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Midterm 1

Math 2710 – Spring 2014

Professor Hohn

Instructions: Turn off and put away your cell phone. No calculators or electronic devices are
allowed. Show all of your work! No credit will be given for unsupported answers or illegible
solutions.

Question 1 2 3 4 5 6 Total

Definitions 4 4 4 4 4 4 24

Score:

Question 1 2 3 4 5 6 Total

Proofs 6 6 6 6 6 6 36

Score:

Total score:



1. (4 points) What does it mean for an integer a to divide an integer b?

Solution: An integer a divides an integer b if there exists an integer q such that b “ a ¨ q.

2. Let a, b, c P Z. Prove or find a counterexample for each of the following statements.

(a) (3 points) If a | b or a | c, then a | bc.

Solution: Since a | b, by definition b “ a ¨ q. Multiplying both sides by c, we have
bc “ a ¨ qc. Then, a | bc.

(b) (3 points) If a | bc, then b | a or c | a.

Solution: Counterexample: Let a “ 2, b “ 4, and c “ 8. Then, 2 | 4 ¨ 8, but 4 - 2 and
8 - 2.
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3. (4 points) What is the definition of the greatest common divisor of two integers a and b?

Solution: The greatest common divisor of two integers a and b, not both zero, is the
largest positive integer dividing both a and b.

4. (6 points) Let a and b be integers. Show that if gcdpa, bq “ 1, then gcdpa, a` bq “ 1.

Solution: Let d “ gcdpa, bq. By definition, d | a and d | b. Hence, d | pa` bq. Therefore, d
is a common divisor of a and a` b, and d | gcdpa, a` bq.

Let d̂ “ gcdpa, a ` bq. By definition, d̂ | a and d̂ | pa ` bq. Hence, d̂ | ppa ` bq ´ aq, and
d̂ | b. d̂ is a common divisor of a and b, so d̂ | gcdpa, bq. Since gcdpa, bq | gcdpa, a` bq and
gcdpa, a` bq | gcdpa, bq, gcdpa, a` bq “ gcdpa, bq “ 1.
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5. (4 points) Define the least common multiple of two integers.

Solution: The least common multiple of two positive integers a and b is the smallest
positive integer that is divisible by both a and b.

6. (6 points) Prove that if a and b are nonzero integers, then

lcmpa, bq “
|ab|

gcdpa, bq
.

Solution: Let |a| “ pa11 . . . pann and |b| “ pb11 . . . pbnn be prime factorizations of the integers
|a| and |b|. It is always true that ai ` bi “ maxtai, biu `mintai, biu. Let di “ mintai, biu
and ei “ maxtai, biu. Then,

|a ¨ b| “ pa11 . . . pann ¨ pb11 . . . pbnn

“ pa1`b1
1 . . . pan`bn

n

“ pd1`e1
1 . . . pdn`en

n

“ pd11 . . . pdnn ¨ pe11 . . . penn

“ gcdpa, bq ¨ lcmpa, bq

since we know that pd11 . . . pdnn “ gcdpa, bq and pe11 . . . penn “ lcmpa, bq. Since gcdpa, bq | a ¨ b,
we can write

|a ¨ b|
gcdpa, bq

“ lcmpa, bq
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7. (4 points) Define the union of two sets S and T .

Solution: The union of the sets S and T is the set S Y T where

S Y T “ tx | x P S or x P T u.

8. (6 points) Let S and T be sets. Prove S Y T “ T ðñ S Ď T .

Solution: ( ùñ ) Suppose S Y T “ T . Let x P S. Then, x P S Y T and since S Y T “ T ,
x P T . Therefore, S Ď T .

( ðù ) Suppose S Ď T . Let x P S Y T . Then, x P S or x P T . If x P S, x P T since S Ď T .
Hence, S Y T Ď T .

Let x P T . Then, x P S Y T and T Ď S Y T . Therefore, S Y T “ T .
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9. (4 points) Define a linear Diophantine equation.

Solution: An equation of the form

ax` by “ c for integers x, y

where a, b, c are given integers.

10. (6 points) Show that the Diophantine equation ax2`by2 “ c does not have any integer solutions
unless gcdpa, bq | c. If gcdpa, bq | c, does the equation always have an integer solution?

Solution: Let d “ gcdpa, bq. By definition, d | a and d | b. Then, d | pax2 ` by2q for
integers x, y. If ax2 ` by2 “ c, then d | c.

If gcdpa, bq | c, the equation ax2 ` by2 “ c does not always have an integer solution. For
example, let a “ 1, b “ 1, and c “ 3. The gcdpa, bq “ 1 and 1 | 3. However, x2 ` y2 “ 3
does not have any integer solutions.
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11. (4 points) Define what it means for an integer to be prime.

Solution: An integer p ą 1 is called prime if its only divisors are 1 and p.

12. (6 points) Let m be an integer greater than 1. Suppose that for all a, b P Z

m | ab ùñ m | a or m | b .

Show m is prime.

Solution: Suppose m is not prime. Then, there exists p, q P Z such that m “ pq where
p ă m and q ă m. Since m “ pq, m | pq and so (by assumption) m | p or m | q. But this
cannot happen since p ă m and q ă m. Hence, m must be prime.
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