(V ) denote the union of
all of these balls. For each embedded edgeε ∈ E, let N(ε) denote a tubeD2 × I

whose core isε − N(V ), such thatN(ε) contains no other part of�, andN(ε) meets
N(V ) in a pair of disks. LetN(E) denote the union of all the tubesN(ε). Let
N(�) = N(V ) ∪ N(E). Throughout the paper we shall use∂ ′N(ε) to denote the
annulus∂N(�) ∩ N(ε) in order to distinguish it from the sphere∂N(ε).

We will usecl to denote the closure of a set andint to denote the interior of a set.
Finally, by achain of length n we shall mean an arc in� containingn vertices of
valence two and no vertices of higher valence in its interior such that neither endpoint
of the arc has valence two. A single edge such that neither endpoint has valence two
is said to be a chain of length zero.

We shall use spheres and pinched spheres to decompose� into smaller pieces as
follows.

Definition 1. Let � be a 2-sphere embedded inS3. If � intersects� in a single
vertexv of valence more than two and each component ofS3 − � contains part of
�, then we say that� is atype I sphere andv is atype I vertex of �. (See Figure 4.)

Observe that removing a type I vertex from� separates�, but not every vertex
which separates� is a type I vertex.

Definition 2. Let � be a 2-sphere embedded inS3. If � intersects� in verticesv
andw, the closure of neither component of(S3 − �) ∩ � is a single arc, and the
annulus� − int(N(v)∪N(w)) is incompressible in cl(S3 −N(�)), then we say that
� is atype II sphere of �. (See Figure 5.)
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Figure 4. An embedded graph with a type I sphere

Figure 5. An embedded graph with a type II sphere

Definition 3. Let � be a 2-sphere with two points identified to a single pointp. We
say that� is apinched sphere andp is thepinch point. Let � be a pinched sphere
in S3, with pinch pointp. Suppose thatp is a vertex of� such that� ∩ � = {p},
each component ofS3 − � contains part of�, and the annulus� − int(N(p)) is
incompressible in cl(S3 − N(�)). Then we say that� is atype III sphere of �. (See
Figure 6.)

Figure 6. An embedded graph with a type III sphere

We remark that our definition of a type I sphere is close to that of Suzuki [Su],
however, our definition of a type II sphere is different from his.
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We will use the following two propositions to prove Theorems 1 and 2. The proofs
of these propositions will be given in the next two sections.

Proposition 1. Let � be an embedded graph with no type I spheres and let H =
TSG+(�). Then either H is isomorphic to a finite subgroup of Diff +(S3), H ∼= Sr

for some r , or H has a non-trivial normal subgroup N such that both N and H/N

are realizable. Furthermore, if � has no type II or type III spheres, then � can be re-
embedded as � such that H ≤ TSG+(�), and H is induced on � by an isomorphic
finite subgroup of Diff +(S3).

If H ∼= Sr andH is simple, thenH ∼= Z2. Thus it follows from Proposition 1
that if � has no type I spheres and TSG+(�) is a simple group then TSG+(�) is
isomorphic to a finite subgroup of Diff+(S3).

Proposition 2. Let � be an embedded graph and let H = TSG+(�). Then either
H is realized by a graph with no type I spheres, H ∼= Sr for some r , or H has a
non-trivial normal subgroup N such that both N and H/N are realizable.

If H ∼= Z2, thenH is realized by the graph consisting of a single edge. Hence
it follows from Proposition 2 that any realizable simple group can be realized by an
embedded graph with no type I spheres.

We now prove Theorems 1 and 2 from these propositions.

Theorem 1. Let � be an embedded graph.

a) If TSG+(�) is a simple group, then it is either the alternating group A5 or a
cyclic group of prime order.

b) In general, the sequence of quotient groups in any composition series for TSG+(�)

contains only alternating groups An with n � 5 and cyclic groups.

Proof. To prove part (a), we observe that by Proposition 2, there is an embedded graph
� with no type I spheres such that TSG+(�) ∼= TSG+(�). Then by Proposition 1,
TSG+(�) is isomorphic to a finite subgroup of Diff+(S3). However, it is shown in
[Z, Theorem 1] that the alternating groupA5 is the only non-abelian finite simple
group which acts faithfully by diffeomorphisms on a homology 3-sphere. The result
follows.

To prove part (b), we use induction on the number of elements inH = TSG+(�).
Let |H | = k and assume the result is true for all realizable groups with fewer than
k elements. IfH is simple, then we are done by part (a). Otherwise Propositions 1
and 2 imply that eitherH is a finite subgroup of Diff+(S3), H ∼= Sr for somer, or
H has a non-trivial normal subgroupN such that bothN andH/N are realizable. In
the first case, the result follows from [Z, Theorem 2], while the second case is clear.
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In the third case, we know by induction that bothN andH/N have composition
series all of whose simple quotients are either alternating or cyclic. Putting these two
series together gives a composition series forH with the same property. Finally, the
Jordan–Hölder theorem implies that this also holds for any other composition series
for H . �

By a similar argument, we can prove that for any realizable groupH , the number
of quotients in a composition series forH which are isomorphic toZ2 is at least as
large as the number of quotients which are isomorphic to anyAr with r � 6. To see
this, observe that ifH is a finite subgroup of Diff+(S3) or H ∼= Sr , then the result
follows; otherwise, the proof uses induction on the order ofH , as above. A complete
characterization of all realizable groups may be possible, working along the lines
of [B2].

According to [B2, Corollary 9.15], the groupG = A5×Z3 is not the automorphism
group of any planar graph. However, we see as follows thatG is realizable. It follows
from [M] thatA5 is the automorphism group of a 3-connected planar graph which can
be realized as the 1-skeletonX of a convex polytopeP in R

3, such that all abstract
automorphisms ofX are induced by isometries ofP . Let �1 be obtained fromX by
connecting each vertex ofX to a pointv1 in the interior ofP . Now let �2 be the
1-skeleton of a tetrahedron disjoint fromP . Tie the same non-invertible knot in each
of the three edges of�2 which do not contain a particular vertexv2, all oriented in the
same way. Finally, form� from �1 and�2 by connectingv1 to v2 by an arc which
does not meet the rest of�1 or �2. Then TSG+(�) = A5 × Z3. Thus there exist
realizable groups which are not the automorphism group of any planar graph.

Theorem 2. Let � be an embedded 3-connected graph. Then TSG+(�) is isomorphic
to a finite subgroup of Diff +(S3).

Proof. If � has a type I or III sphere then� can be disconnected be removing a single
vertex and the edges incident to it. If� has a type II sphere then� can be disconnected
by removing two vertices and the edges incident to them. Thus if� is 3-connected,
then� has no type I, II, or III spheres. So the result follows by Proposition 1.�

We also use Proposition 1 to prove the following strengthening of Theorem 2.

Proposition 3. Let H = TSG+(�) for some embedded 3-connected graph �. Then
� can be re-embedded as � such that H is a subgroup of TSG+(�) and TSG+(�)

is induced by an isomorphic finite subgroup of Diff +(S3).

Proof. Let H1 = TSG+(�). Then, as in the proof of Theorem 2,� has no type
I, II or III spheres. Hence by Proposition 1 we can re-embed� as�1 such that
H1 ≤ TSG+(�1), andH1 is induced by an isomorphic subgroupK1 of Diff +(S3). If
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TSG+(�1) = H1, then we are done by letting� = �1. If H1 is a proper subgroup of
TSG+(�1), we letH2 = TSG+(�1) and again apply Proposition 1 to the 3-connected
embedded graph�1. Continue this process. Then for eachi, TSG+(�i) is a subgroup
of Aut(γ ), whereγ is the underlying abstract graph of�. Since Aut(γ ) is finite, this
process cannot go on indefinitely. �

3. Proof of Proposition 1

We assume the reader is familiar with standard 3-manifold topology. However, we
will need to use some terminology and results about pared manifolds which we give
below.

Definition 4. A pared 3-manifold (M, P ) is an orientable 3-manifoldM together
with a familyP of disjoint incompressible annuli and tori in∂M.

A pared manifold is a special case of a manifold with boundary patterns in the
sense of Johannson [Jo] or a 3-manifold pair in the sense of Jaco–Shalen [JS]. The
following definitions agree with those of [Jo] and [JS].

Definition 5. A pared manifold(M, P ) is said to besimple if it satisfies the following
three conditions:

1) M is irreducible and∂M − P is incompressible

2) Every incompressible torus inM is parallel to a torus component ofP

3) Any annulusA in M with ∂A contained in∂M − P is either compressible or
parallel to an annulusA′ in ∂M with ∂A′ = ∂A and such thatA′ ∩ P consists of
zero or one annular component ofP .

Definition 6. A pared manifold(M, P ) is said to beSeifert fibered if there is a Seifert
fibration of M for which P is a union of fibers. A pared manifold(M, P ) is said
to beI-fibered if there is anI -bundle map ofM over a surfaceB such thatP is the
preimage of∂B.

We will use the following results about pared manifolds.

Characteristic Submanifold Theorem for Pared Manifolds ([JS] and [Jo]).Let
(X, P ) be a pared manifold with X irreducible and ∂X − P incompressible. Then,
up to an isotopy of (X, P ), there is a unique family 	 of disjoint incompressible tori
and annuli with ∂	 contained in ∂X−P such that the following two conditions hold:

1) If W is the closure of a component of X − 	, then the pared manifold (W, W ∩
(P ∪ 	)) is either simple, Seifert fibered, or I -fibered.
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2) There is no family 	′ with fewer elements than 	 which satisfies the above.

Thurston’s Theorem for Pared Manifolds ([Th]). If (M, P ) is simple, M is con-
nected, and ∂M is non-empty, then either M − P admits a finite volume complete
hyperbolic metric with totally geodesic boundary, or (M, P ) is Seifert fibered or
I -fibered.

Now we are ready to prove Proposition 1. Since the proof of Proposition 1 is long,
we begin with an outline. In Step 1, we will follow the proof of [F2, Theorem 1], and
use the Characteristic Submanifold Theorem ([JS] and [Jo]) to split the complement
of N(�) along a minimal family
 of incompressible tori which is unique up to
ambient isotopy and such that each component is either simple or Seifert fibered. We
let X denote the component which contains∂N(�). Since� has no type I spheres,
we can then use the Characteristic Submanifold Theorem for Pared Manifolds to
split X along a minimal family	 of incompressible annuli which is unique up to
ambient isotopy and such that as a pared manifold each component is either simple,
Seifert fibered, or I-fibered. We then define a groupG of orientation preserving
diffeomorphisms of(S3, �) such that for everyg ∈ G, g(
) = 
 andg(	) = 	,
and everya ∈ TSG+(�) is induced by somega ∈ G.

In Step 2, we choose a particular componentW of X−	 which is setwise invariant
underG, such thatG permutes some of the elements of	 that are contained in∂W

or some of the components of∂N(V ) ∩ W . In Step 3, we show that the proof can be
reduced to analyzing the action thatG induces onW . In Steps 4, 5, and 6 we obtain
our result in the cases whereW is Seifert fibered, I-fibered, and simple, respectively.

Proof of Proposition 1. Let � be an embedded graph with no type I spheres, and let
γ denote the underlying abstract graph of�. The result is clear if TSG+(�) is trivial.
So we assume it is non-trivial. We begin by considering the special cases whereγ

is homeomorphic to an arc or a circle. In these cases, the full automorphism group
Aut(γ ) is either a finite cyclic group or a dihedral group, and hence TSG+(�) is a
finite subgroup of Diff+(S3). We embed� as an embedding ofγ which is a planar
round circle or a line segment. Then TSG+(�) = Aut(γ ), and there is a subgroup
G of Diff +(S3) such thatG ∼= H andG inducesH on�.

From now on, we assume thatγ is not a simple closed curve or an arc. Hence
� has some vertex with valence at least three. Also since� has no type I spheres,�

cannot have any vertices of valence one. Letm be a number larger than the total
number of vertices in�. We will usem at several places in the proof.

Step 1. We split the complement of � along characteristic tori and annuli.

Let M = cl(S3 − N(�)). Since� is a connected graph,M is irreducible. So we
can apply the Characteristic Submanifold Theorem toM to get a minimal family of
incompressible tori,
, in M such that the closure of every component ofM − 
 is
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either simple or Seifert fibered, and
 is unique up to an isotopy ofM fixing ∂M

pointwise. It follows from the uniqueness of
 andN(�) up to isotopy that for every
automorphisma ∈ TSG+(�), there is an orientation preserving diffeomorphism
g : (S3, �) → (S3, �) which inducesa, such thatg(
) = 
, g(N(V )) = N(V ),
andg(N(E)) = N(E). Since∂M is connected, there is a unique component of
M − 
 which contains∂M. Let X denote the closure of this component. Then for
each diffeomorphismg : (S3, �) → (S3, �) such thatg(M) = M andg(
) = 
,
we haveg(X) = X. If X is Seifert fibered, then∂X is a collection of tori, and hence
� is a simple closed curve, contrary to our assumption above. ThusX must be simple.
So every incompressible torus inX is boundary parallel. Also note that since each
torus boundary component ofX is incompressible inM andM is irreducible,X must
be irreducible.

Now ∂X consists of∂N(�) together with a collection of tori in
. Let P denote
the union of the annuli in∂ ′N(E) and the torus boundary components ofX. Observe
that cl(∂X − P) = ∂N(V ) ∩ ∂X consists of a collection of spheres with holes.

We show as follows that∂X − P is incompressible inX. Suppose that there is a
non-trivial loopL in some component of∂X − P which compresses inX. ThenL

is contained in some∂N(v) ∩ ∂X andL bounds a diskD1 in X. Also L bounds a
diskD2 in N(v) such thatD2 intersects� only in v. Now� = D1 ∪ D2 is a sphere,
whose intersection with� is the vertexv. SinceL is non-trivial in∂N(v)∩ ∂X, each
component ofS3 − � contains part of�. Recall that� has no vertices of valence
one. If the valence ofv is two, we can slide� along an arc in� until � intersects�
at a vertex with valence at least three. But this gives us a type I sphere for�, contrary
to hypothesis. Hence∂X − P must be incompressible inX.

SinceX is irreducible and∂X − P is incompressible inX, we can now apply
the Characteristic Submanifold Theorem for Pared Manifolds to the pair(X, P ).
This gives us a minimal family	 of incompressible tori and annuli inX with the
boundary of each component of	 contained in∂X −P , such that ifW is the closure
of any component ofX − 	, then the pared manifold(W, W ∩ (P ∪ 	)) is either
simple, Seifert fibered, orI -fibered, and	 is unique up to an isotopy of(X, P ). Since
every incompressible torus inX is boundary parallel, and the family	 is minimal,
	 cannot contain any tori. Thus	 is a (possibly empty) family of incompressible
annuli inX. Furthermore, for anyW , ∂W − (W ∩ (P ∪	)) ⊂ ∂X −P andW ⊂ X.
Thus since∂X − P is incompressible inX, ∂W − (W ∩ (P ∪ 	)) is incompressible
in W .

We denote byG the group of all those orientation preserving diffeomorphisms
g : (S3, �) → (S3, �) for whichg(N(V )) = N(V ), g(N(E)) = N(E), g(
) = 


andg(	) = 	. ThenP andX are each setwise invariant underG. Also by the
uniqueness of each of the setsN(V ), N(E), and
, up to an isotopy of(S3, �) and
the uniqueness of	 up to an isotopy of(X, P ), it follows that everya ∈ TSG+(�)

is induced by somega ∈ G.
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For each annulusA in 	, the boundary ofA is contained in∂X − P . So each
component of∂A is contained in some∂N(v). Thus each component of∂A bounds
a diskD in someN(v) such thatD ∩ � = {v}. Furthermore, we can choose the
collection of these disks to be pairwise disjoint except possibly on the set of vertices
V . Thus for eachA ∈ 	, there is a pair of disksD1 andD2 such that� = A∪D1∪D2
is either a sphere meeting� in two vertices or a pinched sphere with its pinch point
at a vertex. Let� denote the collection of these spheres and pinched spheres. Then
the elements of� are pairwise disjoint except possibly onV . Since the collection
of these disks is unique up to an isotopy ofN(V ) fixing both� and∂N(V ), we can
assume that we choseG such that for everyg ∈ G, g(�) = �.

Since everyA ∈ 	 is incompressible inX, and every torus component of∂X

is incompressible inM, everyA ∈ 	 is incompressible inM. Thus if � ∈ � is a
sphere and the closure of neither component of(S3 − �) ∩ � is a single arc, then
� is a type II sphere; and if� ∈ � is a pinched sphere and the closure of neither
component of(S3 − �) ∩ � is a single vertex, then� is a type III sphere.

Step 2. We choose a setwise invariant component W of X−	 such that G permutes
some of the elements of 	 in ∂W or some of the components of ∂N(V ) ∩ W .

If 	 is empty, letW = X. Then every component of∂N(V ) meetsW , and
henceG permutes some of the components of∂N(V ) ∩ W . So we suppose that	 is
non-empty.

The proof of [F2, Theorem 1] shows that if� is a 3-connected graph then there
is a unique component ofX − 	 whose closureW has the properties that: every
element of	 is contained in∂W and for every�i ∈ � the closure of the component
of S3 − �i which is disjoint fromW meets� in an arc if�i is a sphere and in a
single vertex if�i is a pinched sphere. The proof that there is such aW is analogous
if we replace the hypothesis that� is 3-connected by the hypothesis that� has no
type I, II, or III spheres. Thus if� has no type I, II or III spheres, then we choose this
W . By the uniqueness ofW we know thatW is setwise invariant underG. Also if v

is any vertex with valence at least three, then∂N(v) ∩ W contains a sphere with at
least three holes. Hence for every non-triviala ∈ TSG+(�), ga induces a non-trivial
permutation of either the elements of	 or the components of∂N(V ) ∩ W . Thus we
are done with Step 2 in the case where� has no type II or III spheres.

In order to chooseW when� does have a type II or type III sphere, we will first
associate an abstract graphλ with the set� of spheres and pinched spheres. For each
componentY of S3 − �, let y be a vertex inλ; and for every pair of components
Y andZ of S3 − �, let there be an edge inλ between the verticesy andz if and
only if there is some� ∈ � which is contained in the boundary of bothY andZ.
Observe that because every element of� separatesS3, the graphλ is a tree. SinceG
takes� to itself, everyg ∈ G defines an automorphismg′ of λ. Let G′ be the group
of automorphisms ofλ induced byG. Sinceλ is a tree, it follows from elementary
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graph theory that there is either a vertex or an edge ofλ that is invariant underG′. If
no vertex ofλ is fixed byG′, then there is an invariant edgee of λ whose vertices are
interchanged by some element ofG′. In this case, there is a sphere� ∈ � which is
invariant underG, and some elementg ∈ G which interchanges the two components
of S3 − �. We handle this case as follows.

Claim 1. Suppose that there is a sphere � ∈ � which is invariant under G, and
some g ∈ G which interchanges the components of S3 − �. Then either H ∼= Z2 or
H has a non-trivial normal subgroup N such that both N and H/N are realizable.

Proof of Claim 1. The closures of the components ofS3 − � intersect� in sub-
graphsα1 andα2. Since� is invariant underG, we can define a homomorphism
 : TSG+(�) → Z2 as follows. For eacha ∈ TSG+(�), let(a) = 0 if a takes each
αi to itself, and let(a) = 1 if a interchangesα1 andα2. Since somea ∈ TSG+(�)

interchangesα1 andα2,  must be onto.
If ker() is trivial then TSG+(�) ∼= Z2. So we assumeN = ker() is non-

trivial. We create a new embedded graph by adding a vertex in the interior of every
edge inα1 which meets�, and adding an edge incident to each of these new vertices.
Let � denote� with these new vertices and edges. Then everya′ ∈ TSG+(�) takes
this set of new edges to itself and hence induces somea ∈ TSG+(�) which does not
interchangeα1 andα2. Also everya ∈ ker() naturally defines ana′ ∈ TSG+(�).
It is thus easy to see that TSG+(�) ∼= ker(). Finally, let �′ denote the graph
consisting of a single edge, then TSG+(�′) ∼= Z2 ∼= H/N . Now N andH/N are
both realizable. This proves Claim 1. �

Because of Claim 1, we assume no such sphere� exists. Hence there is some
vertex ofλ which is invariant underG′. First suppose thatG′ does not act trivially
onλ. Then there is some vertexx of λ which is fixed byG′ and which is adjacent to
a vertex ofλ which is not fixed byG′. In this case, we chooseW to be the closure
of the component ofX − 	 which corresponds to the vertexx of λ. ThenW will be
setwise invariant underG, however some element of	 which is contained in∂W is
not setwise invariant underG. Finally, suppose thatG′ acts trivially onλ. Then every
component ofX − 	 is setwise invariant underG. Since TSG+(�) is not trivial,
there is some vertexv of � which is not fixed byG. Let W be the closure of some
component ofX − 	 which meets∂N(v). Thus we are done with Step 2.

Before we begin Step 3, we introduce some notation. LetA1, . . . , An denote
those annuli in	 which are contained in∂W , and let�1, . . . , �n denote the spheres
or pinched spheres of� containingA1, . . . , An respectively. If�i is a sphere, let
�i ∩ � = {vi, wi}, and if �i is a pinched sphere, let�i ∩ � = {ui}. For each
i, let ci anddi denote the boundary components ofAi , such that if�i is a sphere
ci ⊂ ∂N(vi) anddi ⊂ ∂N(wi), and if�i is a pinched sphereci ∪ di ⊂ ∂N(ui). For
each�i , we letBi denote the closure of the component ofS3 − �i whose interior



Vol. 80 (2005) Topological symmetry groups of graphs embedded in the 3-sphere15

is disjoint fromW and let�i = Bi ∩ �. The sets{�1, . . . , �n} and{B1, . . . , Bn}
are each setwise invariant underG, sinceW is setwise invariant underG. It follows
that�′ = cl(� − (�1 ∪ · · · ∪ �n)) is setwise invariant underG. (Note that�′ is not
necessarily connected.)

Step 3. We reduce the proof to analyzing the action that G induces on W .

In particular, we prove the following.

Claim 2. Suppose that there is some g ∈ G and Ai ∈ 	 such that g(Ai) = Ai ,
g(ci) = ci , g(di) = di , and g induces a non-trivial automorphism on �i . Then �

has a type II or type III sphere and H has a non-trivial normal subgroup N such that
both N and H/N are realizable.

Proof of Claim 2. Observe that�i is neither an arc nor a single vertex, since otherwise
g cannot induce a non-trivial automorphism on�i . SinceG permutes some elements
of 	 in ∂W or some components of∂N(V ) ∩ W , cl(� − �i) is neither an arc nor a
single vertex. Thus� has a type II or type III sphere.

Before we defineN , we useg to create another orientation preserving diffeomor-
phismh of (S3, �) as follows. First we leth|Bi = g|Bi . Thenh(Bi) = Bi , h|Bi is
orientation preserving,h(ci) = ci , andh(di) = di . It follows thath|�i is isotopic to
the identity on�i by an isotopy fixingvi andwi if �i is a sphere or fixingui if �i is
a pinched sphere. LetCi be a ball or a pinched ball (according to whichBi is) such
thatCi ∩ � = �i and respectivelyBi − {vi, wi} ⊂ int(Ci) or Bi − {ui} ⊂ int(Ci).
Extendh to a diffeomorphism ofCi − Bi such thath is the identity on∂Ci . Then
extendh to the rest ofS3 by the identity. Now leta ∈ TSG+(�) be induced by
h. Thena| cl(� − �i) is the identity andg inducesa on �i . By hypothesisa|�i is
non-trivial.

Let N be the set of allα ∈ TSG+(�) such thatα|�′ is the identity, and for
eachj � n, α(�j ) = �j andgα(cj ) = cj andgα(dj ) = dj . ThenN is a normal
subgroup ofH containing the non-trivial elementa. Observe that for eachα ∈ N ,
gα does not permute any of theAj ’s or any of the components of∂N(V ) ∩ W . Thus
by our choice ofW , N �= TSG+(�). We shall prove thatN andH/N are both
realizable by constructing embedded graphs� and�′ with TSG+(�) ∼= N and
TSG+(�′) ∼= H/N .

First we construct�. We may assume that there is someq ≥ 1 such that�j is a
type II or type III sphere if and only ifj ≤ q. For eachj such that�j is a type III
sphere, letεj be an edge of�j which meets�′. Now for each edgeε in the orbit ofεj

underN , we add a vertex to int(ε) and an edge incident to this new vertex. For each
suchj , we let�′

j denote�j with this collection of vertices and edges added. For each
j such that�j is a type II sphere, if�j is not connected, let�′

j denote�j together
with a new edgeej ⊂ �j with verticesvj andwj . For all other�j , we let�′

j = �j .
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We obtain� by stringing together�′
1, . . . , �

′
n with arcsβ1, . . . , βn+1 as follows. For

eachj such that 1≤ j ≤ n + 1, letβj denote an arc containingjm vertices in its
interior. We addβ1, . . . , βn+1 to �′

1 ∪ · · · ∪ �′
r on the outside ofB1, . . . , Bn, such

that one endpoint ofβ1 is attached to�′
1 at the vertexw1 or u1; for eachj such that

1 < j < n + 1, βj has one endpoint atvj or uj and the other endpoint atwj+1 or
uj+1; and one endpoint ofβn+1 is attached to�′

n at vn or un. For eachj ≤ q, βj is
the only chain in� of lengthjm, and hence eachβj is invariant under TSG+(�).
This implies that each�′

j is also setwise invariant under TSG+(�). It can be shown

that TSG+(�) is induced by a group of diffeomorphisms of(S3, �) which leave each
Aj setwise invariant. Furthermore, because of the additional edges that we added to
those�k where�k is a pinched sphere, no diffeomorphism of(S3, �) interchanges
the boundary components of anyAj . Thus it is not hard to show thatN ∼= TSG+(�),
and henceN is realizable.

Next we construct an embedded graph�′ such that TSG+(�′) ∼= H/N . Without
loss of generality there are natural numbersr and s with s ≤ r ≤ n such that
{�1, . . . , �r} consists of one representative from each orbit of the�i under TSG+(�),
and there is someg ∈ G which interchanges the boundary components ofAj if and
only if j � s. For eachj ≤ s, let βj denote an arc withjm + 2 vertices in its
interior, and letxj andyj denote the valence 2 vertices ofβj which are adjacent to
the endpoints. Thus there arejm vertices of valence 2 onβj betweenxj andyj . For
eachj ≤ s, let β ′

j denoteβj with single edges attached atxj and atyj . For eachj
such thats < j ≤ r, let βj denote an arc withjm + 1 vertices in its interior, and let
xj be a valence 2 vertex which is adjacent to one endpoint ofβj . Thus there arejm

vertices onβj betweenxj and the other endpoint ofβj . For eachj > s, letβ ′
j denote

βj with a single edge attached atxj . Observe that there is an automorphism ofβ ′
j

which interchanges the endpoints of the arcβj if and only if j ≤ s. Also noβ ′
j has

a non-trivial automorphism which fixes both endpoints of the arcβj . Now for each
k ≤ n, there is aj ≤ r such that�k is in the orbit of�j under TSG+(�). For each
suchk, letβ ′

k be a copy ofβ ′
j , and letxk andyk be those vertices ofβ ′

k corresponding
to the verticesxj andyj of β ′

j .

We obtain�′ from �′ by addingβ ′
1, . . . , β

′
n as follows. For eachk ≤ n, we

embedβ ′
k in Bk so that the endpoints ofβk are atvk andwk or both atuk, andβ ′

k

can be isotoped into�k fixing the endpoints ofβk. Now the only chains of length at
leastm in �′ are contained inβ ′

1, . . . , β
′
n; and for eachj ≤ r, β ′

k contains a chain of
lengthjm if and only if�k was in the orbit of�j under TSG+(�). Now TSG+(�′) is
induced by a group of diffeomorphisms of(S3, �′) which leave{A1, . . . , An} setwise
invariant. Furthermore, there is a diffeomorphism of(S3, �′) which takesAk to
itself interchanging its boundary components if and only if there is a diffeomorphism
of (S3, �) which takesAk to itself interchanging its boundary components. Also
if g is a diffeomorphism of(S3, �′) which takes someAk to itself preserving its
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boundary components theng induces a trivial automorphism onβ ′
k. Now for each

α ∈ TSG+(�), there existsgα ∈ G such thatgα(�′) = �′. If another element
g′

α ∈ G also inducesα on � andg′
α(�′) = �′, thengα andg′

α induce the same
automorphism of�′. Define : TSG+(�) → TSG+(�′) by letting(α) denote
the automorphism thatgα induces on�′. ThenN = ker(). Now it is not hard to
check that is onto and hence TSG+(�) ∼= H/N .

Thus bothN andH/N are realizable, and Claim 2 is proven. �

Because of Claim 2, we can assume that ifg ∈ G such thatg(Ai) = Ai , g(ci) =
ci , andg(di) = di , theng induces a trivial automorphism on�i . Thus we have
completed Step 3.

Recall from Step 1 that the pared manifold(W, W ∩ (P ∪ 	)) is either Seifert
fibered,I -fibered, or simple. We shall consider each of these cases in a separate step,
making use of the above assumption.

Step 4. We prove the proposition when (W, W ∩ (P ∪ 	)) is Seifert fibered.

First we prove the following claim which does not assume that(W, W ∩ (P ∪	))

is Seifert fibered.

Claim 3. Let T be the component of ∂W which meets ∂N(�). If T is a torus, then
TSG+(�) is a subgroup of a dihedral group, and � has a type II or type III sphere.

Proof of Claim 3. Let {x1, . . . , xr} denote those vertices of� such that∂N(xi) meets
W . Let the components of∂N(V ) ∩ W beJ1, …, Jq . (Note that for a given vertex
xi , the set∂N(xi)∩W may have more than one component, so we may haveq > r.)
Now eachJi is a sphere with holes, and each boundary component ofJi is either a
boundary component of∂ ′N(ε) for some edgeε, or a boundary component of some
Aj . We saw in Step 1, that∂W − (W ∩ (P ∪ 	)) is incompressible inW . Thus
for eachi, Ji is incompressible inW , and hence each boundary component ofJi is
essential inT . SinceT is a torus, this means that everyJi has exactly two boundary
components.

Recall from Step 2 thatG permutes some of theAj ’s or some components of
∂N(V ) ∩ W . ThusW must contain at least twoAj ’s or at least twoJi ’s. In either
case,q > 1 andT is made up of alternating annuliR1, . . . , Rq (which are each
eitherAj ’s or components of∂ ′N(E)) and spheres with two holes,J1, . . . , Jq . Also,
G takesT to itself, leaving each of the sets{J1, . . . , Jq} and{R1, . . . , Rq} setwise
invariant. It follows that the group of automorphisms thatG induces on the set
{J1, . . . , Jq, R1, . . . , Rq} is a subgroup of the dihedral groupDq .

Define : TSG+(�) → Dq by letting(a) denote the automorphism thatga

induces on the set{J1, . . . , Jq, R1, . . . , Rq}. We see that is well-defined as follows.
Suppose thatga andg′

a are both elements ofG which inducea on �. Thenga and
g′

a induce the same permutation on the set of the components of∂N(V ). Since�
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has at most one edge between two vertices and every edge has two distinct vertices,
ga andg′

a also induce the same permutation on the set of annuli{A1, . . . , An}, the
set of circles{c1, d1, . . . , cn, dn}, and the set of components of∂ ′N(E). Thusga

andg′
a both induce the same permutation on the components of∂N(V ) ∩ W and on

{J1, . . . , Jq, R1, . . . , Rq}. Therefore, is a well-defined homomorphism.
We show as follows that is one-to-one. Suppose that(a) is the identity. Then

for eachi = 1, . . . , q, we havega(Ji) = Ji andga(Ri) = Ri . Hencea(xi) = xi

for each vertexxi such that∂N(xi) meetsW . Let v be a vertex of� such that
v /∈ {x1, . . . , xr}. Then for somej , the vertexv is in �j . Also sinceT contains
more than oneJi andga does not permute theJi , the boundaries ofAj cannot be
interchanged byga. Thus by our assumption at the end of Step 3,a|�j is the identity.
In particular,a(v) = v. So is one-to-one. Hence TSG+(�) is a subgroup ofDq .

Finally, recall from Step 2 that if� has no type II or III spheres, then∂N(V )∩W

contains a sphere with at least three holes. However, as we saw above, eachJi is a
sphere with two holes. Thus� must have a type II or type III sphere. This completes
the proof of Claim 3. �

By Claim 3, if the component of∂W which meets∂N(�) is a torus then we are
done. In particular, if(W, (W ∩ (P ∪ 	))) is Seifert fibered, then we are done. Thus
from now on, we assume that the component of∂W which meets∂N(�) is not a
torus. Since∂W − (W ∩ (P ∪ 	)) is incompressible inW , this component is also
not a sphere. Hence this component has genus at least two. It follows that there is
some vertexv of � such that∂N(v) ∩ W contains a sphere with at least three holes.

Step 5. We prove the proposition when (W, W ∩ (P ∪ 	)) is I -fibered.

SinceW is anI -fibered subspace ofS3, W = Y ×I whereY is a surface with holes
and theI -fibers come from theI -factor in the product. Now, since(W, W ∩ (P ∪	))

is I -fibered as a pared manifold,W ∩ (P ∪ 	) = ∂Y × I . ThusY0 = Y × {0} and
Y1 = Y × {1} are components of∂N(V ) ∩ W . In particular there are verticesv0 and
v1 in � such that eitherv0 �= v1, andY0 = ∂N(v0) ∩ W andY1 = ∂N(v1) ∩ W , or
v0 = v1 and bothY0 andY1 are components of∂N(v0) ∩ W . In either case,Y0 and
Y1 are spheres withr holes, for somer. By our assumption at the end of Step 4,∂W

has genus at least two. Thusr ≥ 3. Letb1, . . . , br denote the boundary components
of Y , and for eachi, letCi = bi × I . SinceW ∩ (P ∪	) = ∂Y × I , eachCi is either
an element of	 or a component of∂ ′N(E). For eachi, let Fi denote the sphere or
pinched sphere obtained fromCi by adding disks withinN(v0) andN(v1) which are
disjoint from� and from each other except atv0 andv1. Let Ei denote the closure
of the component ofS3 − Fi which is disjoint fromW , and letγi = � ∩ Ei . Now
� = γ1 ∪ · · · ∪ γr . If Ci ∈ 	 thenγi = �j for somej , and if Ci is a component
of ∂ ′N(E) thenγi is a single edge. Since∂X − P is incompressible inX, Y0 is
incompressible inX. Thus nobi × {0} bounds a disk inX. SinceW has only one
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boundary component,X = cl(S3 − N(�)). It follows that nobi × {0} bounds a disk
in Ei disjoint from�, and hence at most oneγi is a single vertex. So ifv0 = v1, then
� has a type III sphere.

Suppose that� has no type II or III spheres. Thusv0 �= v1 and by Step 2
everyγi is an arc. For the sake of contradiction suppose that∂Y has at least four
components. Letc be a simple closed curve onY × {0} which separates two of the
boundary components ofY from the other boundary components ofY . LetA denote
the annulusc × I in Y × I . Now c × {0} bounds a diskD0 in N(v0) such that
D0 ∩ � = {v0} andc × {1} bounds a diskD1 in N(v1) such thatD1 ∩ � = {v1}. Let
� = A ∪ D0 ∪ D1. Then� is a type II sphere, contrary to our hypothesis. Since
we already know thatr ≥ 3, it follows thatr = 3. Hence the underlying abstract
graph of� is a graph,θ3, containing two vertices of valence three and some positive
number vertices of valence 2. Now Aut(θ3) is a subgroup ofS3 × Z. Thus TSG+(�)

is a subgroup of the dihedral groupD6 ∼= S3 × Z2 and hence is isomorphic to a
finite subgroup of Diff+(S3). Furthermore, we can embedθ3 in S2 as� such that
the vertices of valence three are at the poles of the sphere, and the components of
S2 − � are three identical wedges. ThusH = TSG+(�) ≤ Aut(θ3) = TSG+(�),
and TSG+(�) is induced by an isomorphic finite subgroup of SO(4). Thus if� has
no type II or III spheres, then we are done.

Now we return to the general case. Recall that everyg ∈ G restricts to a map
of the pair(W, W ∩ (P ∪ 	)). So for everyg ∈ G, g({Y0, Y1}) = {Y0, Y1} and
g({C1, . . . , Cr}) = {C1, . . . , Cr}. Suppose that there is someg ∈ G which in-
terchangesY0 andY1. Let  : TSG+(�) → Z2 be defined as follows. For each
a ∈ TSG+(�), let(a) be the permutation thatga induces on the set{Y0, Y1}. Then
 is onto. If ker() is trivial then TSG+(�) ∼= Z2. Hence in this case we are done.
If N = ker() is non-trivial, then we let� be the embedded graph obtained from�

by adding a single edge incident tov0. Then TSG+(�) ∼= ker(). Hence bothN
andH/N ∼= Z2 are realizable. Thus from now on we assume that for everyg ∈ G

we haveg(Y0) = Y0 andg(Y1) = Y1.
Now suppose that there is somea ∈ TSG+(�) such thata(γj ) = γj for somej .

If Cj ∈ 	, thenCj = Ai , for someAi . Henceγj = �i , ga(Ai) = Ai , and since
ga(Y0) = Y0 andga(Y1) = Y1, ga(ci) = ci andga(di) = di . Thus by our assumption
at the end of Step 3,a induces the trivial automorphism onγj . If Cj /∈ 	, thenγj

is a single edge. Thus again, sincega(Y0) = Y0 andga(Y1) = Y1, a induces the
trivial automorphism onγj . Thus for every non-triviala ∈ TSG+(�), there is some
γj such thata(γj ) �= γj . Because TSG+(�) is non-trivial, without loss of generality
we can assume thatγ1 is not setwise invariant under TSG+(�). Let {γ1, . . . , γq} be
the orbit ofγ1 under TSG+(�). Now define : TSG+(�) → Sq by letting(a) be
the permutation thata induces on the set{γ1, . . . , γq}. Then is a homomorphism.

We prove that is onto as follows. Let(ij) be a transposition inSq . Since
{γ1, . . . , γq} is the orbit ofγ1, there is somea ∈ TSG+(�), such thata(γi) = γj .
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We will define an elementg ∈ G as follows. Letg|Ei = ga|Ei andg|Ej = g−1
a |Ej .

Theng interchangesEi andEj . Let b denote a simple closed curve inY which
separatesbi andbj from all the other boundary components ofY . Let F denote
the disk with two holes inY bounded by the three curvesbi , bj , andb. Extendg

to a diffeomorphism ofF × I such thatg|(b × I ) is the identity. Next extendg to
S3 − ((F × I ) ∪ N(v0) ∪ N(v1)) by the identity. Finally, extendg within N(v0) and
N(v1) such thatg(�) = �. Now g : (S3, �) → (S3, �) andg|� − (γi ∪ γj ) is the
identity. Leta′ denote the automorphism of� induced byg. Thena′ interchanges
γi andγj , anda′|� − (γi ∪ γj ) is the identity. So(a) = (ij), and hence is onto.
If ker() is trivial then TSG+(�) ∼= Sq and we are done.

If N = ker() is non-trivial, thenr − q ≥ 2. If v0 �= v1, we let � be the
embedded graph obtained fromγq+1 ∪ · · · ∪ γr by adding a single edge atv0 and
adding a chain of lengthm atv1. If v0 = v1, then eachγi contains at least two vertices
in its interior. In this case, lete be an edge inγq+1 such thate containsv0. Now we
add a vertex to the interior of every edge in the orbit ofe underN , and add a single
edge at each of these new vertices. Let� be γq+1 ∪ · · · ∪ γr together with these
new vertices and edges. Now in either case, TSG+(�) ∼= N . Also let �′ denote
the graph obtained by gluingq edges together at a single vertex to form a star. Then
TSG+(�′) ∼= Sq = H/N . Hence bothN andH/N are realizable. Thus we are done
in the case where(W, W ∩ (P ∪ 	)) is I -fibered.

Step 6. We prove the proposition when (W, W ∩ (P ∪ 	)) is simple.

Note that the argument in the beginning of this step will be similar to the analogous
part of the proof of Theorem 1 in [F2].

We assume by Steps 4 and 5 that(W, W ∩(P ∪	)) is neither Seifert fibered norI -
fibered. Now by applying Thurston’s Hyperbolization Theorem for Pared Manifolds
[Th] to (W, W ∩ (P ∪ 	)) we conclude thatW − (W ∩ (P ∪ 	)) admits a finite
volume complete hyperbolic metric with totally geodesic boundary. LetD denote
the double ofW − (W ∩ (P ∪ 	)) along its boundary. ThenD is a finite volume
hyperbolic manifold. For everya ∈ TSG+(�), the diffeomorphismga|W defines
a diffeomorphismg′

a of D which restricts toga on each side ofD. Now we use
Mostow’s Rigidity Theorem [Mo], to obtain an orientation preserving finite order
isometryf ′

a of D that restricts to an isometryfa of W − (W ∩ (P ∪ 	)) such
thatfa is homotopic toga|W − (W ∩ (P ∪ 	)). Furthermore, Mostow’s Rigidity
Theorem implies that the set of all suchfa generates a finite groupK ′ of isometries
of W − (W ∩ (P ∪	)). Now by removing horocyclic neighborhoods of the cusps of
W −(W ∩(P ∪	)), we obtain a copy of the pair(W, W ∩(P ∪	)) which is contained
in W − (W ∩ (P ∪ 	)) and is setwise invariant underK ′. We shall abuse notation
slightly and considerK ′ to be a finite group of isometries of(W, W ∩ (P ∪ 	))

rather than of this copy. NowK ′ restricts to a finite group of isometries of the tori
and annuli inW ∩ (P ∪ 	) with respect to a flat metric. Finally, it follows from
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Waldhausen’s Isotopy Theorem [Wa] that eachfa is isotopic toga|W by an isotopy
leavingW ∩ (P ∪ 	) setwise invariant.

Now observe that since∂N(V )∩W , ∂ ′N(E)∩W , {A1, . . . , An}, and
∩W are
each setwise invariant underG, each of these sets is also setwise invariant under the
isometry groupK ′. Letf andg be elements ofK ′ which induce the same permutation
of the components of∂N(V ) ∩ W , ∂ ′N(E) ∩ W , and{A1, . . . , An}. We prove as
follows thatf = g. By the end of Step 4 we know there is some vertexv of � such
that a componentJ of ∂N(v) ∩ W is a sphere withr � 3 holes. Letα1, . . . , αr

denote the boundary components ofJ . Now f (J ) = g(J ) andf (αi) = g(αi) for
eachi = 1, . . . , r. Hencef −1 � g restricts to a finite order orientation preserving
diffeomorphism ofJ which setwise fixes all of the boundary components ofJ . Since
J is a sphere with at least three holes, this implies thatf −1 � g|J is the identity.
Finally, sincef andg are isometries ofW which are identical onJ , we must have
f = g.

Now suppose thatfa andf ′
a are elements ofK ′ which come from elementsga and

g′
a of G respectively, such thatga andg′

a both induce a givena on�. As in the proof
of Step 4,ga andg′

a induce the same permutation of the components of∂N(V ) ∩ W ,
∂ ′N(E) ∩ W , and{A1, . . . , An}. Hencefa andf ′

a also induce the same permutation
of these components. So by the above paragraphfa = f ′

a. Thus eacha ∈ TSG+(�)

determines a uniquefa ∈ K ′. Also if a, b ∈ TSG+(�), thenga � gb andga�b
induce the same permutation of the components of∂N(V ) ∩ W , ∂ ′N(E) ∩ W , and
{A1, . . . , An}. Thusfa � fb andfa�b induce the same permutation of each of these
sets. Hence by the above paragraphfa � fb = fa�b. ThusK ′ = {fa|a ∈ TSG+(�)}.

Now we will re-embedW in S3 and extendK ′ to a finite subgroup of Diff+(S3).
We start withW ′ = W ∪ N(�′) ∪ (B1 ∪ · · · ∪ Bn). Then∂W ′ is a collection of tori
in 
. We re-embedW ′ in S3 as follows. LetTj be a component of∂W ′. Because
Tj is incompressible inM, the closure of the component ofS3 − Tj contained in
M is a knot complementRj . Now, up to isotopy, there is a well-defined longitude
�j of Tj , which bounds a Seifert surface inRj . Also for everyg ∈ G, there is a
componentTk of ∂W ′ such thatg(Tj ) = Tk. Now Tk bounds a knot complement
Rk in M, g(Rj ) = Rk, andg(�j ) is a longitude ofRk. We re-embedW ′ in S3 by
replacing each knot complementRj by a solid torusUj such that a meridian ofUj is
glued to�j . Re-embeddingW ′ in S3 in this way gives us a re-embedding�′ of �′.

We will extendK ′ to a finite group of diffeomorphisms ofS3 in stages. For
each ball or pinched ballBi , let Ci denote the solid cylinder obtained fromBi by
removing int(N(vi)∪N(wi)) or int(N(ui)). After we have re-embeddedW ′ in S3 as
described above,S3 − W consists of the solid toriU1, . . . , Uq , the ballsN(v) where
v ∈ �′, and the solid cylindersC1, . . . , Cn andN(e) wheree ⊂ �′. First we will
extendK ′ to the solid toriU1, . . . , Uq . Recall that eachfa ∈ K ′ is isotopic to the
correspondingga on (W, W ∩ (P ∪ 	)) and eachga took longitudes to longitudes
on∂R1 ∪ · · · ∪ ∂Rq . ThusK ′ will take meridians to meridians on∂U1 ∪ · · · ∪ ∂Uq .
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SinceK ′|(∂U1 ∪ · · · ∪ ∂Uq) is a finite group of orientation preserving isometries,
we can find a finite number of pairwise disjoint meridians for eachUi such that the
collection{µ1, . . . , µr} of meridians for∂U1 ∪ · · · ∪ ∂Uq are setwise invariant under
K ′. We first extendK ′ radially from{µ1, . . . , µr} to a collection of pairwise disjoint
meridional disks bounded by{µ1, . . . , µr}. These disks cut the solid toriU1, . . . , Uq

into a collection of solid cylinders. We can now extendK ′ radially within these solid
cylinders to obtain a finite groupK1 of diffeomorphisms ofW1 = W ∪U1∪· · ·∪Uq .

Next we will extendK1 to the ballsN(v) such thatv ∈ �′. Observe thatK1
restricts to a finite group of diffeomorphisms of the spheres with holes

⋃
v∈�′ ∂N(v)∩

W . We extendK1 radially first to the collection of spheres
⋃

v∈�′ ∂N(v) and then
to the balls

⋃
v∈�′ N(v) to obtain a finite groupK2 of diffeomorphisms ofW1 ∪⋃

v∈�′ N(v) which leaves
⋃

v∈�′ N(v) ∩ �′ setwise invariant.
Now K2 restricts to finite groups of diffeomorphisms of the annuliA1, . . . , An,

of the disksBi ∩ (∂N(vi)∪∂N(wi)) orBi ∩∂(N(ui)) for i = 1, . . . , n, of the annuli
∂ ′N(e) for eache ⊂ �′, and of the disks∂N(e) ∩ N(V ) for eache ⊂ �. Thus
we can extendK2 radially within each of the solid cylindersC1, . . . , Cn and each
N(e) wheree ⊂ �′, to obtain a finite group of diffeomorphismsK of S3 such that
the collection of the cores of these solid cylinders is setwise invariant. In particular,
E ∩ �′ is setwise invariant. ThusK is a finite subgroup of Diff+(S3) which leaves
�′ setwise invariant.

Now for eachfa ∈ K ′, let ha denote the element ofK obtained fromfa by the
above extensions. Sincefa is isotopic toga on (W, W ∩ (P ∪ 	)), ha is isotopic
to ga on (W, W ∩ (P ∪ 	)). Henceha inducesa|�′. Define : H → K by
(a) = ha. Then is well defined since eacha ∈ TSG+(�) determines a unique
fa ∈ K ′, which in turn extends to a uniqueha ∈ K. Also, everyg ∈ K came from
such ana ∈ TSG+(�). Thus is onto. To see that is one-to-one, suppose that
a ∈ TSG+(�) such that(a) = ha is the identity onS3. Thusha|W is the identity.
So for every vertexv of �′, a(v) = v. Letv be a vertex of� such that∂N(v) does not
meetW . Thenv is a vertex of some�i . NowAi is contained in∂W , andha|Ai is the
identity. Thusga(Ai) = Ai , ga(ci) = ci , andga(di) = di . Now by our assumption
at the end of Step 3,a|�i is the identity. Soa(v) = v. It follows that is one-to-one,
and henceH ∼= K.

Finally, suppose that� has no type II or type III spheres. As we saw in Step 2,
then each�i is either an arc or a single vertex. Let� denote the graph obtained
from �′ by adding the core of eachCi together with additional vertices so that� is
a re-embedding of� that is setwise invariant underK. Now for eacha ∈ TSG+(�),
ha inducesa on�. It follows thatH is a subgroup of TSG+(�). ThusH is induced
on � by an isomorphic finite subgroup of Diff+(S3). This completes the proof of
Proposition 1. �
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4. Proof of Proposition 2

An essential part of the proof of Proposition 2 involves showing that if TSG+(�) is a
simple group, then we can find an embedded graph� with no type I vertices such that
TSG+(�) ∼= TSG+(�). Our strategy is to first find an invariant proper subgraph�′
of �, then create a new graph� containing�′ such that TSG+(�) ∼= TSG+(�) and
� has fewer type I vertices than�. Continuing this process until no type I vertices
remain, we arrive at the desired embedded graph�.

We begin with some definitions and lemmas.

Definition 7. Let � be a graph embedded inS3, let � be a type I sphere for�,
let B be the closure of one of the components ofS3 − �, let α = B ∩ �, and let
{v} = � ∩ �. Then we say thatα is a type I subgraph of � with associated sphere
�, andassociated type I ball B, andv is theattaching vertex of α, � or B. If X and
X′ are subsets ofS3 such thatX ∩ X′ is either empty or a single vertex of�, then we
say thatX andX′ arealmost disjoint.

Lemma 1. Let � be an embedded graph, and let �1, . . . , �r be pairwise almost
disjoint type I subgraphs with attaching vertices v1, . . . , vr , respectively. Let �′ =
cl(� − (�1 ∪ · · · ∪ �r)) and let α be a type I subgraph of �′ with attaching vertex x.
Then � has a type I ball E with attaching vertex x, and pairwise almost disjoint type I
balls E1, . . . , Er associated with �1, . . . , �r such that E ∩ �′ = α and E is almost
disjoint from Ei for all i such that vi ∈ cl(�′ − α).

Proof. Let D be a type I ball for�′ associated withα. For eachi, let Bi andCi be
type I balls for� associated with�i such thatBi − {vi} ⊂ int(Ci). Then for each
i �= j , �i is almost disjoint fromCj . Now for eachi, we can find a small ballB ′

i ⊂ Bi

such thatvi ∈ B ′
i andB ′

i is almost disjoint from eachCj with j �= i and from∂D.
We start by shrinkingB1 within itself toB ′

1 by an isotopy ofS3 which is pointwise
fixed on cl(S3 − C1). This isotopy takes�1 to some�′

1 ⊂ B ′
1. Next we shrinkB2

to B ′
2 fixing cl(S3 − C2), taking�2 to some�′

2 ⊂ B ′
2. Continue this process for

i = 1, . . . , r. The composition of these isotopies is an isotopy ofS3 which is fixed
on�′ and takes� to � = �′ ∪ �′

1 ∪ · · · ∪ �′
r . Now B ′

1, . . . , B
′
r are pairwise almost

disjoint type I balls for� with associated subgraphs�′
1, . . . , �

′
r such that eachB ′

i is
almost disjoint from∂D.

Now without loss of generality we can chooses and t such that ifi ≤ s then
B ′

i ⊂ int(D), if s < i ≤ t thenB ′
i ⊂ cl(S3 − D), and if t < i ≤ r thenvi = x and

B ′
i ⊂ D. Let B ⊂ D be a ball containingB ′

t+1 ∪ · · · ∪ B ′
r which is almost disjoint

from �′ and from eachB ′
i with i ≤ s. Let B ′ ⊂ cl(S3 − D) be a ball withx ∈ ∂B ′

which is almost disjoint from�′ and from eachB ′
i with s < i ≤ t . Now there is an

isotopy ofS3 takingB to B ′ and pointwise fixing�′ ∪ (B ′
1 ∪ · · · ∪ B ′

t ). For eachi,
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let B ′′
i and�′′

i denote the images ofB ′
i and�′

i as a result of this isotopy. This isotopy
takes� to �′ = �′ ∪ �′′

1 ∪ · · · ∪ �′′
r .

Now B ′′
1 , . . . , B ′′

r are pairwise almost disjoint type I balls for�′ with associated
subgraphs�′′

1, . . . , �′′
r respectively. AlsoD is a type I ball for�′ such thatD∩�′ = α,

andD is almost disjoint fromB ′′
i for all i such thatvi ∈ cl(�′ −α). The composition

of the above isotopies determines a homeomorphismh : (S3, �) → (S3, �′) which
is fixed on�′ and takes each�i to �′′

i . Now let E = h−1(D), and for eachi, let
Ei = h−1(B ′′

i ). Then the ballsE andE1, . . . , Er satisfy the conclusion of the lemma.
�

We would like to focus on those type I subgraphs which are as small as possible.

Definition 8. Let � be a graph embedded inS3 and letα be a type I subgraph with
associated sphere�, associated ballB, and attaching vertexv. Suppose that� has
no type I subgraph which is a proper subset ofα. Then we say thatα is aninnermost
subgraph andB is aninnermost ball of �.

We can also choose a particular type I vertex, and look for the smallest type I
subgraph attached at that vertex.

Definition 9. Let � be a graph embedded inS3 and letα be a type I subgraph with
associated sphere�, associated ballB, and attaching vertexv. Suppose that� has
no type I subgraph with attaching vertexv which is a proper subset ofα. Then we
say thatα is aninnermost subgraph rel v andB is aninnermost ball rel v.

Observe that ifα is any type I subgraph of� with attaching vertexv, thenα

contains an innermost subgraph and an innermost subgraph relv. The following
lemma can be proved using an argument identical to that of Lemma 4.1 of [Su], so
we do not include the proof here.

Lemma 2. Let � be an embedded graph and let λ be an innermost subgraph of �

(respectively rel v). Let � be a type I sphere for � (respectively rel v) and let the
closures of the components of � − � be α and β. Then λ is contained entirely in
either α or β.

Observe that it follows from Lemma 2 that ifλ1 andλ2 are innermost subgraphs
of � (respectively relv) which are not almost disjoint, thenλ1 = λ2. Thus every
embedded graph� has a unique collection of innermost subgraphs (respectively
rel v) and these subgraphs are pairwise almost disjoint. Hence any diffeomorphism
of (S3, �) takes this unique collection to itself.

Lemma 3. Let � be an embedded graph with a type I vertex. Then � has a type I vertex
v with the property that at most one innermost subgraph rel v is not an innermost
subgraph of �.
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Proof. Suppose thatv1 is a type I vertex of� such that some innermost subgraph
rel v1 is not an innermost subgraph of�. Call this subgraph�1. Since�1 is not
innermost, it contains a vertexv2 �= v1 where an innermost subgraph is attached.
Consider those innermost subgraphs of� rel v2 which do not containv1. Suppose
that one of these subgraphs is not innermost. Call this subgraph�2. Since�2 does
not containv1, �2 is a proper subgraph of�1.

Repeat the above argument starting with�2 in place of�1. Since the graph
� is finite, it cannot have an infinite nested sequence of proper subgraphs. Hence
eventually, we obtain a vertexvn such that every innermost subgraph of� rel vn that
does not containvn−1 is innermost. Since� has precisely one innermost subgraph
rel vn that containsvn−1, the vertexvn satisfies the conclusion of the lemma. �

Now we are ready to prove Proposition 2.

Proposition 2. Let � be an embedded graph, and let H = TSG+(�). Then either
H is realizable by a graph with no type I spheres, H ∼= Sr for some r , or H has a
non-trivial normal subgroup N such that both N and H/N are realizable.

Proof. If TSG+(�) ∼= Z2, thenH is realized by the graph consisting of a single edge,
and ifH is trivial then it is realized by the graph consisting of a single vertex. Thus
we assume thatH �∼= Z2, H is not trivial, and� has at least one type I sphere. We
will show that eitherH ∼= Sr for somer, H has a non-trivial normal subgroupN
such that bothN andH/N are realizable, or there exists an embedded graph� such
that TSG+(�) ∼= TSG+(�) and� has fewer type I vertices than�.

By Lemma 3 we can choose an innermost type I vertexv1 which has the property
that at most one innermost subgraph relv1 is not an innermost subgraph of�. If v1
is fixed by TSG+(�), let {�1, . . . , �n} be the collection of innermost subgraphs of�

rel v1. Otherwise, let{�1, . . . , �n} be the collection of innermost subgraphs of�. In
either case, letvi be the attaching vertex of�i . Thus ifv1 is fixed by TSG+(�) then
for everyi, vi = v1. Observe that, sincev1 is an innermost type I vertex,� has at
least two innermost subgraphs and at least two innermost subgraphs relv1. Thus in
either case,n > 1. Furthermore, by the uniqueness of the collection{�1, . . . , �n},
each element of TSG+(�) takes each�i to some�j . Furthermore, since�1, . . . , �n

are pairwise almost disjoint and�n is a type I subgraph of cl(� − (�1 ∪ · · · ∪�n−1)),
we can apply Lemma 1 wherer = n−1 andα = �n to obtain a collection of pairwise
almost disjoint type I balls,{B1, . . . , Bn} for �, associated with{�1, . . . , �n}.

Let G denote the group of all orientation preserving diffeomorphisms of(S3, �).
ThenG induces TSG+(�) and for everya ∈ TSG+(�) there is aga ∈ G which
inducesa. Let m denote a number larger than the number of vertices in�. We will
use the following observation in several places in the proof.

Observation. Suppose thatg : (S3, �i) → (S3, �j ) is a diffeomorphism such that
g(vi) = vj . Let Di andDj be balls containing�i and�j respectively such that
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∂Di ∩�i = {vi} and∂Dj ∩�j = {vj }. Nowg(Di) andDj are both balls containing
�j . Thus the complements ofg(Di) andDj are isotopic by an isotopy ofS3 fixing
�j . Henceg is isotopic to a diffeomorphismg′ : (S3, �i) → (S3, �j ) such that
g′(Di) = Dj andg′|�i = g|�i .

Step 1. We prove the proposition in the case where v1 is fixed by TSG+(�) and
some �i is not setwise invariant under TSG+(�).

In this case,{�1, . . . , �n} is the family of innermost subgraphs relv1. Without loss
of generality,{�1, . . . , �r} is the orbit of�1, andr > 1. We define a homomorphism
 : TSG+(�) → Sr by letting (a) be the permutation thata induces on the set
{�1, . . . , �r}.

To see that is onto, let(ij) be a non-trivial transposition inSr . Since�i and
�j are both in the orbit of�1, there is somea ∈ TSG+(�) such thata(�i) = �j .
Now ga is a diffeomorphism ofS3 such thatga(�i) = �j , andBi andBj are balls
containing�i and�j respectively such that∂Bi ∩ �i = {v1} and∂Bj ∩ �j = {v1}.
By the Observation, there is a diffeomorphismg′

a : (S3, �i) → (S3, �j ) such that
g′

a(Bi) = Bj . We will useg′
a to define a diffeomorphismg : (S3, �) → (S3, �) as

follows. SinceBi andBj are almost disjoint andg′
a fixesv1, we letg|Bi = g′

a|Bi and
g|Bj = (g′

a)
−1|Bj . LetB denote a ball containingBi ∪Bj such that∂B∩(Bi ∪Bj) =

{v1} andB ∩ � = �i ∪ �j . We can extendg to a diffeomorphism ofB − (Bi ∪ Bj)

such thatg|∂B is the identity, and then extendg toS3−B by the identity. Nowg is an
orientation preserving diffeomorphism of(S3, �). Let a′ denote the automorphism
induced on� by g. Thena′ interchanges�i and�j anda′|� − (�i ∪ �j ) is the
identity. So(a′) is the transposition(ij). Hence is onto.

If ker() is trivial, then TSG+(�) ∼= Sr and we are done. So suppose that
N = ker() is non-trivial. Let� denote the embedded graph obtained from� as
follows. For eachi ≤ r such that�i is not a simple closed curve, we addim vertices
to every edge of�i containingv1. For eachi ≤ r such that�i is a simple closed curve
we addim vertices to a single edge of�i . Now each�i is an innermost subgraph rel
v1 for �, and is the unique innermost subgraph relv1 which contains a chain whose
length is betweenim and(i + 1)m − 1. Thus every element of TSG+(�) takes�i

to itself for all i ≤ r. Now it is not hard to see that TSG+(�) ∼= ker(). Finally,
let �′ denote the embedded graph consisting ofr edges joined together at a common
vertex. Then TSG+(�′) ∼= Sr

∼= H/N . Thus bothN andH/N are realizable. So
we are done with Step 1.

As a result of Step 1, we assume that one of the following hypotheses holds.

Hypothesis (a). v1 is not fixed by TSG+(�).

Hypothesis (b). v1 is fixed by TSG+(�) and every�i is setwise invariant under
TSG+(�).
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Step 2. We choose an invariant proper subgraph �′ and define a non-trivial homo-
morphism � : TSG+(�) → TSG+(�′) such that N = ker(�) is realizable.

First we assume that Hypothesis (a) holds. In this case,{�1, . . . , �n} is the family
of innermost subgraphs of�. Without loss of generality, we can assume that the
subcollection of innermost subgraphs with attaching vertexv1 is {�1, . . . , �t }. Let
O denote the orbit of�1 ∪ · · · ∪ �t under TSG+(�). Without loss of generality
there exists anr ≤ n such thatO = �1 ∪ · · · ∪ �r . Now let �′ = cl(� − O).
Then�′ is a connected graph. Observe that�′ is setwise invariant underG, and
the homomorphism� : TSG+(�) → TSG+(�′) given by�(a) = a|�′ for every
a ∈ TSG+(�) is not trivial sincev1 is not fixed by TSG+(�).

We create an embedded graph� which realizesN = ker(�) as follows. Let
{x1, . . . , xs} be distinct vertices representing the orbit ofv1 under TSG+(�). As sets
{x1, . . . , xs} = {v1, . . . , vr}, however we may haver > s if somevi = vj for i �= j .
Let β1, . . . , βs+1 be arcs such that eachβj containsjm vertices in its interior. We
obtain� from �1 ∪ · · · ∪ �r by addingβ1, . . . , βs+1 on the outside ofB1, . . . , Br ,
such thatβ1 is attached tox1; for eachj such that 1< j < s +1,βj has one endpoint
atxj and the other endpoint atxj+1; andβs+1 is attached toxs . For eachj , βj is the
only chain in� of lengthjm, and hence eachβj is invariant under TSG+(�). Thus
for eachj ≤ s, {�i |vi = xj } is setwise invariant under TSG+(�). Now it is not hard
to check that TSG+(�) ∼= ker(�).

Now suppose that Hypothesis (b) holds. Then{�1, . . . , �n} is the family of
innermost subgraphs of� rel v1. Since TSG+(�) is non-trivial, without loss of
generality there is somea ∈ TSG+(�) which induces a non-trivial automorphism
on�n. In this case we let�′ = �n. Now �′ is setwise invariant underG, and again
� : TSG+(�) → TSG+(�′) defined by�(a) = a|�′ for everya ∈ TSG+(�) is
non-trivial. In this case, we let� = �1 ∪ · · · ∪ �n−1 together with two arcs added at
v1, one withm vertices and the other with 2m vertices (this guarantees that� is not
a single arc). Then every element of TSG+(�) fixesv1, and we see that� realizes
N = ker(�). So we are done with Step 2.

Next we will introduce some notation that will be used throughout the rest of the
proof. If Hypothesis (a) holds, thenv1 is not fixed by TSG+(�). Hence there is some
innermost subgraph relv1 which is not one of the�i . By our choice ofv1, at most one
innermost subgraph relv1 is not one of the�i . Thusδ = cl(� − (�1 ∪ · · · ∪ �t)) is
an innermost subgraph relv1. Also�′ = cl(� − (�1 ∪ · · · ∪ �r)) ⊂ δ. If Hypothesis
(b) holds, then we lett = r = n − 1, and again letδ = cl(� − (�1 ∪ · · · ∪ �t)). In
this caseδ = �n = �′, and hence againδ is an innermost subgraph relv1. We will
user in the next step and uset andδ in Step 5.

In general,� : TSG+(�) → TSG+(�′) may not be surjective. In Step 3 we will
create a new embedded graph� by adding vertices or chains of vertices to�′, and in
Step 4 we will show that� realizesH/N .
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Step 3. We construct an embedded graph � which contains �′ and satisfies the
following conditions:

(1) For every a ∈ TSG+(�), there is a ga ∈ G such that ga(�) = �.

(2) If g, h ∈ G induce the same automorphism of � and leave � setwise invariant,
then g and h induce the same automorphism of �.

(3) If g is a diffeomorphism of (S3, �), then g({v1, . . . , vr}) = {v1, . . . , vr} and
g(�′) = �′.

Case 1. v1 has valence one in�′.
Then�′ contains a chainP with one endpoint atv1. Suppose that�′ = P , then

TSG+(�′) ∼= Z2. Since there is somea ∈ TSG+(�) which induces a non-trivial
automorphism on�′, im(�) = TSG+(�′). ThusH/N is realizable. IfN is trivial,
then TSG+(�) ∼= Z2, contrary to our initial assumption. IfN is non-trivial we would
be done with the proposition. Thus we assume that�′ �= P .

Let ε be the edge inP containingv1. We create� from �′ by addingm vertices
to each edge in the orbit ofε under TSG+(�). It is easy to see that Conditions (1)
and (2) are satisfied for�. We abuse notation and letP denote both the chain in�′
containingv1 and the chain in� containingv1. SinceP and its orbit under TSG+(�)

are the only chains of length at leastm in �, the orbit ofP under TSG+(�) is the
same as the orbit ofP under TSG+(�). Since�′ �=P , one endpoint ofP has valence
at least three in�. Hence no element of TSG+(�) interchanges the endpoints ofP

or any chain in its orbit. Thus for any diffeomorphismg : (S3, �) → (S3, �), we
must haveg({v1, . . . , vr}) = {v1, . . . , vr}, andg(�′) = �′. Thus Condition (3) is
satisfied.

Case 2. The valence ofv1 is at least two in�′.
Consider vertex neighborhoodsN(v1), . . . , N(vr). For eachi � r and each edge

εj in �′ which containsvi , let fj = N(vi) ∩ εj and letwj be the point wherefj

meets∂N(vi). If Hypothesis (a) is satisfied, choose a collection of pairwise almost
disjoint regular neighborhoodsN(fj ) in N(vi) − (B1 ∪ · · · ∪ Br). If Hypothesis
(b) is satisfied, choose a collection of pairwise almost disjoint regular neighborhoods
N(fj ) in N(vi) ∩ Bn. In either case, for eachj , we letdj ⊂ N(fj ) be an arc with
endpointsvi andwj such thatdj ∪ fj bounds a diskEj in N(fj ). We create� from
�′ by adding eachdj together with the vertexwj andm additional vertices ondj .

As an arc,dj is isotopic tofj fixing �. Hence for everya ∈ TSG+(�), we can
choosega ∈ G such thatga(�) = �. Hence Condition (1) is satisfied. Furthermore,
by our construction of�, Condition (2) must also be satisfied. Observe that since
the valence ofv1 is at least two in�′, � has at least twodj ’s containing the vertex
v1. Thus for eachi ≤ r, vi has valence at least four in�, while eachwi has valence
three. Therefore,v1, . . . , vr are the only vertices of valence more than three in�

which are endpoints of chains of lengthm. It follows that for any diffeomorphism
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g : (S3, �) → (S3, �), we must haveg({v1, . . . , vr}) = {v1, . . . , vr} andg(�′) =
�′. Hence Condition (3) is satisfied. Thus we are done with Step 3.

Step 4. We prove that H/N is realized by �.

By Conditions (1) and (2), we can define a homomorphism : TSG+(�) →
TSG+(�) by letting(a) denote the automorphism thatga induces on�. Further-
more, it is easy to check that ker() = ker(�) = N .

To show that is onto, we leta ∈ TSG+(�). By definition there is an orientation
preserving diffeomorphismg : (S3, �) → (S3, �) inducinga on �. We will con-
struct an orientation preserving diffeomorphismh : (S3, �) → (S3, �) that leaves�
invariant and inducesa on� as follows.

Case 1. � satisfies Hypothesis (a).

Since{v1, . . . , vr} is the orbit ofv1 underGand by Condition (3)g({v1, . . . , vr})=
{v1, . . . , vr}, for every i ≤ r, there is agi ∈ G such thatgi(vi) = g(vi). Now
for eachi ≤ r, we can choosej (i) ≤ r such thatgi(�i) = �j(i), and hence
gi(vi) = vj (i). It follows from the Observation that for eachi ≤ r, there is an orien-
tation preserving diffeomorphismg′

i : (Bi, �i) → (Bj(i), �j (i)). SinceB1, . . . , Br

are pairwise almost disjoint, for eachi ≤ r, we can defineh|Bi = g′
i . Then

h(vi) = g′
i (vi) = vj (i) = g(vi).

Next we define a collection{D1, . . . , Dr} of pairwise almost disjoint innermost
balls for� with associated subgraphs{�1, . . . , �r} such that eachBi −{vi} ⊂ int(Di)

andDi∩� = Bi∩� = {vi}. Since eachg(vi) = vj (i), eachg(Di) is isotopic toDj(i)

by an isotopy ofS3 fixing �. As in the Observation, it follows thatg is isotopic to an
orientation preserving diffeomorphismg′ : (S3, �) → (S3, �) such thatg′|� = g|�
and for eachi ≤ r, g′(Di) = Dj(i). Henceg′({v1, . . . , vr}) = {v1, . . . , vr} and
g′(�′) = �′. Thus we defineh| cl(S3−(D1∪· · ·∪Dr)) = g′| cl(S3−(D1∪· · ·∪Dr)).

Finally, for everyi ≤ r, sinceh(∂Di) = ∂Dj(i) and h(∂Bi) = ∂Bj(i), and
h|∂Di andh|∂Bi are both orientation preserving diffeomorphisms takingvi to vj (i),
we can extendh to a diffeomorphism fromDi − Bi to Dj(i) − Bj(i). Now h is
a diffeomorphism of(S3, �) which inducesa on � andh(�) = �. Let b be the
automorphism whichh induces on�. Then(b) = a, and hence is onto.

Case 2. � satisfies Hypothesis (b).

In this case,�′ = �n, we have� ⊂ Bn and∂Bn ∩ � = {v1}. Now by the Ob-
servation, sinceg(�) = � andg(v1) = v1, g is isotopic to an orientation preserving
diffeomorphismg′ : (S3, �) → (S3, �) such thatg′(Bn) = Bn andg′|� = g|�. De-
fineh|Bn = g′|Bn. LetDn be an innermost ball for�n such thatBn−{vn} ⊂ int(Dn).
Sinceh|∂Bn is orientation preserving we can extendh to a diffeomorphism ofDn−Bn

such thath|∂Dn is the identity, and then defineh to be the identity onS3 − Dn. Now
h is a diffeomorphism of(S3, �) which inducesa on�, andh(�) = �. So as above,
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let b be the automorphism whichh induces on�, then(b) = a. Thus again is
onto.

Therefore in either case,H/N ∼= TSG+(�). Thus we are done with Step 4.
In Step 2 we saw thatN = ker(�) is realizable. IfN is non-trivial then we are

done. Otherwise,H is realized by�. Hence we will be done after we prove the
following.

Step 5. We show that � has fewer type I vertices than �.

First suppose that� was created in Case 1 of Step 3. Then� is homeomorphic
as a topological space to�′. Recall that a type I vertex must have valence at least
three. So,�′ and� have the same set of type I vertices, and by Lemma 1, every
type I vertex of�′ is a type I vertex of�. On the other hand,v1 is a type I vertex
of �. However, since the valence ofv1 is one in�, v1 is not a type I vertex of�.
Therefore,� has fewer type I vertices than�.

Thus we can assume that� was created in Case 2 of Step 3. Letx be a type I
vertex of�. We will show thatx is a type I vertex of� which is not one ofv1, . . . , vr .
Let α be a type I subgraph of� with attaching vertexx, and letα′ = cl(� − α). For
eachj , the simple closed curvefj ∪ dj is contained entirely in eitherα or α′. Hence
α andα′ each contain at least one edge of�′. Let 
 = � ∪ (�1 ∪ · · · ∪ �r). Then
�1, . . . , �r are type I subgraphs of
. Thus by Lemma 1,
 has a type I ballE with
attaching vertexx such thatE ∩ � = α andE is almost disjoint from each�i such
thatvi ∈ cl(�′ − α). Then by definition,E is a type I ball for� associated withα.
Let � = ∂E.

Now suppose thatx is a vertex of�′. Then either the valence ofx is at least three
in �′ or x = vi for somei. In either case, the valence ofx is at least three in�. Also
� ∩� ⊂ � ∩
 = {x}, and each component of cl(S3 −�) contains at least one edge
of �. Hence� is a type I sphere for� andE ∩ � is a type I subgraph of� with
attaching vertexx.

Recall from the end of Step 2 that�1, . . . , �t all have attaching vertexv1, and
δ = cl(� − (�1 ∪ · · · ∪ �t)) is an innermost subgraph relv1 containing�′. Suppose
for the sake of contradiction thatx = v1. For alli ≤ t , vi = x ∈ cl(�′ −α), henceE
is almost disjoint from�1 ∪ · · · ∪�t . Also sinceE ∩� is a type I subgraph of� with
attaching vertexv1, � has an innermost subgraph relv1 which is contained inE ∩ �.
Let β be this subgraph. Thenβ ⊂ E ∩ � ⊂ δ. However,β ⊂ δ implies thatβ = δ,
sinceβ andδ are both innermost subgraphs relv1. Thus�′ ⊂ δ = E ∩ �. But α′ ⊂
cl(S3 − E) contains at least one edge of�′. This contradiction implies thatx �= v1.
Furthermore, for eachi � r, there is a diffeomorphismg : (S3, �) → (S3, �) such
thatg(v1) = vi . Thus, for alli � r, x �= vi . Hence we have shown that ifx is a
vertex of�′, thenx is a type I vertex of� which is not one ofv1, . . . , vr .

Finally, for the sake of contradiction, suppose thatx is not a vertex of�′. Since
the valence ofx must be at least three in�, x = wj for somej . Without loss of
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generality assume thatfj ∪ dj ⊂ α′ and henceεj − fj ⊂ α. For somei � r, vi

is an endpoint ofdj . We will show that our assumption thatwj is a type I vertex of
� implies thatvi is also a type I vertex of�. Now vi has valence at least four in�
and all of the edges of� containingvi are inα′. By our construction of�, fj ∪ dj

bounds a diskEj such that int(Ej ) is disjoint from�. Thus by taking the union of
E and a ball containingEj we obtain a type I ballB for � with attaching vertexvi

such thatB ∩ � = α ∪ fj ∪ dj . Thusvi is a type I vertex of�. But we saw above
that this is impossible. Hencex �= wj for anyj .

Thus we have shown that every type I vertex of� is a type I vertex of� which is
not one of the verticesv1, . . . , vr . Hence the set of type I vertices of� is a proper
subset of the type I vertices of�. This completes the proof of Proposition 2. �

5. Embedding graphs in S3

In this section we prove the converse of Theorem 2. In particular, in Theorem 3
we will show that for every finite subgroupG of Diff +(S3), there is an embedded
complete bipartite graph� with TSG+(�) ∼= G. A complete bipartite graph Kn,n is
the graph consisting of two sets ofn verticesV andW together with edges joining
every vertex inV to every vertex inW .

Our strategy to construct� will be as follows. Letn denote the order ofG. Then
the sets of verticesV andW will be embedded as the orbits underG of distinct
points inS3. We will embed the edges ofKn,n by lifting paths from the orbit space
S3/G. Finally, by tying distinct knots in edges from different orbits we will ensure
that TSG+(�) is not larger thanG.

We will use the following terminology. An edgee of a graphγ is said to be
invertible if there exists somea ∈ Aut(γ ) that interchanges the vertices ofe. In this
case we say thata inverts e. Analogously ifε is an edge in an embedded graph�,
and there is some diffeomorphismg of (S3, �) such thatg interchanges the vertices
of ε, then we sayε is invertible andg inverts ε.

Graph Embedding Lemma. Let γ be a graph. Let H be a subgroup of Aut(γ )

that is isomorphic to a finite subgroup G of Diff +(S3). Suppose that no non-trivial
element of H fixes any vertex or inverts any edge of γ . Then there is an embedded
graph � with underlying abstract graph γ such that G induces H on �.

Proof. Smith [Sm] has shown that the fixed point set of every finite order orientation
preserving homeomorphism ofS3 is either the empty set or a simple closed curve.
Let Y denote the union of the fixed point sets of all of the non-trivial elements
of G. ThenY is the union of finitely many simple closed curves whose pairwise
intersection consists of finitely many points. SoM = S3 − Y is path connected and
setwise invariant underG.
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Let � : H → G be an isomorphism and for eacha ∈ H , definega = �(a). Let
{w1, . . . , wq} be a set consisting of one representative from each vertex orbit ofγ

underH . Let v1, . . . , vq be distinct points inM which have disjoint orbits underG.
For eachi � q, we embed the vertexwi as the pointvi .

We embed an arbitrary vertexw of γ as follows. Since no vertex ofγ is fixed by
any non-trivial element ofH , there is a uniquea ∈ H andi � q such thatw = a(wi).
Thus everyw determines a unique pointga(vi) in M. So we embedw asga(vi).
Let V denote the set of thus embedded vertices; thenG leavesV setwise invariant.
Sincev1, . . . , vq are inM and have disjoint orbits underG, all of the vertices ofγ
are embedded as distinct points inM. The map sending eacha ∈ H to ga|V is an
isomorphism, since� is an isomorphism andV is disjoint fromY . ThusG induces
H on the setV .

Let {e1, . . . , en} be a set consisting of one representative from each edge orbit of
γ underH . For eachi, let xi andyi be the embedded vertices ofei . SinceM is path
connected, for eachi there is a pathαi in M from xi to yi .

Let π : M → M/G denote the quotient map. Thenπ is a covering map, and
the quotient spaceQ = M/G is a 3-manifold. For eachi, let α′

i = π � αi . Then
α′

i is a path or loop fromπ(xi) to π(yi). Using a general position argument inQ,
we can homotop eachα′

i , fixing its endpoints, to a simple path or loopρ′
i such that

int(ρ′
1(I )), . . . , int(ρ′

n(I )), andπ(V ) are pairwise disjoint. For eachi, let ρi be the
lift of ρ′

i beginning atxi . Sinceρ′
i = π � ρi is one-to-one except possibly on the

set{0, 1}, we know thatρi must also be one-to-one except possibly on the set{0, 1}.
Sinceρ′

i is homotopic toα′
i fixing its endpoints,ρi is also homotopic toαi fixing its

endpoints. Thusρi is a simple path inM from xi to yi .
We embed eachei asρi(I ). We embed an arbitrary edgee as follows. Observe

that since no non-trivial element ofH fixes any vertex or inverts any edge, no edge is
setwise invariant under any non-trivial element ofH . Thus there are uniquea ∈ H

and i ≤ n such thate = a(ei). Hencee determines a unique arcga(ρi(I )) in M

from ga(xi) to ga(yi). So we embede asε = ga(ρi(I )). LetE denote the set of thus
embedded edges. ThenG leavesE setwise invariant.

Let � consist of the verticesV together with the embedded edgesE. Then� is
setwise invariant underG. We see that� is an embedded graph as follows. First,
since each int(ρ′

i (I )) is disjoint fromπ(V ), each embedded edge must be disjoint
from V . Similarly, since fori �= j , ρ′

i (I ) andρ′
j (I ) have disjoint interiors, for every

g, h ∈ G, g(ρi(I )) andh(ρj (I )) have disjoint interiors. Finally, sinceρ′
i is a simple

path or loop, ifg �= h, theng(ρi(I )) andh(ρi(I )) have disjoint interiors.
Hence� is an embedded graph with underlying abstract graphγ such thatG

inducesH on�. �

In the proof of Proposition 4, we would like to be able to add a knotκ to a particular
edgeε of � so that no element of TSG+(�) can takeε to an edge which does not
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also containκ. Furthermore, we would like to be able to add a non-invertible knot to
an edgeε so that no element of TSG+(�) can invertε.

We will use the concept of local knotting. Let� be an embedded graph, letκ be
a knot type, and letε be some edge which is contained in a simple closed curve in
�. We say thatε contains the local knot κ with ball B, if B is a ball andB ∩ � is
an arcα in int(ε) such thatα is properly embedded inB and the union ofα and an
arc in∂B has knot typeκ. When we say an embedded graph�′ is obtained from�

by adding κ to ε with ball B we will mean that�′ is obtained from� by replacing
an arcα in int(ε) with an arcα′ in a regular neighborhoodB of α which is disjoint
from � − α such thatα′ is properly embedded inB, and the union ofα′ and an arc
in ∂B has knot typeκ.

Suppose we add a local prime knotκ to an edgeε of � and call the new embedded
edgeε′. We see as follows that ifκ ′ �= κ is a prime knot that was not a local knot ofε,
thenκ ′ is not a local knot ofε′. Suppose for the sake of contradiction thatε′ contains
κ ′ with ball B ′. Since the ballsB andB ′ for κ andκ ′ are disjoint from� − ε, and
ε is contained in a simple closed curveC in �, it is enough to prove the assertion in
the case when� = C. But in this case the assertion follows immediately from the
prime decomposition theorem for knots.

Orienting an edge from one endpoint to the other naturally induces an orientation
on any local knot contained in the edge. Ifκ is a non-invertible prime knot not
contained in the oriented edgeε, then, by an argument similar to the above paragraph,
addingκ to ε to getε′ does not result in the oriented edgeε′ containing the reverse
of κ. In particular, this means that if�′ is the graph obtained from� by addingκ to
ε, then there is noa ∈ TSG+(�′) which invertsε′.

We want to be able to add a new local knot to one edge of an embedded graph
without causing other edges to contain that local knot. Letε1 andε2 be edges of�.
A bridging sphere betweenε1 andε2 is a sphereS which meets� transversely in
{x1, x2}, where eachxi is a point in the interior ofεi .

Local Knotting Lemma. Let � be an embedded graph with distinct edges ε1 and ε2,
each contained in a simple closed curve in �, such that there is no bridging sphere
between ε1 and ε2. Let κ1 and κ2 be (not necessarily distinct) knot types such that ε2
does not contain the local knot κ2. Then adding κ1 to ε1 does not make ε2 contain
the local knot κ2.

Proof. Let �′ be the graph obtained from� by adding the local knotκ1 to ε1 with
ball B1, and letε′

1 denote the edge in�′ obtained fromε1 in this way.
Suppose that in�′, ε2 contains the local knotκ2 with ballB2. By general position,

we can assume that∂B1 and∂B2 intersect in a collection of pairwise disjoint circles.
Suppose there is a circle of intersection that bounds a diskF on ∂B1 such thatF
is disjoint from�′. ChooseC to be an innermost circle of intersection of∂B2 with
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F , and letD1 be the disk inF which is bounded byC. Suppose, for the sake of
contradiction, that some componentD2 of ∂B2 − C contains precisely one point of
ε2. By the hypotheses of the lemma,ε2 is contained in a simple closed curve in�′.
Now the sphereD1∪D2 meets this simple closed curve transversely in a single point,
which is impossible. ThusC bounds a diskD2 on ∂B2 which is disjoint from�′.
Then the sphereD1 ∪ D2 is disjoint from�′, so it bounds a ballX which is also
disjoint from�′. Therefore, while fixing�′, we can isotopD2 throughX to a disk
just pastD1, and thus eliminate the circle of intersectionC. By repeating this process
as necessary, we can isotopB2, fixing �′, to a new ballB ′

2 such that no circle of
∂B1 ∩ ∂B ′

2 bounds a disk on∂B1 disjoint from�′. SinceB ′
2 is isotopic toB2 fixing

�′, B ′
2 is also a ball for the local knotκ2 in ε2.

Suppose, for the sake of contradiction, that∂B1 ∩ ∂B ′
2 is empty. ThenB1 and

B ′
2 are disjoint. Hence we can replaceε′

1 ∩ B1 by the unknotted arcε1 ∩ B1 without
introducing any intersections betweenε1 andB ′

2. Thus, in�, ε2 contains the local
knot κ2 with ball B ′

2, which is contrary to the hypothesis of our lemma. Therefore
∂B1 ∩ ∂B ′

2 must contain one or more circles of intersection, none of which bounds a
disk on∂B1 which is disjoint from�′. LetC be a circle of intersection of∂B1 ∩ ∂B ′

2
that bounds an innermost diskD1 on ∂B1. Let D2 be a disk bounded byC on ∂B ′

2.
Now ε′

1 is contained in a simple closed curve in�′, which intersectsD1 transversely
in some point in int(ε′

1). SinceD1 ∪D2 is a sphere and�′ ∩ ∂B2 ⊂ ε2, D2 intersects
ε2 transversely in a single interior point. ThusD1 ∪ D2 is a bridging sphere for�′
betweenε′

1 andε2. SinceD1 ∩ ε1 = D1 ∩ ε′
1, D1 ∪ D2 is also a bridging sphere for

� betweenε1 andε2. But this contradicts our hypothesis. Thus, as an edge of�′, ε2
cannot containK2. �

Observe that a 3-connected embedded graph� can have no bridging spheres.
Thus, by the Local Knotting Lemma, adding a local knotκ1 to any edge of� does
not cause any other edge of� to contain a new local knotκ2.

Proposition 4. Let � be an embedded 3-connected graph, and let H be a subgroup
of TSG+(�) which is induced by an isomorphic subgroup G of Diff +(S3) and such
that no non-trivial element of H fixes any vertex of �. Then � can be re-embedded
as � such that H = TSG+(�) and H is induced by G.

Proof. The vertices of� will be the same as those of�. We will obtain the edges of
� by adding local knots to the edges of�. For eacha ∈ H , let ga denote the unique
element ofG which inducesa on�. SinceG is a finite subgroup of Diff+(S3), we
can choose a neighborhoodN(�) so thatN(V ) andN(E) are each setwise invariant
underG.

Let {δ1, . . . , δn} consist of one representative from each edge orbit of� under
H . Without loss of generality, we can assume there is somem � n such thatδi is
invertible if and only ifi � m. Since no non-trivial element ofH fixes any vertex,
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for eachi � m, there is a uniqueai ∈ H such thatgai
invertsδi , and there is no

non-trivial element ofG which leaves anyδi setwise invariant without inverting it.
Let {κ1, . . . , κn} be a set of distinct prime knots none of which is contained in�,

such that ifi � m thenκi is strongly invertible and otherwiseκi is non-invertible.
For eachi, we add the local knotκi to δi with ball N(δi) and call this new embedded
edgeεi . For i � m, sinceκi is strongly invertible, we can addκi to δi in such a way
thatgai

(εi) = εi .
If a andb are elements ofH such thatga(δi) = gb(δi), thenga(εi) = gb(εi). For

each edgee of �, e is in the orbit of a uniqueδi . Now there is ana ∈ H such that
e = a(δi). So we can re-embede asga(εi) and this embedding does not depend on
our choice ofa. Since the local knots were each added withinN(E), the interiors of
the new edges are pairwise disjoint. Let� denote the embedded graph obtained from
� by re-embedding the edges in this way. Observe that the local knotκi was added
to an edgee of � if and only if e is in the orbit ofδi underG. By our construction,
for everya ∈ H , � is setwise invariant underga. ThusH is a subgroup of TSG+(�)

which is induced byG. Now it follows from the Local Knotting Lemma that an
embedded edgeε of � contains the local knotκi if and only if ε is in the orbit ofεi

underG.
We show as follows thatH = TSG+(�). Let ϕ be a non-trivial element of

TSG+(�). Then there is some diffeomorphismh : (S3, �) → (S3, �) such thath
inducesϕ on �. Sinceϕ is non-trivial, there is some edgeε which h does not leave
setwise invariant. For somei, ε is in the orbit ofεi underG, and hence contains the
local knotκi . Thush(ε) must also contain the local knotκi , and thereforeh(ε) is
also in the orbit ofεi underG. Sinceε andh(ε) are both in the orbit ofεi underG,
there is someg1 ∈ G such thatg1(ε) = h(ε). Thusg−1

1 � h(ε) = ε.

We define another diffeomorphismf : (S3, �) → (S3, �) as follows. Ifg−1
1 � h

invertsε, then the local knotκi must be invertible. Thus there is some element ofG

which invertsεi , and sinceε is in the orbit ofεi underG there is someg2 ∈ G which
invertsε. In this case we letf = g2 � g−1

1 � h. Otherwise we letf = g−1
1 � h. Thus

in either case,f (ε) = ε, fixing both vertices ofε.
We will show below thatf actually fixes every vertex of�. Since we have shown

thatf fixes the vertices ofε, it suffices to show that iff fixes a vertexx, thenf fixes
every vertex adjacent tox. Suppose that there is some edgeε′ containing the vertex
x, such thatf (ε′) �= ε′. By the same argument given two paragraphs up, sinceε′ and
f (ε′) contain the same local knots, there is someg3 ∈ G such thatg3(ε

′) = f (ε′).
By hypothesis no non-trivial element ofG fixes any embedded vertex. Letx′ denote
the vertex ofg3(ε

′) other thanx, theng3(x) = x′. Sog−1
3 � f is a diffeomorphism

of (S3, �) that takesε′ to itself interchangingx andx′. It follows that the local knot
which is contained inε′ must be invertible. Hence, as in the above paragraph, there
is ag4 ∈ G which invertsε′. But this implies thatg3 �g4(ε

′) �= ε′ andg3 �g4(x) = x.
Sog3 � g4 is a non-trivial element ofG that fixes the vertexx of �. This contradicts
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the hypothesis of the proposition. Hencef fixes every vertex of�.
Recall that eitherf = g2 � g−1

1 � h or f = g−1
1 � h. Sincef fixes every vertex

of �, h induces the same automorphism on� as eitherg1 � g−1
2 or g1 does. Since the

automorphisms of� induced by bothg1 � g−1
2 andg1 are elements ofH , it follows

that ϕ, the automorphism of� induced byh, is also an element ofH . Therefore
TSG+(�) = H . �

The following result follows immediately from Propositions 1 and 4, together
with the fact that a 3-connected embedded graph has no type I, II, or III spheres.

Corollary. Let � be an embedded 3-connected graph. Let H ≤ TSG+(�) such that
no non-trivial element of H fixes any vertex of �. Then � can be re-embedded as
� such that H = TSG+(�) and H is induced by an isomorphic finite subgroup of
Diff +(S3).

We shall use Proposition 4 and the Graph Embedding Lemma to prove the fol-
lowing converse of Theorem 2. Note that the statement of Theorem 3 that we prove
below is slightly stronger than that given in the introduction.

Theorem 3. For every finite subgroup G of Diff +(S3), there is an embedded 3-
connected graph � such that G ∼= TSG+(�) and TSG+(�) is induced by G. More-
over, � can be chosen to be a complete bipartite graph Kn,n for some n.

Proof. The complete bipartite graphK3,3 is 3-connected. By the corollary there is an
embedded graph� with underlying abstract graphK3,3 such that TSG+(�) is trivial.
So we assume that the groupG is not trivial.

Now letn denote the order ofG. First we suppose thatn > 2. Let{v1, v2, . . . , vn}
and {w1, w2, . . . , wn} denote the sets of vertices of an abstract complete bipartite
graphKn,n. Sincen > 2 we know thatKn,n is 3-connected. Pickx1 to be a point
in S3 that is not fixed by any non-trivial element ofG. Let {x1, x2, . . . , xn} denote
the orbit ofx1 underG. We will define a homomorphism� : G → Aut(Kn,n) as
follows. Letg ∈ G. Then for everyi ≤ n, there is aj ≤ n such thatg(xi) = xj . We
define�(g)(vi) = vj and�(g)(wi) = wj . Let H denote the image of�.

Since no non-trivial element ofG fixes anyxi , � is one-to-one, and henceH ∼= G.
Also, no non-trivial element ofH takes any vertex to itself. Furthermore, since no
element ofH takes anyvi to anywj , no edges ofKn,n are inverted by any element
of H . Now we can apply the Graph Embedding Lemma to obtain an embedded graph
� with underlying abstract graphKn,n such thatG inducesH on�. Furthermore, by
Proposition 4,� can be chosen so thatH = TSG+(�) andH is induced byG.

Finally, suppose thatn = 2, soG ∼= Z2. Let{v1, v2, v3, v4} and{w1, w2, w3, w4}
denote the sets of vertices of an abstract complete bipartite graphK4,4. ThenK4,4
is 3-connected. LetH be the subgroup of Aut(K4,4) generated by the element
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(v1, v2)(v3, v4)(w1, w2)(w3, w4). ThenH ∼= Z2, no vertex ofK4,4 is fixed by any
non-trivial element ofH , and there are no edges which are inverted by an element
of H . Thus we can again apply the Graph Embedding Lemma and Proposition 4 to
get an embedded graph� with underlying abstract graphK4,4 such that TSG+(�) is
induced byG andG ∼= TSG+(�). �
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