
Homework 5 (Due Tues, Feb 25)

Math 2710 – Spring 2014

Professor Hohn

Using the proof techniques we have learned in class, prove each statement.

1. (pg. 50 #97) Let a and b be integers greater than 1, and let e “ lcmpa, bq. Prove that
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Solution: Let e “ lcmpa, bq, a, b P Z and a, b greater than 1. Then,
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Since gcdpa, bq | a and gcdpa, bq | b, gcdpa, bq ď a and gcdpa, bq ď b. Therefore,

0 ă a` b´maxta, bu ď a` b´ gcdpa, bq ă a` b ď ab .

Hence,
0 ă a` b´ gcdpa, bq ă ab ,

and
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2. (pg. 50 #100) Prove or give a counterexample. gcdpa, bq “ gcdpa` b, lcmpa, bqq .

Solution: Let d “ gcdpa, bq. By the definition of gcd, a “ d ¨ p and b “ d ¨ q where p, q
are relatively prime. The lcmpa, bq “ lcmpdp, dqq, and by definition of lcm, lcmpa, bq “ dpq.
So,

gcdpa` b, lcmpa, bqq “ gcdpdp` dq, lcmpdp, dqqq

“ gcdpdpp` qq, dpqq

“ d ¨ gcdpp` q, pqq see # 11 hwk .



Since p, q are relatively prime, gcdpp` q, pqq “ 1. Hence, gcdpa` b, lcmpa, bqq “ d.

3. (pg. 50 #101) Prove or give a counterexample. lcmpgcdpa, bq, gcdpa, cqq “ gcdpa, lcmpb, cqq .

Solution: Let a “ pa11 . . . pann , b “ pb11 . . . pbnn , and c “ pc11 . . . pcnn where pi is prime. Then,
gcdpa, bq “ d “ pd11 . . . pdnn where di “ minpai, biq, and gcdpa, cq “ e “ pe11 . . . penn where ei “

minpai, ciq. The lcmpd, eq “ f “ pf11 . . . pfnn where fi “ maxpdi, eiq “ maxpminpai, biq,minpai, ciqq.
In a similar fashion, gcdpa, lcmpb, cqq “ g “ pg11 . . . pgnn where gi “ minpai,maxpbi, ciqq. To
show f “ g, we show that fi “ gi for all i.

Let fi “ maxpminpai, biq,minpai, ciqq and gi “ minpai,maxpbi, ciqq. Suppose ci ą bi ą ai.
Then, fi “ ai and gi “ ai and f “ g. This is also true for ci ą ai ą bi.

Suppose bi ą ci ą ai. Then, fi “ ai and gi “ ai and f “ g. This is also true for bi ą ai ą ci.

Suppose ai ą bi ą ci. Then, fi “ bi and gi “ bi and f “ g.

Suppose ai ą ci ą bi. Then, fi “ ci and gi “ ci and f “ g.

Hence, f “ g and lcmpgcdpa, bq, gcdpa, cqq “ gcdpa, lcmpb, cqq.
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