
Homework 6 (Due Tues, March 11)

Math 2710 – Spring 2014

Professor Hohn

Using the proof techniques we have learned in class, prove each statement.

1. Let A,B,C be sets. Prove the following:

(a) AX pB Y Cq “ pAXBq Y pAX Cq

Solution:

x P AX pB Y Cq ðñ x P A and x P pB Y Cq

ðñ x P A and px P B or x P Cq

ðñ px P A and x P Bq or px P A and x P Cq

ðñ x P pAXBq or x P pAX Cq

ðñ x P pAXBq Y pAX Cq

(b) A´ pB Y Cq “ pA´Bq X pA´ Cq

Solution:

x P A´ pB Y Cq ðñ x P A and x R pB Y Cq

ðñ x P A and px R B and x R Cq

ðñ px P A and x R Bq and px P A and x R Cq

ðñ x P pA´Bq and x P pA´ Cq

ðñ x P pA´Bq X pA´ Cq

(c) pAYBq1 “ A1 XB1

Solution:

x P pAYBq1 ðñ x R pA or Bq

ðñ x R A and x R B

ðñ x P A1 and x P B1

ðñ x P A1 XB1

2. Let A be a set and tBiuiPI an indexed family of sets. Prove the following:
ˆ

ď

iPI

Bi

˙

XA “
ď

iPI

`

Bi XA
˘

.



Solution:

x P

ˆ

ď

iPI

Bi

˙

XA ðñ x P

ˆ

ď

iPI

Bi

˙

and x P A

ðñ pDi P Iqpx P Biq and x P A

ðñ pDi P Iqpx P Bi and x P Aq

ðñ pDi P Iqpx P Bi XAq

ðñ x P
ď

iPI

`

Bi XA
˘

3. * Let A be a set and let tBiuiPI be an indexed family of sets. Prove the following is true.

A´
ď

iPI

Bi “
č

iPI

pA´Biq

Solution:

Proof.

x P A´
ď

iPI

Bi ðñ x P A and x R
ď

iPI

Bi

ðñ x P A and px R Biqp@i P Iq

ðñ p@i P Iqpx P A and x R Biq

ðñ p@i P Iqpx P pA´Biqq

ðñ x P
č

iPI

pA´Biq

4. Show that if A Ă B then PpAq Ă PpBq. (PpAq is the power set of A.)

Solution: Let X P PpAq. By definition of the power set, X Ď A. By assumption A Ă B,
so since X Ď A and A Ă B, it follows that X Ă B. Hence, X P PpBq. Thus, PpAq Ď PpBq.
To show that PpAq Ă PpBq, we will show that PpAq ‰ PpBq.
Since A Ă B, Dx P B ´ A. Hence, txu Ď B and txu Ę A. Therefore, txu Ă PpBq and
txu Ć PpAq. Thus, PpAq ‰ PpBq, and PpAq Ă PpBq.

5. Let S “ t1, 2, 3u. In each case, give an example of a relation R on S that has the stated
properties.

(a) R is not symmetric, not reflexive, and not transitive.
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Solution: Define the relation R on the set S by the following:

R “ tp1, 2q, p3, 3q, p2, 3qu .

R is not reflexive since R does not have the relations p1, 1q and p2, 2q. R is not
symmetric since p2, 1q and p3, 2q do not exist in R. R is not transitive because p1, 2q
and p2, 3q exist in R, but p1, 3q does not.

(b) R is transitive and reflexive, but not symmetric.

Solution: Let R be the relation “ď” – less than or equal to – on the set S. It is
always true that x ď x, so R is reflexive. If x ď y and y ď z, then it follows that
x ď y ď z and x ď z. Thus, R is transitive. However, if x ď y is does not follow
that y ď x. For example, let x “ 1, y “ 2. Then, 1 ď 2, but 2 ę 1. Thus, R is not
symmetric.

6. * A relation R is antisymmetric if xRy and yRx together imply that x “ y. A relation R on S
is a partial ordering if R is reflexive, antisymmetric, and transitive. For example, the relation
“ď” on R is a partial ordering . Show that each of the following is a partial ordering.

(a) The inclusion relation “Ď” on the power set of a given set A.

Solution: Let A be a set, and let PpAq represent the power set of A. Define the
relation „ to be the inclusion relation on the power set of A. To show „ is a partial
ordering, we will show that „ is reflexive, antisymmetric, and transitive.

Let X,Y, Z P PpAq. Since X Ď X, X is related to itself, and „ is reflexive.

Suppose X „ Y and Y „ X. Then, X Ď Y and Y Ď X, and X “ Y . Hence, „ is
antisymmetric.

Suppose X „ Y and Y „ Z. Then, X Ď Y and Y Ď Z. So X Ď Z and X „ Z.
Hence, „ is transitive.

Thus, „ is a partial ordering.

(b) The divisibility relation on N. (If a, b P N, define a | b to mean that b “ a ¨ q for some
q P N.)

Solution: Let R be the divisibility relation on N. To prove that R is a partial order-
ing, we will show R is reflexive, antisymmetric, and transitive.

Let a, b, c P N. Then, a “ a ¨ 1 and a | a.

Suppose a | b and b | a. Then, b “ a ¨ q and a “ b ¨p for some p, q P N. So, a “ pa ¨ qq ¨p
and p ¨ q “ 1 which implies p “ q “ 1. Thus, a “ b.
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Suppose a | b and b | c. Then, Dp, q P N such that b “ a ¨p and c “ b ¨q. So, c “ pa ¨pq ¨q
and since pq P N, c “ a ¨ pq. Thus, a | c and R is transitive.

Therefore, R is a partial ordering.

7. Determine each of the following sets.

(a) Ppt2uq

Solution: Let A “ t2u. Then,

PpAq “ tH, Au

“ tH, t2uu.

(b) PpPpt2uqq

Solution: Let A “ t2u, B “ H. Then,

PpPpAqq “ PptB,Auq

“

!

H, tAu, tBu, tA,Bu
)

“

!

H,
 

t2u
(

, tHu,
 

t2u,H
(

)

.

(c) PpPpPpt2uqqq

Solution: Let A “ H, B “
 

t2u
(

, C “ tHu, D “
 

t2u,H
(

. Then,

PpPpPpAqqq “ PptA,B,C,Duq

“

!

H, tAu, tBu, tCu, tDu, tA,Bu, tA,Cu, tA,Du, tB,Cu, tB,Du, tC,Du,

tA,B,Cu, tA,B,Du, tA,C,Du, tB,C,Du, tA,B,C,Du
)

“

#

H, tHu,
!

 

t2u
(

)

,
 

tHu
(

,
!

 

t2u,H
(

)

,
!

H,
 

t2u
(

)

,
 

H, tHu
(

,
!

H,
 

t2u,H
(

)

,

!

 

t2u
(

, tHu
)

,
!

 

t2u
(

,
 

t2u,H
(

)

,
!

tHu,
 

t2u,H
(

)

,
!

H,
 

t2u
(

, tHu
)

,
!

H,
 

t2u
(

,
 

t2u,H
(

)

,
!

H, tHu,
 

t2u,H
(

)

,
!

 

t2u
(

, tHu,
 

t2u,H
(

)

,

!

H,
 

t2u
(

, tHu,
 

t2u,H
(

)

+
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8. Given any two sets S and T , the Cartesian product of S and T is the new set SˆT defined by

S ˆ T “ tps, tq : s P S, t P T u.

If S and T are sets, A Ď S and B Ď T , prove that AˆB Ď S ˆ T .

Solution: Let A and B be sets and let px, yq P A ˆ B. By definition, x P A and y P B.
By assumption, A Ď S, so x P S. Likewise, B Ď T and y P T . Hence, px, yq P S ˆ T and
AˆB Ď S ˆ T .

9. * Prove that A and B are disjoint if and only if A Ď B1.

Solution: ( ùñ ) Suppose A X B “ H. Let x P A. Since A X B “ H, if x P A, x R B.
Thus, x P B1, and A Ď B1.

( ðù ) Suppose A Ď B1 and suppose x P AX B. Then, x P A and x P B. By assumption,
if x P A, x R B. Contradiction  . Thus, Ex P AXB, and AXB “ H.

10. Prove or give a counterexample to the assertion AY pB ´Aq “ B.

Solution: Let A “ t1, 2, 3u and B “ t3, 4, 5u. Then, B ´A “ t4, 5u.

AY pB ´Aq “ t1, 2, 3, 4, 5u ‰ t3, 4, 5u “ B.
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