
Chapter 1

The Dawn of the Quantum
Theory

dρ(ν, T ) = ρν(T )dν =
8πkBT

c3 ν2dν (1.1)

dρ(ν, T ) = ρν(T )dν =
8πh

c3
ν3dν

ehν/kBT − 1
(1.2)

dρ(λ, T ) = ρλ(T )dλ =
8πhc

λ5
dλ

ehc/λkBT − 1
(1.3)

λmaxT = 2.90 × 10−3 m·K (1.4)

λmaxT =
hc

4.965kB
(1.5)

KE =
1
2
mv2 = hν − φ (1.6)

hν0 = φ (1.7)

KE = hν − hν0 ν ≥ ν0 (1.8)

ν̃ =
ν

c
=

1
λ

= 109, 680
(

1
22 − 1

n2

)
cm−1 n = 3, 4, . . . (1.9)
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ν̃ =
1
λ

= 109, 680
(

1
n2

1
− 1

n2
2

)
cm−1 (n2 > n1) (1.10)

ν̃ = RH

(
1
n2

1
− 1

n2
2

)
(1.11)

λ =
h

p
(1.12)

f =
mev

2

r
(1.13)

e2

4πε0r2 =
mev

2

r
(1.14)

2πr = nλ n = 1, 2, 3, . . . (1.15)

mevr = nh̄ n = 1, 2, 3, . . . (1.16)

r =
ε0h

2n2

πmee2 =
4πε0h̄

2n2

mee2 (1.17)

r =
4π(8.85419 × 10−12 C2 ·N−I ·m−2)(1.055 × 10−34 J·s)2

(9.109 × 10−31 kg)(1.6023 × 10−19 C)2

= 5.292 × 10−11 m = 52.92 pm (1.18)

V (r) = − e2

4πε0r
(1.19)

E = KE + V (r) =
1
2
mev

2 − e2

4πε0r
(1.20)

E =
1
2

(
e2

4πε0r

)
− e2

4πε0r
= − e2

8πε0r
(1.21)

En = − mee
4

8ε2
0h

2
1
n2 n = 1, 2, . . . (1.22)



∆E =
mee

4

8ε2
0h

2

(
1
n2

1
− 1

n2
2

)
= hν (1.23)

ν̃ =
mee

4

8ε2
0ch

3

(
1
n2

1
− 1

n2
2

)
(1.24)

R∞ =
mee

4

8ε2
0ch

3 (1.25)

∆x∆p ≥ h (1.26)

|∆r| ≈ ∆s = r∆θ (1.27)

v = lim
∆t→0

∆s

∆t
= r lim

∆t→0

∆θ

∆t
= rω (1.28)

∆v = |∆v| = v∆θ (1.29)

a = lim
∆t→0

∆v

∆t
= v lim

∆t→0

∆θ

∆t
= vω (1.30)





Chapter 2

The Classical Wave
Equation

∂2u

∂x2 =
1
v2

∂2u

∂t2
(2.1)

u(0, t) = 0 and u(l, t) = 0 (for all t) (2.2)

u(x, t) = X(x)T (t) (2.3)

T (t)
d2X(x)

dx2 =
1
v2 X(x)

d2T (t)
dt2

(2.4)

1
X(x)

d2X(x)
dx2 =

1
v2T (t)

d2T (t)
dt2

(2.5)

1
X(x)

d2X(x)
dx2 = K (2.6)

1
v2T (t)

d2T (t)
dt2

= K (2.7)

d2X(x)
dx2 − KX(x) = 0 (2.8)

d2T (t)
dt2

− Kv2T (t) = 0 (2.9)
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X(x) = a1x + b1 (2.10)

T (t) = a2t + b2 (2.11)

u(0, t) = X(0)T (t) = 0 (2.12)

u(l, t) = X(l)T (t) = 0 (2.13)

X(0) = 0 and X(l) = 0 (2.14)

d2y

dx2 − k2y(x) = 0 (2.15)

d2y

dx2 + y(x) = 0 (2.16)

y(x) = c1e
ix + c2e

−ix (2.17)

X(l) = B sin βl = 0 (2.18)

βl = nπ n = 1, 2, 3, . . . (2.19)

X(x) = B sin
nπx

l
(2.20)

d2T (t)
dt2

+ β2v2T (t) = 0 (2.21)

T (t) = D cos ωnt + E sin ωnt (2.22)

un(x, t) = (Fn cos ωnt + Gn sin ωnt) sin
nπx

l
n = 1, 2, . . . (2.23)

u(x, t) =
∞∑

n=1
(Fn cos ωnt + Gn sin ωnt) sin

nπx

l
n = 1, 2, . . . (2.24)



u(x, t) =
∞∑

n=1
An cos (ωnt + φn) sin

nπx

l
=

∞∑
n=1

un(x, t) (2.25)

νn =
ωn

2π
=

vn

2l
(2.26)

u(x, t) = cos ω1t sin
πx

l
+

1
2

cos
(

ω2t +
π

2

)
sin

2πx

l
(2.27)

∂2u

∂x2 +
∂2u

∂y2 =
1
v2

∂2u

∂t2
(2.28)

u(0, y) = u(a, y) = 0
(for all t)

u(x, 0) = u(x, b) = 0
(2.29)

u(x, y, t) = F (x, y)T (t) (2.30)

1
v2T (t)

d2T

dt2
=

1
F (x, y)

(
∂2F

∂x2 +
∂2F

∂y2

)
(2.31)

d2T

dt2
+ v2β2T (t) = 0 (2.32)

∂2F

∂x2 +
∂2F

∂y2 + β2F (x, y) = 0 (2.33)

1
X(x)

d2X

dx2 +
1

Y (y)
d2Y

dy2 + β2 = 0 (2.34)

1
X(x)

d2X

dx2 = −p2 (2.35)

1
Y (y)

d2Y

dy2 = −q2 (2.36)

p2 + q2 = β2 (2.37)

d2X

dx2 + p2X(x) = 0 (2.38)



d2Y

dy2 + q2Y (y) = 0 (2.39)

X(x) = A cos px + B sin px (2.40)

Y (y) = C cos qy + D sin qy (2.41)

X(0) = X(a) = 0

Y (0) = Y (b) = 0
(2.42)

X(x) = B sin
nπx

a
n = 1, 2, . . . (2.43)

Y (y) = D sin
mπy

b
m = 1, 2, . . . (2.44)

βnm = π

(
n2

a2 +
m2

b2

)1/2
n = 1, 2, . . .
m = 1, 2, . . .

(2.45)

Tnm(t) = Enm cos ωnmt + Fnm sin ωnmt (2.46)

ωnm = vβnm

= vπ

(
n2

a2 +
m2

b2

)1/2

(2.47)

Tnm(t) = Gnm cos(ωnmt + φnm) (2.48)

u(x, y, t) =
∞∑

n=1

∞∑
m=1

unm(x, y, t)

=
∞∑

n=1

∞∑
m=1

Anm cos(ωnmt + φnm) sin
nπx

a
sin

mπy

b
(2.49)

ωnm =
vπ

a

(
n2 + m2

)1/2
(2.50)



Chapter 3

The Schrödinger Equation
and a Particle in a Box

∂2u

∂x2 =
1
v2

∂2u

∂t2
(3.1)

u(x, t) = ψ(x) cos ωt (3.2)

d2ψ

dx2 +
ω2

v2 ψ(x) = 0 (3.3)

d2ψ

dx2 +
4π2

λ2 ψ(x) = 0 (3.4)

E =
p2

2m
+ V (x) (3.5)

p = {2m[E − V (x)]}1/2 (3.6)

d2ψ

dx2 +
2m

h̄2 [E − V (x)]ψ(x) = 0 (3.7)

− h̄2

2m

d2ψ

dx2 + V (x)ψ(x) = Eψ(x) (3.8)

Â [c1f1(x) + c2f2(x)] = c1Âf1(x) + c2Âf2(x) (3.9)
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Âφ(x) = aφ(x) (3.10)

P̂x = −ih̄
∂

∂x
(3.11)

[
− h̄2

2m

d2

dx2 + V (x)

]
ψ(x) = Eψ(x) (3.12)

Ĥψ(x) = Eψ(x) (3.13)

Ĥ = − h̄2

2m

d2

dx2 + V (x) (3.14)

K̂x = − h̄2

2m

d2

dx2 (3.15)

P̂ 2
x = −h̄2 d2

dx2 (3.16)

d2ψ

dx2 +
2mE

h̄2 ψ(x) = 0 0 ≤ x ≤ a (3.17)

k =
(2mE)1/2

h̄
(3.18)

ψ(a) = B sin ka = 0 (3.19)

ka = nπ n = 1, 2, . . . (3.20)

En =
h2n2

8ma2 n = 1, 2, . . . (3.21)

ψ(x) = B sin kx

= B sin
nπx

a
n = 1, 2, . . . (3.22)

ψ∗
n(x)ψn(x)dx = B∗B sin2 nπx

a
dx (3.23)



∫ a

0
ψ∗

n(x)ψn(x)dx = 1 (3.24)

|B|2
∫ a

0
sin2 nπx

a
dx = 1 (3.25)

∫ a

0
sin2 nπx

a
dx =

a

nπ

∫ nπ

0
sin2 zdz =

a

nπ

(
nπ

2

)
=

a

2
(3.26)

ψn(x) =
(

2
a

)1/2
sin

nπx

a
0 ≤ x ≤ a n = 1, 2, . . . (3.27)

Prob[x1 ≤ x ≤ x2] =
∫ x2

x1

ψ∗(x)ψ(x)dx (3.28)

f(x)dx =
2
a

sin2 nπx

a
dx 0 ≤ x ≤ a

= 0 otherwise
(3.29)

〈x〉 =
2
a

∫ a

0
x sin2 nπx

a
dx (3.30)

〈x〉 =
2
a

· a2

4
=

a

2
(for all n) (3.31)

〈x2〉 =
2
a

∫ a

0
x2 sin2 nπx

a
dx

=
(

a

2πn

)2
(

4π2n2

3
− 2

)
=

a2

3
− a2

2n2π2 (3.32)

σx =
a

2πn

(
π2n2

3
− 2

)1/2

(3.33)

Ĥψn(x) = Enψn(x) (3.34)

∫
ψ∗

n(x)Ĥψn(x)dx =
∫

ψ∗
n(x)Enψn(x)dx = En

∫
ψ∗

n(x)ψn(x)dx = En

(3.35)



〈s〉 =
∫

ψ∗
n(x)Ŝψn(x)dx (3.36)

〈p〉 =
∫ a

0

[(
2
a

)1/2
sin

nπx

a

](
−ih̄

d

dx

)[(
2
a

)1/2
sin

nπx

a

]
dx (3.37)

〈p〉 = 0 (3.38)

〈p2〉 =
∫

ψ∗
n(x)P̂ 2

xψn(x)dx (3.39)

〈p2〉 =
∫ a

0

[(
2
a

)1/2
sin

nπx

a

](
−h̄2 d2

dx2

)[(
2
a

)1/2
sin

nπx

a

]
dx

=
2n2π2h̄2

a3

∫ a

0
sin

nπx

a
sin

nπx

a
dx

=
2n2π2h̄2

a3 · a

2
=

n2π2h̄2

a2 (3.40)

σp =
nπh̄

a
(3.41)

σxσp =
h̄

2

(
π2n2

3
− 2

)1/2

(3.42)

σxσp >
h̄

2
(3.43)

− h̄2

2m

(
∂2ψ

∂x2 +
∂2ψ

∂y2 +
∂2ψ

∂z2

)
= Eψ(x, y, z)

0 ≤ x ≤ a
0 ≤ y ≤ b
0 ≤ z ≤ c

(3.44)

∇2 =
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2 (3.45)

ψ(0, y, z) = ψ(a, y, z) = 0 for all y and z
ψ(x, 0, z) = ψ(x, b, z) = 0 for all x and z
ψ(x, y, 0) = ψ(x, y, c) = 0 for all x and y

(3.46)



ψ(x, y, z) = X(x)Y (y)Z(z) (3.47)

− h̄2

2m

1
X(x)

d2X

dx2 − h̄2

2m

1
Y (y)

d2Y

dy2 − h̄2

2m

1
Z(z)

d2Z

dz2 = E (3.48)

Ex + Ey + Ez = E (3.49)

− h̄2

2m

1
X(x)

d2X

dx2 = Ex

− h̄2

2m

1
Y (y)

d2Y

dy2 = Ey

− h̄2

2m

1
Z(z)

d2Z

dz2 = Ez

(3.50)

X(0) = X(a) = 0
Y (0) = Y (b) = 0
Z(0) = Z(c) = 0

(3.51)

X(x) = Ax sin
nxπx

a
nx = 1, 2, 3, . . .

Y (y) = Ay sin
nyπy

b
ny = 1, 2, 3, . . .

Z(z) = Az sin
nzπz

c
nz = 1, 2, 3, . . .

(3.52)

ψ(x, y, z) = AxAyAz sin
nxπx

a
sin

nyπy

b
sin

nzπz

c
(3.53)

∫ a

0
dx

∫ b

0
dy

∫ c

0
dzψ∗(x, y, z)ψ(x, y, z) = 1 (3.54)

AxAyAz =
(

8
abc

)1/2
(3.55)

ψnxnynz =
(

8
abc

)1/2
sin

nxπx

a
sin

nyπy

b
sin

nzπz

c

nx = 1, 2, 3, . . .
ny = 1, 2, 3, . . .
nz = 1, 2, 3, . . .

(3.56)



Enxnynz =
h2

8m

(
n2

x

a2 +
n2

y

b2 +
n2

z

c2

) nx = 1, 2, 3, . . .
ny = 1, 2, 3, . . .
nz = 1, 2, 3, . . .

(3.57)

P̂ = −ih̄

(
i

∂

∂x
+ j

∂

∂y
+ k

∂

∂z

)
(3.58)

〈p〉 =
∫ a

0
dx

∫ b

0
dy

∫ c

0
dzψ∗(x, y, z)P̂ψ(x, y, z) (3.59)

Enxnynz =
h2

8ma2 (n2
x + n2

y + n2
z) (3.60)

Ĥ = Ĥ1(s) + Ĥ2(w) (3.61)

ψnm(s, w) = φn(s)ϕm(w) (3.62)

Ĥ1(s)φn(s) = Enφn(s)

Ĥ2(w)ϕm(w) = Emϕm(w)
(3.63)

Enm = En + Em (3.64)



Chapter 4

Some Postulates and
General Principles of
Quantum Mechanics

m
d2x

dt2
= Fx(x, y, z), m

d2y

dt2
= Fy(x, y, z), m

d2z

dt2
= Fz(x, y, z) (4.1)

∫
all space

ψ∗(x)ψ(x)dx = 1 (4.2)

K =
1
2
mv2 =

1
2
mr2ω2 =

1
2
Iω2 (4.3)

L = Iω = (mr2)
(

v

r

)
= mvr (4.4)

K =
mv2

2
=

(mv)2

2m
=

p2

2m
(4.5)

K =
Iω2

2
=

(Iω)2

2I
=

L2

2I
(4.6)

Lx = ypz − zpy

Ly = zpx − xpz (4.7)
Lz = xpy − ypx
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Âψn = anψn (4.8)

Ĥψn = Enψn (4.9)

〈x〉 =
∫ a

0
ψ∗

n(x)xψn(x)dx

=
2
a

∫ a

0
x sin2 nxπx

a
dx =

a

2
(for all n) (4.10)

〈a〉 =
∫

all space

ψ∗Âψdx (4.11)

〈a〉 =
∫ ∞

−∞
ψ∗

n(x)Âψn(x)dx =
∫ ∞

−∞
ψ∗

n(x)anψn(x)dx = an

∫ ∞

−∞
ψ∗

n(x)ψn(x)dx = an

(4.12)

〈a2〉 =
∫ ∞

−∞
ψ∗

n(x)Â2ψn(x)dx = a2
n (4.13)

σ2
a = 〈a2〉 − 〈a〉2 = a2

n − a2
n = 0 (4.14)

ĤΨ(x, t) = ih̄
∂Ψ(x, t)

∂t
(4.15)

1
ψ(x)

Ĥψ(x) =
ih̄

f(t)
df(t)
dt

(4.16)

Ĥψ(x) = Eψ(x) (4.17)

df(t)
dt

= − i

h̄
Ef(t) (4.18)

Ψ(x, t) = ψ(x)e−iEt/h̄ (4.19)

Ψ(x, t) = ψ(x)e−iωt (4.20)



Ψn(x, t) = ψn(x)e−iEnt/h̄ (4.21)

Ψ∗
n(x, t)Ψn(x, t)dx = eiEnt/h̄ψ∗

n(x)e−iEnt/h̄ψn(x)dx = ψ∗
n(x)ψn(x)dx (4.22)

Âψn = anψn (4.23)

∫ ∞

−∞
ψ∗

m(x)ψn(x)dx = 0 m �= n (4.24)

ψn(x) =
(

2
a

)1/2
sin

nπx

a
n = 1, 2, . . . (4.25)

2
a

∫ a

0
sin

nπx

a
sin

mπx

a
dx =

1
a

∫ a

0
cos

(n − m)πx

a
dx− 1

a

∫ a

0
cos

(n + m)πx

a
dx

(4.26)

2
a

∫ a

0
sin

nπx

a
sin

mπx

a
dx = 0 m �= n (4.27)

2
a

∫ a

0
sin2 nπx

a
dx = 1 (4.28)

∫ ∞

−∞
ψ∗

i ψjdx = δij (4.29)

δij =

{
1 i = j
0 i �= j

(4.30)

∫
all space

f∗(x)Âg(x)dx =
∫

all space

g(x)Â∗f∗(x)dx (4.31)

ÂB̂f(x) = B̂Âf(x) (commutative) (4.32)

ÂB̂f(x) �= B̂Âf(x) (noncommutative) (4.33)

K̂xP̂xψ(x) = P̂xK̂xψ(x) (4.34)



(K̂xP̂x − P̂xK̂x)ψ(x) = Ôψ(x) (4.35)

K̂xP̂x − P̂xK̂x = Ô (4.36)

[K̂x, P̂x] = K̂xP̂x − P̂xK̂x (4.37)

[K̂x, P̂x] = Ô (4.38)

P̂xX̂ψ(x) �= X̂P̂xψ(x) (4.39)

(P̂xX̂ − X̂P̂x)ψ(x) = −ih̄Îψ(x) (4.40)

P̂xX̂ − X̂P̂x = −ih̄Î (4.41)

[P̂x, X̂] = −ih̄Î (4.42)

〈A2〉 − 〈A〉2 = σ2
a =

∫
ψ(x)Â2ψ(x)dx −

[∫
ψ(x)Âψ(x)dx

]2
(4.43)

σaσb ≥ 1
2

∣∣∣∣
∫

ψ∗(x)[Â, B̂]ψ(x)
∣∣∣∣ dx (4.44)

σpσx ≥ 1
2

∣∣∣∣
∫

ψ∗(x)(−ih̄Î)ψ(x)dx

∣∣∣∣
≥ 1

2
| − ih̄| ≥ h̄

2
(4.45)



Chapter 5

The Harmonic Oscillator
and the Rigid Rotator: Two
Spectroscopic Models

f = −k(l − l0) = −kx (5.1)

m
d2l

dt2
= −k(l − l0) (5.2)

m
d2x

dt2
+ kx = 0 (5.3)

x(t) = c1 sin ωt + c2 cos ωt (5.4)

ω =
(

k

m

)1/2
(5.5)

x(t) = A sin(ωt + φ) (5.6)

x(t) = A cos ωt (5.7)

f(x) = −dV

dx
(5.8)
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V (x) = −
∫

f(x)dx + constant (5.9)

V (x) =
k

2
x2 + constant (5.10)

V (x) =
k

2
x2 (5.11)

K =
1
2
m

(
dl

dt

)2
=

1
2
m

(
dx

dt

)2
(5.12)

K =
1
2
mω2A2 sin2 ωt (5.13)

V =
1
2
kA2 cos2 ωt (5.14)

E =
kA2

2
(sin2 ωt + cos2 ωt)

=
kA2

2
(5.15)

m1
d2x1

dt2
= k(x2 − x1 − l0) (5.16)

m2
d2x2

dt2
= −k(x2 − x1 − l0) (5.17)

d2

dt2
(m1x1 + m2x2) = 0 (5.18)

X =
m1x1 + m2x2

M
(5.19)

M
d2X

dt2
= 0 (5.20)

x = x2 − x1 (5.21)



µ
d2x

dt2
+ kx = 0 (5.22)

V (l) = V (l0) +
(

dV

dl

)
l=l0

(l − l0) +
1
2!

(
d2V

dl2

)
l=l0

(l − l0)2

+
1
3!

(
d3V

dl3

)
l=l0

(l − l0)3 + · · · (5.23)

V (x) =
1
2
k(l − l0)2 +

1
6
γ(l − l0)3 + · · ·

=
1
2
kx2 +

1
6
γx3 + · · · (5.24)

− h̄2

2µ

d2ψ

dx2 + V (x)ψ(x) = Eψ(x) (5.25)

d2ψ

dx2 +
2µ

h̄2

(
E − 1

2
kx2

)
ψ(x) = 0 (5.26)

Ev = h̄

(
k

µ

)1/2 (
v +

1
2

)

= h̄ω

(
v +

1
2

)
= hν

(
v +

1
2

)
v = 0, 1, 2, . . . (5.27)

ω =
(

k

µ

)1/2
(5.28)

ν =
1
2π

(
k

µ

)1/2
(5.29)

Ev = h̄

(
k

µ

)1/2 (
v +

1
2

)
v = 0, 1, 2, . . . (5.30)

∆E = hνobs (5.31)



∆E = Ev+1 − Ev = h̄

(
k

µ

)1/2
(5.32)

νobs =
1
2π

(
k

µ

)1/2
(5.33)

ν̃obs =
1

2πc

(
k

µ

)1/2
(5.34)

ψv(x) = NvHv(α1/2x)e−αx2/2 (5.35)

α =
(

kµ

h̄2

)1/2
(5.36)

Nv =
1

(2vv!)1/2

(
α

π

)1/4
(5.37)

f(x) = f(−x) (even) (5.38)

f(x) = −f(−x) (odd) (5.39)

∫ A

−A
f(x)dx = 0 f(x) odd (5.40)

〈x〉 =
∫ ∞

−∞
ψv(x)xψv(x)dx = 0 (5.41)

〈p〉 =
∫ ∞

−∞
ψv(x)

(
−ih̄

d

dx

)
ψv(x)dx (5.42)

K =
1
2
m1v

2
1 +

1
2
m2v

2
2 =

1
2
(m1r

2
1 + m2r

2
2)ω

2

=
1
2
Iω2 (5.43)

I = m1r
2
1 + m2r

2
2 (5.44)

I = µr2 (5.45)



L = Iω (5.46)

K =
L2

2I
(5.47)

Ĥ = K̂ = − h̄2

2µ
∇2 (r constant) (5.48)

∇2 =
1
r2

∂

∂r

(
r2 ∂

∂r

)
θ,φ

+
1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
r,φ

+
1

r2 sin2 θ

(
∂2

∂φ2

)
r,θ

(5.49)

∇2 =
1
r2

1
sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
r2

1
sin2 θ

∂2

∂φ2 (r constant) (5.50)

Ĥ = − h̄2

2I

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

(
∂2

∂φ2

)]
(5.51)

L̂2 = −h̄2

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

(
∂2

∂φ2

)]
(5.52)

− h̄2

2I

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

(
∂2

∂φ2

)]
Y (θ, φ) = EY (θ, φ) (5.53)

β =
2IE

h̄2 (5.54)

sin θ
∂

∂θ

(
sin θ

∂Y

∂θ

)
+

∂2Y

∂φ2 + (β sin2 θ)Y = 0 (5.55)

β = J(J + 1) J = 0, 1, 2, . . . (5.56)

EJ =
h̄2

2I
J(J + 1) J = 0, 1, 2, . . . (5.57)

∆J = ±1 (5.58)



∆E = EJ+1 − EJ =
h̄2

2I
[(J + 1)(J + 2) − J(J + 1)]

=
h̄2

I
(J + 1) =

h2

4π2I
(J + 1) (5.59)

ν =
h

4π2I
(J + 1) J = 0, 1, 2, . . . (5.60)

ν = 2B(J + 1) J = 0, 1, 2, . . . (5.61)

B =
h

8π2I
(5.62)

ν̃ = 2B̃(J + 1) J = 0, 1, 2, . . . (5.63)

B̃ =
h

8π2cI
(cm−1) (5.64)



Chapter 6

The Hydrogen Atom

V (r) = − e2

4πε0r
(6.1)

Ĥ = − h̄2

2me
∇2 − e2

4πε0r
(6.2)

∇2 =
1
r2

∂

∂r

(
r2 ∂

∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
r2 sin2 θ

∂2

∂φ2 (6.3)

− h̄2

2me

[
1
r2

∂

∂r

(
r2 ∂ψ

∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂ψ

∂θ

)
+

1
r2 sin2 θ

∂2ψ

∂φ2

]

+
e2

4πε0r
ψ(r, θ, φ) = Eψ(r, θ, φ) (6.4)

−h̄2
(

∂

∂r
r2 ∂ψ

∂r

)
− h̄2

[
1

sin θ

(
∂

∂θ
sin θ

∂ψ

∂θ

)
+

1
sin2 θ

∂2ψ

∂φ

]

+2mer
2

[
e2

4πε0r
− E

]
ψ(r, θ, φ) = 0 (6.5)

ψ(r, θ, φ) = R(r)Y (θ, φ) (6.6)
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− h̄2

R(r)
d

dr

(
r2 dR

dr

)
+2mer

2

(
e2

4πε0r
− E

)
− h̄2

Y (θ, φ)

[
1

sin θ

∂

∂θ

(
sin θ

∂Y

∂θ

)
+

1
sin2 θ

∂2Y

∂φ2

]
= 0

(6.7)

− 1
R(r)

d

dr

(
r2 dR

dr

)
+

2mer
2

h̄2

(
e2

4πε0r
− E

)
= −β (6.8)

− 1
Y (θ, φ)

[
1

sin θ

∂

∂θ

(
sin θ

∂Y

∂θ

)
+

1
sin2 θ

∂2Y

∂φ2

]
= β (6.9)

sin θ
∂

∂θ

(
sin θ

∂Y

∂θ

)
+

∂2Y

∂φ2 + (β sin2 θ)Y = 0 (6.10)

Y (θ, φ) = Θ(θ)Φ(φ) (6.11)

sin θ

Θ(θ)
d

dθ

(
sin θ

dΘ
dθ

)
+ β sin2 θ +

1
Φ(φ)

d2Φ
dφ2 = 0 (6.12)

sin θ

Θ(θ)
d

dθ

(
sin θ

dΘ
dθ

)
+ β sin2 θ = m2 (6.13)

1
Φ(φ)

d2Φ
dφ2 = −m2 (6.14)

Φ(φ) = Ameimφ and Φ(φ) = A−me−imφ (6.15)

Φ(φ + 2π) = Φ(φ) (6.16)

Ameim(φ+2π) = Ameimφ (6.17)

A−me−im(φ+2π) = A−me−imφ (6.18)

e±i2πm = 1 (6.19)

Φm(φ) = Ameimφ m = 0, ±1, ±2, . . . (6.20)



Φm(φ) =
1

(2π)1/2 eimφ m = 0, ±1, ±2, . . . (6.21)

(1 − x2)
d2P

dx2 − 2x
dP

dx
+

[
β − m2

1 − x2

]
P (x) = 0 (6.22)

(1 − x2)
d2P

dx2 − 2x
dP

dx
+

[
l(l + 1) − m2

1 − x2

]
P (x) = 0 (6.23)

∫ 1

−1
Pl(x)Pn(x)dx = 0 l �= n (6.24)

∫ 1

−1
[Pl(x)]2dx =

2
2l + 1

(6.25)

P
|m|
l (x) = (1 − x2)|m|/2 d|m|

dx|m| Pl(x) (6.26)

∫ 1

−1
Pl(x)Pn(x)dx =

∫ π

0
Pl(cos θ)Pn(cos θ) sin θdθ =

2δln

2l + 1
(6.27)

∫ 1

−1
P

|m|
l (x)P |m|

n (x)dx =
∫ π

0
P

|m|
l (cos θ)P |m|

n (cos θ) sin θdθ

=
2

(2l + 1)
(l + |m|)!
(l − |m|)!δln (6.28)

Nlm =
[
(2l + 1)

2
(l − |m|)!
(l + |m|)!

]1/2

(6.29)

Y m
l (θ, φ) =

[
(2l + 1)

4π

(l − |m|)!
(l + |m|)!

]1/2

P
|m|
l (cos θ)eimφ (6.30)

∫ π

0
dθ sin θ

∫ 2π

0
dφ Y m

l (θ, φ)∗Y k
n (θ, φ) = δnlδmk (6.31)

L̂2 = −h̄2

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂φ2

]
(6.32)



L̂2Y m
l (θ, φ) = h̄2l(l + 1)Y m

l (θ, φ) (6.33)

L2 = h̄2l(l + 1) l = 0, 1, 2, . . . (6.34)

ĤY m
l (θ, φ) =

h̄2l(l + 1)
2I

Y m
l (θ, φ) (6.35)

L̂x = yP̂z − zP̂y = −ih̄

(
y

∂

∂z
− z

∂

∂y

)

L̂y = zP̂x − xP̂z = −ih̄

(
z

∂

∂x
− x

∂

∂z

)

L̂z = xP̂y − yP̂x = −ih̄

(
x

∂

∂y
− y

∂

∂x

) (6.36)

L̂x = −ih̄

(
− sin φ

∂

∂θ
− cot θ cos φ

∂

∂φ

)

L̂y = −ih̄

(
cos φ

∂

∂θ
− cot θ sin φ

∂

∂φ

)

L̂z = −ih̄
∂

∂φ

(6.37)

L̂zY
m
l (θ, φ) = NlmL̂zP

|m|
l (cos θ)eimφ

= NlmP
|m|
l (cos θ)L̂ze

imφ

= h̄mY m
l (θ, φ) (6.38)

L̂2
zY

m
l (θ, φ) = L2

zY
m
l (θ, φ) = m2h̄2Y m

l (θ, φ) (6.39)

(L̂2 − L̂2
z)Y

m
l (θ, φ) = (L̂2

x + L̂2
y)Y

m
l (θ, φ) = [l(l +1)−m2]h̄2Y m

l (θ, φ) (6.40)

l(l + 1) ≥ m2 (6.41)

m = 0, ±1, ±2, . . . , ±l (6.42)



− h̄2

2mer2
d

dr

(
r2 dR

dr

)
+

[
h̄2l(l + 1)

2mer2 +
e2

4πε0r
− E

]
R(r) = 0 (6.43)

En = − mee
4

8ε2
0h

2n2 = − mee
4

32π2ε2
0h̄

2n2
n = 1, 2, . . . (6.44)

En = − e2

8πε0a0n2 n = 1, 2, . . . (6.45)

0 ≤ l ≤ n − 1 n = 1, 2, . . . (6.46)

Rnl(r) = −
{

(n − l − 1)!
2n[(n + l)!]3

}1/2 ( 2
na0

)l+3/2
rle−r/na0L2l+1

n+l

(
2r

na0

)
(6.47)

∫ ∞

0
R∗

nl(r)Rnl(r)r2dr = 1 (6.48)

∫ ∞

0
drr2

∫ π

0
dθ sin θ

∫ 2π

0
dφ ψ∗

nlm(r, θ, φ)ψnlm(r, θ, φ) = 1 (6.49)

∫ ∞

0
drr2

∫ π

0
dθ sin θ

∫ 2π

0
dφ ψ∗

n′l′m′(r, θ, φ)ψnlm(r, θ, φ) = δnn′ · δll′ · δmm′

(6.50)∫ ∞

0
[R1s(r)]2r2dr =

4
a3

0

∫ ∞

0
r2e−2r/a0dr = 1 (6.51)

Prob =
4
a3

0
r2e−2r/a0dr (6.52)

ψ1s(r, θ, φ) = R10(r)Y 0
0 (θ, φ) = (πa3

0)
−1/2e−r/a0 (6.53)

Prob(1s) = r2dr

∫ π

0
dθ sin θ

∫ 2π

0
dφ ψ∗

1s(r, θ, φ)ψ1s(r, θ, φ)

=
4
a3

0
r2e−2r/a0dr (6.54)



〈r〉1s =
4
a3

0

∫ ∞

0
r3e−2r/a0dr =

3
2
a0 (6.55)

ψ2s(r, θ, φ) = R20(r)Y 0
0 (θ, φ) (6.56)

ψ2s(r, θ, φ) =
1√
32π

(
1
a0

)3/2 (
2 − r

a0

)
e−r/2a0 (6.57)

〈r〉2s =
∫ ∞

0
drr2

∫ π

0
dθ sin θ

∫ 2π

0
dφ ψ∗

2s(r, θ, φ)ψ2s(r, θ, φ) = 6a0 (6.58)

Y 0
1 (θ, φ) =

(
3
4π

)1/2
cos θ (6.59)

Y +1
1 (θ, φ) =

(
3
8π

)1/2
sin θe+iφ

Y −1
1 (θ, φ) =

(
3
8π

)1/2
sin θe−iφ

(6.60)

|Y +1
1 (θ, φ)|2 =

3
8π

sin2 θ (6.61)

px =
1√
2
(Y +1

1 + Y −1
1 ) =

(
3
4π

)1/2
sin θ cos φ

py =
1√
2i

(Y +1
1 − Y −1

1 ) =
(

3
4π

)1/2
sin θ sin φ

(6.62)

dz2 = Y 0
2 =

(
5

16π

)1/2
(3 cos2 θ − 1)

dxz =
1√
2
(Y +1

2 + Y −1
2 ) =

(
15
4π

)1/2
sin θ cos θ cos φ

dyz =
1√
2i

(Y +1
2 − Y −1

2 ) =
(

15
4π

)1/2
sin θ cos θ sin φ

dx2−y2 =
1√
2
(Y +2

2 + Y −2
2 ) =

(
15
16π

)1/2
sin2 θ cos 2φ

dxy =
1√
2i

(Y +2
2 − Y −2

2 ) =
(

15
16π

)1/2
sin2 θ sin 2φ

(6.63)



(
− h̄2

2M
∇2 − h̄2

2me
∇2

1 − h̄2

2me
∇2

2

)
ψ(R, r1, r2) +

(
− 2e2

4πε0|R − r1|
− 2e2

4πε0|R − r2|
+

e2

4πε0|r1 − r2|

)
ψ(R, r1, r2)

= Eψ(R, r1, r2) (6.64)

− h̄2

2me
(∇2

1 + ∇2
1)ψ(r1, r2) − 2e2

4πε0

(
1
r1

+
1
r2

)
ψ(r1, r2)

+
e2

4πε|r1 − r2|
ψ(r1, r2) = Eψ(r1, r2) (6.65)





Chapter 7

Approximation Methods

Ĥψ0 = E0ψ0 (7.1)

E0 =
∫

ψ∗
0Ĥψ0dτ∫
ψ∗

0ψ0dτ
(7.2)

Eφ =
∫

φ∗Ĥφdτ∫
φ∗φdτ

(7.3)

Eφ ≥ E0 (7.4)

Eφ(α, β, γ, . . .) ≥ E0 (7.5)

Ĥ = − h̄2

2mer2
d

dr

(
r2 d

dr

)
− e2

4πε0r
(7.6)

E(α) =
3h̄2α

2me
− e2α1/2

21/2ε0π3/2 (7.7)

α =
m2

ee
4

18π3ε2
0h̄

4 (7.8)

Emin = − 4
3π

(
mee

4

16π2ε2
0h̄

2

)
= −0.424

(
mee

4

16π2ε2
0h̄

2

)
(7.9)

E0 = −1
2

(
mee

4

16π2ε2
0h̄

2

)
= −0.500

(
mee

4

16π2ε2
0h̄

2

)
(7.10)
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Ĥ = − h̄2

2me
(∇2

1 + ∇2
2) − 2e2

4πε0

(
1
r1

+
1
r2

)
+

e2

4πε0

1
r12

(7.11)

Ĥ = ĤH(1) + ĤH(2) +
e2

4πε0

1
r12

(7.12)

ĤH(j) = − h̄2

2me
∇2

j − 2e2

4πε0

1
rj

j = 1 and 2 (7.13)

ĤH(j)ψH(rj , θj , φj) = EjψH(rj , θj , φj) j = 1 or 2 (7.14)

Ej = − Z2mee
4

32π2ε2
0h̄

2n2
j

j = 1 or 2 (7.15)

φ0(r1, r2) = ψ1s(r1)ψ1s(r2) (7.16)

ψ1s(rj) =

(
Z3

πa0

)1/2

e−Zrj/a0 j = 1 or 2 (7.17)

E(Z) =
∫

φ0(r1, r2)Ĥφ0(r1, r2)dr1dr2 (7.18)

E(Z) =
mee

4

16π2ε2
0h̄

2 (Z2 − 27
8

Z) (7.19)

E(Z) = Z2 − 27
8

Z (7.20)

Emin = −
(

27
16

)2
= −2.8477 (7.21)

φ = c1x(a − x) + c2x
2(a − x)2 (7.22)

Emin = 0.125002
h2

ma2 (7.23)

Eexact =
h2

8ma2 = 0.125000
h2

ma2 (7.24)



φ =
N∑

n=1
cnfn (7.25)

∫
φĤφdτ =

∫
(c1f1 + c2f2)Ĥ(c1f1 + c2f2)dτ

= c2
1

∫
f1Ĥf1dτ + c1c2

∫
f1Ĥf2dτ

+ c1c2

∫
f2Ĥf1dτ + c2

2

∫
f2Ĥf2dτ

= c2
1H11 + c1c2H12 + c1c2H21 + c2

2H22 (7.26)

Hij =
∫

fiĤfjdτ (7.27)

∫
fiĤfjdτ =

∫
fjĤfidτ (7.28)

∫
φĤφdτ = c2

1H11 + 2c1c2H12 + c2
2H22 (7.29)

∫
φ2dτ = c2

1S11 + 2c1c2S12 + c2
2S22 (7.30)

Sij = Sji =
∫

φiφjdτ (7.31)

E(c1, c2) =
c2
1H11 + 2c1c2H12 + c2

2H22

c2
1S11 + 2c1c2S12 + c2

2S22
(7.32)

E(c1, c2)(c2
1S11 + 2c1c2S12 + c2

2S22) = c2
1H11 + 2c1c2H12 + c2

2H22 (7.33)

(2c1S11+2c2S12)E+
∂E

∂c1
(c2

1S11+2c1c2S12+c2
2S22) = 2c1H11+2c2H12 (7.34)

c1(H11 − ES11) + c2(H12 − ES12) = 0 (7.35)

c1(H12 − ES12) + c2(H22 − ES22) = 0 (7.36)



∣∣∣∣∣∣
H11 − ES11 H12 − ES12

H12 − ES12 H22 − ES22

∣∣∣∣∣∣ = 0 (7.37)

f1 = x(1 − x) and f2 = x2(1 − x)2 (7.38)

c1(H11 − ES11) + c2(H21 − ES21) + · · · + cN (H1N − ES1N ) = 0

c1(H12 − ES12) + c2(H22 − ES22) + · · · + cN (H2N − ES2N ) = 0
...

...
...

c1(H1N − ES1N ) + c2(H2N − ES2N ) + · · · + cN (HNN − ESNN ) = 0
(7.39)

∣∣∣∣∣∣∣∣∣∣∣

H11 − ES11 H12 − ES12 · · · H1N − ES1N

H12 − ES12 H22 − ES22 · · · H2N − ES2N
...

...
...

H1N − ES1N H2N − ES2N · · · HNN − ESNN

∣∣∣∣∣∣∣∣∣∣∣
= 0 (7.40)

Ĥψ = Eψ (7.41)

Ĥ = Ĥ(0) + Ĥ(1) (7.42)

Ĥ(0)ψ(0) = E(0)ψ(0) (7.43)

Ĥ(0) = − h̄2

2µ

d2

dx2 +
1
2
kx2

ψ
(0)
v (x) =

[(
α

π

)1/2 1
2vv!

]1/2

Hv(α1/2x)e−αx2/2

E
(0)
v =

(
v +

1
2

)
hν v = 0, 1, 2, . . .

H(1) =
1
6
γx3 +

b

24
x4

(7.44)

ψ = ψ(0) + ψ(1) + ψ(2) + · · · (7.45)



E = E(0) + E(1) + E(2) + · · · (7.46)

E(1) =
∫

ψ(0)∗Ĥ(1)ψ(0)dτ (7.47)

E = E(0) + E(1) (7.48)

Ĥ(0) = ĤH(1) + ĤH(2)

ψ(0) = ψ1s(r1, θ1, φ1)ψ1s(r2, θ2, φ2)

E(0) = − Z2mee
4

32π2ε2
0h̄

2n2
1

− Z2mee
4

32π2ε2
0h̄

2n2
2

(7.49)

E(1) =
∫ ∫

dr1dr2ψ1s(r1)ψ1s(r2)
e2

4πε0r12
ψ1s(r1)ψ1s(r2) (7.50)

E(1) =
5Z

8

(
mee

4

16π2ε2
0h̄

2

)
(7.51)

E = E(0) + E(1) = −1
2
Z2 − 1

2
Z2 +

5
8
Z

= −Z2 +
5
8
Z (7.52)





Chapter 8

Multielectron Atoms

{
ĤH(1) + ĤH(2) +

e2

4πε0r12

}
ψ(r1, r2) = Eψ(r1, r2) (8.1)

a0 =
4πε0h̄

2

mee4 (8.2)

E =
mee

4

16π2ε2
0h̄

2 (8.3)

Ĥ = − h̄2

2me
∇2

1 − h̄2

2me
∇2

2 − 2e2

4πε0r1
− 2e2

4πε0r2
+

e2

4πε0r12
(8.4)

Ĥ = −1
2
∇2

1 − 1
2
∇2

2 − 2
r1

− 2
r2

+
1

r12
(8.5)

E = −Z2 +
5
8
Z = −11

4
Eh = −2.750 Eh (8.6)

E = −Z2 +
5
8
Z − 0.15766 +

0.00870
Z

+
0.000889

Z2 + · · · (8.7)

φ0(r1, r2) = ψ1s(r1)ψ1s(r2) (8.8)

ψ1s(rj) =

(
Z3

π

)1/2

e−Zrj (8.9)

E = −
(

27
16

)2
= −2.8477 Eh (8.10)
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IE = EHe+ − EHe (8.11)

Snlm(r, θ, φ) = Nnlr
n−1e−ζrY m

l (θ, φ) (8.12)

ψ = S100(r1, θ1, φ1)S100(r2, θ2, φ2)

=
ζ3

π
e−2ζ(r1+r2) (8.13)

ψ = Sn00(r1, θ1, φ1)Sn00(r2, θ2, φ2)

=
(2ζ)2n+1

4π(2n)!
rn−1
1 rn−1

2 e−ζ(r1+r2) (8.14)

ψ(r1, r2) = φ(r1)φ(r2) (8.15)

ψ(r1, r2, r12) = e−Zr1e−Zr2 [1 + cr12] (8.16)

ψ(r1, r2) = φ(r1)φ(r2) (8.17)

V eff
1 (r1) =

∫
φ∗(r2)

1
r12

φ(r2)dr2 (8.18)

Ĥeff
1 (r1) = −1

2
∇2

1 − 2
r1

+ V eff
1 (r1) (8.19)

Ĥeff
1 (r1)φ(r1) = ε1φ(r1) (8.20)

correlation energy = CE = Eexact − EHF (8.21)

L̂2Y m
l (θ, φ) = h̄2l(l + 1)Y m

l (θ, φ)

L̂zY
m
l (θ, φ) = mh̄Y m

l (θ, φ)
(8.22)

Ŝ2α =
1
2

(
1
2

+ 1
)

h̄2α Ŝ2β =
1
2

(
1
2

+ 1
)

h̄2β (8.23)



Ŝzα =
1
2
h̄α Ŝzβ = −1

2
h̄β (8.24)

L2 = h̄2l(l + 1) (8.25)

S2 = h̄2s(s + 1) (8.26)

∫
α∗(σ)α(σ)dσ =

∫
β∗(σ)β(σ)dσ = 1∫

α∗(σ)β(σ)dσ =
∫

α(σ)β∗(σ)dσ = 0
(8.27)

Ψ(x, y, z, σ) = ψ(x, y, z)α(σ) or ψ(x, y, z)β(σ) (8.28)

Ψ100 1
2

=

(
Z3

π

)1/2

e−Zrα

Ψ100− 1
2

=

(
Z3

π

)1/2

e−Zrβ

(8.29)

∫
Ψ∗

100 1
2
(r, σ)Ψ100 1

2
(r, σ)4πr2drdσ =

∫ ∞

0

Z3

π
e−2Zr4πr2dr

∫
α∗αdσ = 1

(8.30)

∫
Ψ∗

100 1
2
(r, σ)Ψ100− 1

2
(r, σ)4πr2drdσ =

∫ ∞

0

Z3

π
e−2Zr4πr2dr

∫
α∗βdσ = 0

(8.31)

ψ(1, 2) = 1sα(1)1sβ(2) (8.32)

ψ(2, 1) = 1sα(2)1sβ(1) (8.33)

Ψ1 = ψ(1, 2) + ψ(2, 1) = 1sα(1)1sβ(2) + 1sα(2)1sβ(1) (8.34)

Ψ2 = ψ(1, 2) − ψ(2, 1) = 1sα(1)1sβ(2) − 1sα(2)1sβ(1) (8.35)



Ψ2(2, 1) = ψ(2, 1) − ψ(1, 2) = −Ψ2(1, 2) (8.36)

Ψ2(1, 2) = 1s(1)1s(2)[α(1)β(2) − α(2)β(1)]
= 1s(r1)1s(r2)[α(σ1)β(σ2) − α(σ2)β(σ1)] (8.37)

E =

∫
Ψ∗

2(1, 2)ĤΨ2(1, 2)dr1dr2dσ1dσ2∫
Ψ∗

2(1, 2)Ψ2(1, 2)dr1dr2dσ1dσ2

(8.38)

∫
1s∗(r1)1s∗(r2)[α∗(σ1)β∗(σ2) − α∗(σ2)β∗(σ1)]

× Ĥ1s(r1)1s(r2)[α(σ1)β(σ2) − α(σ2)β(σ1)]dr1dr2dσ1dσ2
(8.39)

∫
1s∗(r1)1s∗(r2)Ĥ1s(r1)1s(r2)dr1dr2

×
∫

[α∗(σ1)β∗(σ2) − α∗(σ2)β∗(σ1)][α(σ1)β(σ2) − α(σ2)β(σ1)]dσ1dσ2

(8.40)

E =

∫
ψ∗(r1, r2)Ĥψ(r1, r2)dr1dr2∫
ψ∗(r1, r2)ψ(r1, r2)dr1dr2

(8.41)

Ψ(1, 2) =

∣∣∣∣∣ 1sα(1) 1sβ(1)
1sα(2) 1sβ(2)

∣∣∣∣∣ (8.42)

Ψ(1, 2) =
1√
2

∣∣∣∣∣ 1sα(1) 1sβ(1)
1sα(2) 1sβ(2)

∣∣∣∣∣ (8.43)

Ψ(1, 2, . . . , N) =
1√
N !

∣∣∣∣∣∣∣∣∣∣

u1(1) u2(1) · · · uN (1)
u1(2) u2(2) · · · uN (2)

...
...

...
...

u1(N) u2(N) · · · uN (N)

∣∣∣∣∣∣∣∣∣∣
(8.44)



Ψ =
1√
3!

∣∣∣∣∣∣∣
1sα(1) 1sβ(1) 2sα(1)
1sα(2) 1sβ(2) 2sα(2)
1sα(3) 1sβ(3) 2sα(3)

∣∣∣∣∣∣∣ (8.45)

F̂iφi = εiφi (8.46)

L =
∑

i

li (8.47)

S =
∑

i

si (8.48)

Lz =
∑

i

lzi =
∑

i

mil = ML (8.49)

Sz =
∑

i

szi =
∑

i

mis = MS (8.50)

J = L + S (8.51)

Jz = Lz + Sz = (ML + MS) = MJ = 0 (8.52)

G!
N !(G − N)!

(equivalent orbitals) (8.53)

J = L + S, L + S − 1, L + S − 2, . . . , |L − S| (8.54)

Ĥ = −1
2

∑
j

∇2
j −

∑
j

Z

rj
+
∑
i<j

1
rij

+
∑
j

ξ(rj)lj · sj (8.55)

ν̃ = 109, 677.58
(

1 − 1
n2

)
cm−1 n = 2, 3, . . . (8.56)

∆L = ±1
∆S = 0
∆J = 0,±1

(8.57)

ν̃ = (82, 258.917 − 0.00)cm−1 = 82, 258.917 cm−1

and
ν̃ = (82, 259.272 − 0.00)cm−1 = 82, 259.272 cm−1

(8.58)



En = − µe4

8ε2
0h̄

2n2
n = 1, 2, 3, . . . (8.59)



Chapter 9

The Chemical Bond:
Diatomic Molecules

Ĥ = − h̄2

2M
(∇2

A + ∇2
B) − h̄2

2me
(∇2

1 + ∇2
2) − e2

4πε0r1A
− e2

4πε0r1B

− e2

4πε0r2A
− e2

4πε0r2B
+

e2

4πε0r12
+

e2

4πε0R
(9.1)

Ĥ = − h̄

2me
(∇2

1 + ∇2
2) − e2

4πε0r1A
− e2

4πε0r1B
− e2

4πε0r2A
− e2

4πε0r2B

+
e2

4πε0r12
+

e2

4πε0R
(9.2)

Ĥ = −1
2
(∇2

1 + ∇2
2) − 1

r1A
− 1

r1B
− 1

r2A
− 1

r2B
+

1
r12

+
1
R

(9.3)

Ĥ = −1
2
∇2 − 1

rA
− 1

rB
+

1
R

(9.4)

Ĥψj(rA, rB; R) = Ejψj(rA, rB; R) (9.5)

ψ± = c11sA ± c21sB (9.6)

E+ =
∫

drψ∗
+Ĥψ+∫

drψ∗
+ψ+

(9.7)
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∫
drψ∗

+ψ+ =
∫

dr(1s∗
A + 1s∗

B)(1sA + 1sB)

=
∫

dr1s∗
A1sA +

∫
dr1s∗

A1sB +
∫

dr1s∗
B1sA +

∫
dr1s∗

B1sB

(9.8)

∫
dr1s∗

A1sA =
∫

dr1s∗
B1sB = 1 (9.9)

S =
∫

dr1s∗
A1sB =

∫
dr1s∗

B1sA =
∫

dr1sA1sB (9.10)

S(R) = e−R

(
1 + R +

R2

3

)
(9.11)

∫
dr(1s∗

A + 1s∗
B)(1sA + 1sB) = 2 + 2S(R) (9.12)

∫
drψ∗

+Ĥψ+ =
∫

dr(1s∗
A + 1s∗

B)Ĥ(1sA + 1sB)

=
∫

dr(1s∗
A + 1s∗

B)
(

−1
2
∇2 − 1

rA
− 1

rB
+

1
R

)
(1sA + 1sB)

(9.13)

∫
drψ∗

+Ĥψ+ =
∫

dr(1s∗
A + 1s∗

B)
(

−1
2
∇2 − 1

rA
− 1

rB
+

1
R

)
1sA

+
∫

dr(1s∗
A + 1s∗

B)
(

−1
2
∇2 − 1

rA
− 1

rB
+

1
R

)
1sB

(9.14)

(
−1

2
∇2 − 1

rA

)
1sA = E1s1sA (9.15)

(
−1

2
∇2 − 1

rB

)
1sB = E1s1sB (9.16)



∫
drψ∗

+Ĥψ+ =
∫

dr(1s∗
A + 1s∗

B)
(

E1s − 1
rB

+
1
R

)
1sA

+
∫

dr(1s∗
A + 1s∗

B)
(

E1s − 1
rA

+
1
R

)
1sB (9.17)

∫
drψ∗

+Ĥψ+ = 2E1s(1 + S) +
∫

dr1s∗
A

(
− 1

rB
+

1
R

)
1sA

+
∫

dr1s∗
B

(
− 1

rB
+

1
R

)
1sA +

∫
dr1s∗

A

(
− 1

rA
+

1
R

)
1sB

+
∫

dr1s∗
B

(
− 1

rA
+

1
R

)
1sB (9.18)

J =
∫

dr1s∗
A

(
− 1

rB
+

1
R

)
1sA

= −
∫

dr1s∗
A1sA

rB
+

1
R

(9.19)

K =
∫

dr1s∗
B

(
− 1

rB
+

1
R

)
1sA

= −
∫

dr1s∗
B1sA

rB
+

S

R
(9.20)

∫
drψ∗

+Ĥψ+ = 2E1s(1 + S) + 2J + 2K (9.21)

∆E+ = E+ − E1s =
J + K

1 + S
(9.22)

J = e−2R
(

1 +
1
R

)
(9.23)

K =
S

R
− e−R(1 + R) (9.24)

ψ− = c11sA − c21sB (9.25)



∆E− = E− − E1s =
J − K

1 − S
(9.26)

ψb = ψ+ =
1√

2(1 + S)
(1sA + 1sB) (9.27)

ψa = ψ− =
1√

2(1 − S)
(1sA − 1sB) (9.28)

ψ =
1√
2!

∣∣∣∣∣ ψbα(1) ψbβ(1)
ψbα(2) ψbβ(2)

∣∣∣∣∣
= ψb(1)ψb(2)

{
1√
2
[α(1)β(2) − α(2)β(1)]

}
(9.29)

ψMO =
1

2(1 + S)
[1sA(1) + 1sB(1)][1sA(2) + 1sB(2)] (9.30)

EMO =
∫

dr1dr2ψ
∗
MO(1, 2)ĤψMO(1, 2) (9.31)

ψ± = 1sA ± 1sB (9.32)

bond
order

=
1
2

[(
number of electrons
in bonding orbitals

)
−
(

number of electrons
in antibonding orbitals

)]
(9.33)

ψ = c11sH ± c22pz,F (9.34)

ψ = c1(1sA + 1sB) + c2(2sA + 2sB) + c3(2pzA + 2pzB) + · · · (9.35)

ML = ml1 + ml2 + · · · (9.36)

Ms = ms1 + ms2 + · · · (9.37)



Chapter 10

Bonding in Polyatomic
Molecules

ψBe−H = c1ψBe(2s) + c2ψBe(2p) + c3ψH(1s) (10.1)

ψsp =
1√
2
(2s ± 2pz) (10.2)

ψ1 =
1√
3
2s +

√
2
3
2pz (10.3)

ψ2 =
1√
3
2s − 1√

6
2pz +

1√
2
2px (10.4)

ψ3 =
1√
3
2s − 1√

6
2pz − 1√

2
2px (10.5)

ψ1 =
1
2
(2s + 2px + 2py + 2pz) (10.6)

ψ2 =
1
2
(2s − 2px − 2py + 2pz) (10.7)

ψ3 =
1
2
(2s + 2px − 2py − 2pz) (10.8)

ψ4 =
1
2
(2s − 2px + 2py − 2pz) (10.9)
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φ1 = c11sHA + c22py,O

φ2 = c31sHB + c42pz,O

(10.10)

ψ = c12s + c22pz + c32py (10.11)

ψ1 = 0.45(2s) + 0.71(2py) + 0.55(2pz) (10.12)

ψ2 = 0.45(2s) − 0.71(2py) + 0.55(2pz) (10.13)

ψ = c11sHa + c21sHb + c32sA + c42px,A + c52py,A + c62pz,A (10.14)

ψπ = c12pz,A + c22pz,B (10.15)

∣∣∣∣∣ H11 − ES11 H12 − ES12
H12 − ES12 H22 − ES22

∣∣∣∣∣ = 0 (10.16)

∣∣∣∣∣ α − E β
β α − E

∣∣∣∣∣ = 0 (10.17)

ψi =
4∑

j=1

cij2pzj (10.18)

∣∣∣∣∣∣∣∣∣
H11 − ES11 H12 − ES12 H13 − ES13 H14 − ES14
H12 − ES12 H22 − ES22 H23 − ES23 H24 − ES24
H13 − ES13 H23 − ES23 H33 − ES33 H34 − ES34
H14 − ES14 H24 − ES24 H34 − ES34 H44 − ES44

∣∣∣∣∣∣∣∣∣
= 0 (10.19)

∣∣∣∣∣∣∣∣∣
α − E β 0 0

β α − E β 0
0 β α − E β
0 0 β α − E

∣∣∣∣∣∣∣∣∣
= 0 (10.20)



β4

∣∣∣∣∣∣∣∣∣
x 1 0 0
1 x 1 0
0 1 x 1
0 0 1 x

∣∣∣∣∣∣∣∣∣
= 0 (10.21)

x4 − 3x2 + 1 = 0 (10.22)

x2 =
3 ±

√
5

2
(10.23)

Eπ = 2(α + 1.618β) + 2(α + 0.618β)
= 4α + 4.472β (10.24)

Edeloc = Eπ(butadiene) − 2Eπ(ethene) = 0.472β < 0 (10.25)

ψ1 = 0.3717 · 2pz1 + 0.6015 · 2pz2 + 0.6015 · 2pz3 + 0.3717 · 2pz4

E1 = α + 1.618β

ψ2 = 0.6015 · 2pz1 + 0.3717 · 2pz20.3717 · 2pz3 − 0.6015 · 2pz4

E2 = α + 0.618β

ψ3 = 0.6015 · 2pz1 − 0.3717 · 2pz2 − 0.3717 · 2pz3 + 0.6015 · 2pz4

E3 = α − 0.618β

ψ4 = 0.3717 · 2pz1 − 0.6015 · 2pz2 + 0.6015 · 2pz3 − 0.3717 · 2pz4

E4 = α − 1.618β

(10.26)

∣∣∣∣∣∣∣∣∣∣∣∣∣

α − E β 0 0 0 β
β α − E β 0 0 0
0 β α − E β 0 0
0 0 β α − E β 0
0 0 0 β α − E β
β 0 0 0 β α − E

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0 (10.27)



x6 − 6x4 + 9x2 − 4 = 0 (10.28)

E1 = α + 2β

E2 = E3 = α + β

E4 = E5 = α − β

E6 = α − 2β

(10.29)

Eπ = 2(α + 2β) + 4(α + β) = 6α + 8β (10.30)

ψ1 = 1√
6
(2pz1 + 2pz2 + 2pz3 + 2pz4 + 2pz5 + 2pz6) E1 = α + 2β

ψ2 = 1√
4
(2pz2 + 2pz3 − 2pz5 − 2pz6) E2 = α + β

ψ3 = 1√
3
(2pz1 + 2pz2 − 1

22pz3 − 2pz4 − 1
22pz5 + 1

22pz6) E3 = α + β

ψ4 = 1√
4
(2pz2 − 2pz3 + 2pz5 − 2pz6) E4 = α − β

ψ5 = 1√
3
(2pz1 − 1

22pz2 − 1
22pz3 + 2pz4 − 1

22pz5 − 1
22pz6) E5 = α − β

ψ6 = 1√
6
(2pz1 − 2pz2 + 2pz3 − 2pz4 + 2pz5 − 2pz6) E6 = α − 2β

(10.31)



Chapter 11

Computational Quantum
Chemistry

ψ(1, 2, . . . , N) =
1

N !

∣∣∣∣∣∣∣∣∣∣

ψ1(1)α(1) ψ1(1)β(1) · · · ψN/2(1)α(1) ψN/2(1)β(1)
ψ1(2)α(2) ψ1(2)β(2) · · · ψN/2(2)α(2) ψN/2(2)β(2)

...
...

...
...

...
ψ1(N)α(N) ψ1(N)β(N) · · · ψN/2(N)α(N) ψN/2(N)β(N)

∣∣∣∣∣∣∣∣∣∣
(11.1)

Snlm(r, θ, φ) =
(2ζ)n+1/2

[(2n)!]1/2 rn−1e−ζrY m
l (θ, φ) (11.2)

Gnlm(r, θ, φ) = Nnrn−1e−αr2
Y m

l (θ, φ) (11.3)

φ1s(r) = φSTO
1s (r, 1.24) (11.4)

φ1s(r) = φGF
1s (r, 0.4166) (11.5)

φSTO
1s (r, ζ) = S100(r, ζ) =

(
ζ3

π

)1/2

e−ζr (11.6)

φGF
1s (r, α) = G100(r, α) =

(
2α

π

)3/4
e−αr2

(11.7)
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φ1s(r) =
3∑

i=1

d1siφ
GF
1s (r, α1si)

= 0.4446φGF
1s (r, 0.1688) + 0.5353φGF

1s (r, 0.6239) + 0.1543φGF
1s (r, 3.425)

(11.8)

ψi =
M∑

k=1

ckiφk (11.9)

N∑
j=1

(Fij − EiSij)cji = 0 (11.10)

|Fij − EiSij | = 0 (11.11)

φ2s(r) = φSTO
2s (r, ζ1) + dφSTO

2s (r, ζ2) (11.12)

ψMO = 1sA(1)1sB(2)+1sA(2)1sB(1)+1sA(1)1sA(2)+1sB(1)1sB(2) (11.13)
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∣∣∣∣∣∣∣∣∣∣∣∣∣

x 1 0 0 0 1
1 x 1 0 0 0
0 1 x 1 0 0
0 0 1 x 1 0
0 0 0 1 x 1
1 0 0 0 1 x

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0 (12.1)

x6 − 6x4 + 9x2 − 4 = 0 (12.2)

φ1 =
1√
6
(ψ1 + ψ2 + ψ3 + ψ4 + ψ5 + ψ6)

φ2 =
1√
6
(ψ1 − ψ2 + ψ3 − ψ4 + ψ5 − ψ6)

φ3 =
1√
12

(2ψ1 + ψ2 − ψ3 − 2ψ4 − ψ5 + ψ6)

φ4 =
1√
12

(ψ1 + 2ψ2 + ψ3 − ψ4 − 2ψ5 − ψ6)

φ5 =
1√
12

(2ψ1 − ψ2 − ψ3 + 2ψ4 − ψ5 − ψ6)

φ6 =
1√
12

(−ψ1 + 2ψ2 − ψ3 − ψ4 + 2ψ5 − ψ6)

(12.3)
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x + 2 | 0 0 0 0 0
− − − − − − −

0 | x − 2 | 0 0 0 0
− − − − − − − − − −

0 0 | x + 1
x + 1

2
| 0 0

0 0 | x + 1
2

x + 1 | 0 0

− − − − − − − − − − − − −
0 0 0 0 | x − 1

1 − x

2
0 0 0 0 | 1 − x

2
x − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0

(12.4)

(x + 2)(x − 2)

∣∣∣∣∣∣∣
x + 1

x + 1
2

x + 1
2

x + 1

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

x − 1
1 − x

2
1 − x

2
x − 1

∣∣∣∣∣∣∣ = 0 (12.5)

9
16

(x + 2)(x − 2)(x + 1)2(x − 1)2 = 0 (12.6)

N∑
j=1

d2
j = h (12.7)

N∑
j=1

d2
j = h (12.8)

N∑
j=1

[χj(Ê)]2 = h (12.9)

u · v = |u||v| cos θ (12.10)

u · v = u1v1 + u2v2 + u3v3 (12.11)

u · v = u1v1 + u2v2 + u3v3 = 0 (12.12)



u · v =
n∑

k=1

ukvk (12.13)

∑
R̂

χi(R̂)χj(R̂) = 0 i �= j (12.14)

∑
classes

n(R̂)χi(R̂)χj(R̂) = 0 i �= j (12.15)

∑
R̂

χj(R̂) =
∑

classes

n(R̂)χj(R̂) = 0 j �= A1 (12.16)

(length)2 =
∑
R̂

[χj(R̂)]2 (12.17)

∑
R̂

[χj(R̂)]2 = h (12.18)

∑
classes

n(R̂)[χj(R̂)]2 = h (12.19)

∑
R̂

χi(R̂)χj(R̂) =
∑

classes

n(R̂)χi(R̂)χj(R̂) = hδij (12.20)

χ(R̂) =
∑
j

ajχj(R̂) (12.21)

ai =
1
h

∑
R̂

χ(R̂)χi(R̂) (12.22)

ai =
1
h

∑
R̂

χ(R̂)χi(R̂) =
1
h

∑
classes

n(R̂)χ(R̂)χi(R̂) (12.23)

Hij =
∫

φ∗
i Ĥφjdτ and Sij =

∫
φ∗

i φjdτ (12.24)

Sij =
∫

φ∗
i φjdτ (12.25)

R̂Sij =
∫

R̂φ∗
i R̂φjdτ = Sij =

∫
φ∗

i φjdτ (12.26)

R̂φ∗
i = χa(R̂)φ∗

i and R̂φj = χb(R̂)φj (12.27)



Sij = χa(R̂)χb(R̂)
∫

φ∗
i φjdτ = χa(R̂)χb(R̂)Sij (12.28)

χa(R̂)χb(R̂) = 1 for all R̂ (12.29)

R̂Hij =
∫

(R̂φ∗
i )(R̂Ĥ)(R̂φj)dτ = Hij =

∫
φ∗

i Ĥφjdτ

= χa(R̂)χA1(R̂)χb(R̂)Hij (12.30)

χa(R̂)χA1(R̂)χb(R̂) = 1 for all R̂ (12.31)

P̂j =
lj
h

∑
R̂

χj(R̂)R̂ (12.32)

P̂Bgψ1 = 1
4(ψ1 − ψ4 − ψ4 + ψ1) ∝ ψ1 − ψ4

P̂Bgψ2 = 1
4(ψ2 − ψ3 − ψ3 + ψ2) ∝ ψ2 − ψ3

P̂Auψ1 = 1
4(ψ1 + ψ4 + ψ4 + ψ1) ∝ ψ1 + ψ4

P̂Auψ2 = 1
4(ψ2 + ψ3 + ψ3 + ψ2) ∝ ψ2 + ψ3

P̂Buψ1 = P̂Buψ2 = 0

(12.33)

(x2 + x − 1)(x2 − x − 1) = 0 (12.34)
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∆E = Eu − El = hν (13.1)

Ev = (v + 1
2)hν v = 0, 1, 2, . . . (13.2)

ν =
1
2π

(
k

µ

)1/2
(13.3)

G(v) =
(

v +
1
2

)
ν̃ (13.4)

ν̃ =
1

2πc

(
k

µ

)1/2
(13.5)

EJ =
h̄2

2I
J(J + 1) J = 0, 1, 2, . . . (13.6)

gJ = 2J + 1 (13.7)

F (J) = B̃J(J + 1) (13.8)

B̃ =
h

8π2cI
(13.9)

Ẽv,J = G(v) + F (J) = (v + 1
2)ν̃ + B̃J(J + 1)

v = 0, 1, 2, . . .
J = 0, 1, 2, . . .

(13.10)
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∆v = +1 (absorption)
∆J = ±1

(13.11)

ν̃obs(∆J = +1) = Ẽv+1,J+1 − Ẽv,J

=
(

v +
3
2

)
ν̃ + B̃(J + 1)(J + 2) −

(
v +

1
2

)
ν̃ + B̃J(J + 1)

= ν̃ + 2B̃(J + 1) J = 0, 1, 2, . . . (13.12)

ν̃obs(∆J = −1) = Ẽv+1,J−1 − Ẽv,J = ν̃ − 2B̃J J = 1, 2, . . . (13.13)

Ẽv,J = ν̃(v + 1
2) + B̃vJ(J + 1) (13.14)

ν̃R(∆J = +1) = E1,J+1 − E0,J

=
3
2
ν̃ + B̃1(J + 1)(J + 2) − 1

2
ν̃ + B̃0J(J + 1)

= ν̃ + 2B̃1 + (3B̃1 − B̃0)J + (B̃1 − B̃0)J2 J = 0, 1, 2, . . .

(13.15)

ν̃P (∆J =−1) = E1,J−1−E0,J = ν̃−(B̃1+B̃0)J+(B̃1−B̃0)J2 J = 1, 2, 3, . . .
(13.16)

B̃v = B̃e − α̃e(v + 1
2) (13.17)

F (J) = B̃J(J + 1) − D̃J2(J + 1)2 (13.18)

ν̃ = F (J + 1) − F (J)
= 2B̃(J + 1) − 4D̃(J + 1)3 J = 0, 1, 2, . . . (13.19)



V (R) − V (Re) =
1
2!

(
d2V

dR2

)
R=Re

(R − Re)2 +
1
3!

(
d3V

dR3

)
R=Re

(R − Re)3 + · · ·

=
k

2
x2 +

γ3

6
x3 +

γ4

24
x4 + · · · (13.20)

G(v) = ν̃e(v + 1
2) − x̃eν̃e(v + 1

2)2 + · · · v = 0, 1, 2, . . . (13.21)

ν̃obs = G(v) − G(0) = ν̃ev − x̃eν̃ev(v + 1) v = 1, 2, . . . (13.22)

Ẽtotal = ν̃el + G(v) + F (J)
= ν̃el + ν̃e(v + 1

2) − x̃eν̃e(v + 1
2)2 + B̃J(J + 1) − D̃J2(J + 1)2

(13.23)

ν̃obs = T̃e + (1
2 ν̃ ′

e − 1
4 x̃′

eν̃
′
e) − (1

2 ν̃ ′′
e − 1

4 x̃′′
e ν̃

′′
e ) + ν̃ ′

ev
′ − x̃′

eν̃
′
ev

′(v′ + 1) (13.24)

ν̃obs = ν̃0,0 + ν̃ ′
ev

′ − x̃′
eν̃

′
ev

′(v′ + 1) v′ = 0, 1, 2, . . . (13.25)

Ixx =
N∑

j=1

mj [(yj − ycm)2 + (zj − zcm)2]

Iyy =
N∑

j=1

mj [(xj − xcm)2 + (zj − zcm)2]

Izz =
N∑

j=1

mj [(xj − xcm)2 + (yj − ycm)2]

(13.26)

Ã =
h

8π2cIA
, B̃ =

h

8π2cIB
, and C̃ =

h

8π2cIC
(13.27)



F (J, K) = B̃J(J + 1) + (C̃ − B̃)K2 (13.28)

F (J, K) = B̃J(J + 1) + (Ã − B̃)K2 (13.29)

∆J = 0,±1 ∆K = 0 for K �= 0

∆J = ±1 ∆K = 0 for K = 0
(13.30)

ν̃ = 2B̃(J + 1) (13.31)

ν̃ = 2B̃(J + 1) − 2D̃JKK2(J + 1) − 4D̃J(J + 1)3 (13.32)

∆V = V (q1, q2, . . . , qNvib) − V (0, 0, . . . , 0) =
1
2

Nvib∑
i=1

Nvib∑
j=1

(
∂2V

∂qi∂qj

)
qiqj + · · ·

=
1
2

Nvib∑
i=1

Nvib∑
j=1

fijqiqj + · · · (13.33)

∆V =
1
2

Nvib∑
j=1

FjQ
2
j (13.34)

Ĥvib = −
Nvib∑
j=1

h̄2

2µj

d2

dQ2
j

+
1
2

Nvib∑
j=1

FjQ
2
j (13.35)

Ĥvib =
Nvib∑
j=1

Ĥvib,j =
Nvib∑
j=1

(
− h̄2

2µj

d2

dQ2
j

+
1
2
FjQ

2
j

)

ψvib(Q1, Q2, . . . , Qvib) = ψvib,1(Q1)ψvib,2(Q2) · · ·ψvib,Nvib(QNvib)

(13.36)

Evib =
Nvib∑
j=1

hνj(vj + 1
2) each vj = 0, 1, 2, . . . (13.37)

ĤΨ = ih̄
∂Ψ
∂t

(13.38)

E = E0 cos 2πνt (13.39)



Ĥ(1) = −µ ·E = −µ ·E0 cos 2πνt (13.40)

ĤΨ = ih̄
∂Ψ
∂t

(13.41)

Ĥ = Ĥ(0) + Ĥ(1) = Ĥ(0) − µ ·E0 cos 2πνt (13.42)

Ĥ(0)ψ = ih̄
∂ψ

∂t
(13.43)

Ψ1(t) = ψ1e
−iE1t/h̄ and Ψ2(t) = ψ2e

−iE2t/h̄ (13.44)

Ψ(t) = a1(t)Ψ1(t) + a2(t)Ψ2(t) (13.45)

a1(t)Ĥ(0)Ψ1 + a2(t)Ĥ(0)Ψ2 + a1(t)Ĥ(1)Ψ1 + a2(t)Ĥ(1)Ψ2

= a1(t)ih̄
∂Ψ1

dt
+ a2(t)ih̄

∂Ψ2

dt
+ ih̄Ψ1

da1

dt
+ ih̄Ψ2

da2

dt

(13.46)

a1(t)Ĥ(1)Ψ1 + a2(t)Ĥ(1)Ψ2 = ih̄Ψ1
da1

dt
+ ih̄Ψ2

da2

dt
(13.47)

a1(t)
∫

ψ∗
2Ĥ

(1)Ψ1dτ + a2(t)
∫

ψ∗
2Ĥ

(1)Ψ2dτ

= ih̄
da1

dt

∫
ψ∗

2Ψ1dτ + ih̄
da2

dt

∫
ψ∗

2Ψ2dτ
(13.48)

ih̄
da2

dt
= a1(t) exp

[−i(E1 − E2)t
h̄

] ∫
ψ∗

2Ĥ
(1)ψ1dτ + a2(t)

∫
ψ∗

2Ĥ
(1)ψ2dτ

(13.49)

a1(0) = 1 and a2(0) = 0 (13.50)

ih̄
da2

dt
= exp

[−i(E1 − E2)t
h̄

] ∫
ψ∗

2Ĥ
(1)ψ1dτ (13.51)



da2

dt
∝ (µz)12E0z

{
exp

[
i(E2 − E1 + hν)t

h̄

]
+ exp

[
i(E2 − E1 − hν)t

h̄

]}
(13.52)

(µz)12 =
∫

ψ∗
2µzψ1dτ (13.53)

a2(t) ∝ (µz)12E0z

×
{

1 − exp[i(E2 − E1 + hν)t/h̄]
E2 − E1 + hν

+
1 − exp[i(E2 − E1 − hν)t/h̄]

E2 − E1 − hν

}
(13.54)

E2 − E1 ≈ hν (13.55)

a∗
2(t)a2(t) ∝ sin2[(E2 − E1 − h̄ω)/2h̄]

(E2 − E1 − h̄ω)2
(13.56)

(µz)J,M,J ′,M ′ = µ

∫ 2π

0

∫ π

0
Y M ′

J ′ (θ, φ)∗Y M
J (θ, φ) cos θ sin θdθdφ (13.57)

Y M
J (θ, φ) = NJMP

|M |
J (cos θ)eiMφ (13.58)

(µz)J,M ;J ′,M ′ = µNJ,MNJ ′,M ′

∫ 2π

0
dφei(M−M ′)φ

∫ 1

−1
dx xP

|M ′|
J ′ (x)P |M |

J (x)

(13.59)

(µz)J,M ;J ′,M ′ = 2πµNJMNJ ′M

∫ 1

−1
dxxP

|M |
J ′ (x)P |M |

J (x) (13.60)

(2J + 1)xP
|M |
J (x) = (J − |M | + 1)P |M |

J+1(x) + (J + |M |)P |M |
J−1(x) (13.61)

ψv(q) = NvHv(α1/2q)e−αq2/2 (13.62)



(µz)v,v′ =
∫ ∞

−∞
NvNv′Hv′(α1/2q)e−αq2/2µz(q)Hv(α1/2q)e−αq2/2dq (13.63)

µz(q) = µ0 +
(

dµ

dq

)
0
q + · · · (13.64)

(µz)v,v′ = NvNv′µ0

∫ ∞

−∞
Hv′(α1/2q)Hv(α1/2q)e−αq2

dq

+NvNv′

(
dµ

dq

)
0

∫ ∞

−∞
Hv′(α1/2q)qHv(α1/2q)e−αq2

dq

(13.65)

ξHv(ξ) = vHv−1(ξ) + 1
2Hv+1(ξ) (13.66)

(µz)v,v′ =
NvNv′

α

(
dµ

dq

)
0

∫ ∞

−∞
Hv′(ξ)

[
nHv−1(ξ) +

1
2
Hv+1(ξ)

]
e−ξ2

dξ

(13.67)

I0→1 =
∫

ψ0(Q1, Q2, . . . , QNvib)

⎧⎪⎨
⎪⎩

µx

µy

µz

⎫⎪⎬
⎪⎭ψ1(Q1, Q2, . . . , QNvib)dQ1, Q2, . . . , QNvib

(13.68)

ψ0(Q1, Q2, . . . , QNvib) = ce
−α1Q2

1−α2Q2
2−···−αNvibQ2

Nvib (13.69)

R̂ψ0(Q1, Q2, . . . , QNvib) = ψ0(Q1, Q2, . . . , QNvib) (13.70)

ψ1(Q1, Q2, . . . , QNvib) = ψ0(Q1)ψ0(Q2) · · ·ψ0(Qj−1)ψ1(Qj)ψ0(Qj+1) · · ·ψ0(Qvib)

= c′Qje
−α1Q2

1−α2Q2
2−···−αNvibQ2

Nvib (13.71)

R̂ψ1(Q1, Q2, . . . , QNvib) = χQj (R̂)ψ1(Q1, Q2, . . . , QNvib) (13.72)



R̂I0→1 = I0→1 =
∫

(R̂ψ0)(R̂µx)(R̂ψ1)dQ1dQ2 . . . dQvib

= χA1(R̂)χµx(R̂)χQj (R̂)
∫

ψ0µxψ1dQ1dQ2 . . . dQvib

= χA1(R̂)χµx(R̂)χQj (R̂)I0→1 (13.73)
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Ŝ2α =
1
2

(
1
2

+ 1
)

h̄2α Ŝ2β =
1
2

(
1
2

+ 1
)

h̄2β

Ŝzα =
1
2
h̄α Ŝzβ = −1

2
h̄β

(14.1)

∫
α∗(σ)α(σ)dσ =

∫
β∗(σ)β(σ)dσ = 1∫

α∗(σ)β(σ)dσ =
∫

α(σ)β∗(σ)dσ = 0
(14.2)

µ = iA (14.3)

i =
qv

2πr
(14.4)

µ =
qrv

2
(14.5)

µ =
q(r × v)

2
(14.6)

µ =
q

2m
L (14.7)

µ = gN
q

2mN
I = gNβNI = γI (14.8)
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V = −µ · B (14.9)

F = q(v × B) (14.10)

V = −µzBz (14.11)

V = −γBzIz (14.12)

Ĥ = −γBz Îz (14.13)

Ĥψ = −γBz Îzψ = Eψ (14.14)

E = −h̄γmIBz (14.15)

∆E = E(mI = −1/2) − E(mI = 1/2) = h̄γBz (14.16)

ν =
γBz

2π
(Hz) (14.17)

ω = γBz (rad·s−1) (14.18)

Belec = −σB0 (14.19)

B0 =
2πν

γ(1 − σ)
=

ω

γ(1 − σ)
(14.20)

νH =
γB0

2π
(1 − σH) (14.21)

δH =
resonance frequency of nucleus H relative to TMS

spectrometer frequency
× 106

=

(
νH − νTMS

νspectrometer

)
× 106 (14.22)



δ1 − δ2 =

(
ν1 − ν2

νspectrometer

)
× 106 =

γB0

2πνspectrometer
(σ2 − σ1) × 106 (14.23)

δ1 − δ2 = (σ2 − σ1) × 106 (14.24)

Ĥ = −γB0(1 − σ1)Îz1 − γB0(1 − σ2)Îz2 (14.25)

Ĥ = −γB0(1 − σ1)Îz1 − γB0(1 − σ2)Îz2 +
hJ12

h̄2 Î1 · Î2 (14.26)

Ĥ(0) = −γB0(1 − σ1)Îz1 − γB0(1 − σ2)Îz2 (14.27)

Ĥ(1) =
hJ12

h̄2 Î1 · Î2 (14.28)

ψ1 = α(1)α(2) ψ3 = β(1)α(2)

ψ2 = α(1)β(2) ψ4 = β(1)β(2)
(14.29)

Ej = E
(0)
j +

∫
dτ1dτ2ψ

∗
j Ĥ

(1)ψj (14.30)

Ĥ(0)ψj = E
(0)
j ψj (14.31)

Ĥ(0)ψ1 = Ĥ(0)α(1)α(2)
= −γB0(1 − σ1)Îz1α(1)α(2) − γB0(1 − σ2)Îz2α(1)α(2)

= − h̄γB0(1 − σ1)
2

α(1)α(2) − h̄γB0(1 − σ2)
2

α(1)α(2)

= E(0)α(1)α(2) = E(0)ψ1 (14.32)

E
(0)
1 = −h̄γB0

(
1 − σ1 + σ2

2

)
(14.33)

E
(0)
2 =

h̄γB0

2
(σ1 − σ2) (14.34)



E
(0)
3 =

h̄γB0

2
(σ2 − σ1) (14.35)

E
(0)
4 = h̄γB0

(
1 − σ1 + σ2

2

)
(14.36)

Î1 · Î2 = Îx1Îx2 + Îy1Îy2 + Îz1Îz2 (14.37)

Hz,11 =
hJ12

h̄2

∫
dτ1dτ2α

∗(1)α∗(2)Îz1Îz2α(1)α(2)

=
hJ12

h̄2
h̄2

4

∫
dτ1α

∗(1)α(1)
∫

dτ2α
∗(2)α(2)

=
hJ12

4
(14.38)

Hz,22 = Hz,33 = −hJ12

4
(14.39)

Hz,44 =
hJ12

4
(14.40)

Îxα =
h̄

2
β Îyα =

ih̄

2
β

Îxβ =
h̄

2
α Îyβ = − ih̄

2
α

(14.41)

E1 = −hν0

(
1 − σ1 + σ2

2

)
+

hJ12

4

E2 =
hν0

2
(σ1 − σ2) − hJ12

4

E3 =
hν0

2
(σ2 − σ1) − hJ12

4

E4 = hν0

(
1 − σ1 + σ2

2

)
+

hJ12

4

(14.42)

ν0 =
γB0

2π
(14.43)



ν1→2 = ν0(1 − σ2) − J12

2

ν1→3 = ν0(1 − σ1) − J12

2

ν2→4 = ν0(1 − σ1) +
J12

2

ν3→4 = ν0(1 − σ2) +
J12

2

(14.44)

Ĥ = −γB0(1 − σA)Îz1 − γB0(1 − σA)Îz2 +
hJAA

h̄2 Î1 · Î2 (14.45)

Ĥ(0) = −γB0(1 − σA)(Îz1 + Îz2) (14.46)

Ĥ(1) =
hJAA

h̄2 Î1 · Î2 (14.47)

φ1 = α(1)α(2) φ2 =
1√
2
[α(1)β(2) − β(1)α(2)]

φ3 =
1√
2
[α(1)β(2) + β(1)α(2)] φ4 = β(1)β(2)

(14.48)

E1 = E
(0)
1 + E

(1)
1

=
∫ ∫

dτ1dτ2α
∗(1)α∗(2)

[
−γB0(1 − σA)(Îz1 + Îz2)

]
α(1)α(2)

+
∫ ∫

dτ1dτ2α
∗(1)α∗(2)

hJAA

h̄2 (Îx1Îx2 + Îy1Îy2 + Îz1Îz2)α(1)α(2)

(14.49)

E1 = −γB0(1 − σA)
(

h̄

2
+

h̄

2

)∫
dτ1α

∗(1)α(1)
∫

dτ2α
∗(2)α(2)

+
hJAA

h̄2
h̄2

4

∫
dτ1α

∗(1)α(1)
∫

dτ2α
∗(2)α(2)

= −h̄γB0(1 − σA) +
hJAA

4
(14.50)



E2 = E
(1)
2 = −3hJAA

4
(14.51)

E3 =
hJAA

4
(14.52)

E4 = h̄γB0(1 − σA) +
hJAA

4
(14.53)

Ĥ = −γB0(1 − σ1)Îz1 − γB0(1 − σ2)Îz2 +
hJ12

h̄2 Î1 · Î2 (14.54)

φ1 = α(1)α(2) φ2 = α(1)β(2)

φ3 = β(1)α(2) φ4 = β(1)β(2)
(14.55)

ψ = c1φ1 + c2φ2 + c3φ3 + c4φ4 (14.56)

E =
∫ ∫

dτ1dτ2ψ
∗Ĥψ∫ ∫

dτ1dτ2ψ∗ψ
(14.57)

∣∣∣∣∣∣∣∣∣
H11 − E H12 H13 H14

H12 H22 − E H23 H24
H13 H23 H33 − E H34
H14 H24 H34 H44 − E

∣∣∣∣∣∣∣∣∣
= 0 (14.58)

Hij =
∫ ∫

dτ1dτ2φ
∗
i Ĥφj (14.59)

∣∣∣∣∣∣∣∣∣
−d1 − d2 + hJ

4 − E 0 0 0
0 −d1 + d2 − hJ

4 − E hJ
2 0

0 hJ
2 d1 − d2 − hJ

4 − E 0
0 0 0 d1 + d2 + hJ

4 − E

∣∣∣∣∣∣∣∣∣
= 0

(14.60)



E1 = −hν0

(
1 − σ1 + σ2

2

)
+

hJ

4

E2 = −hJ

4
− h

2
[ν2

0(σ1 − σ2)2 + J2]1/2

E3 = −hJ

4
+

h

2
[ν2

0(σ1 − σ2)2 + J2]1/2

E4 = hν0

(
1 − σ1 + σ2

2

)
+

hJ

4

(14.61)

ν1→2 = ν0(1 − σ1) − J

2

ν3→4 = ν0(1 − σ1) +
J

2

ν1→3 = ν0(1 − σ2) − J

2

ν2→4 = ν0(1 − σ2) +
J

2

(14.62)





Chapter 15

Lasers, Laser Spectroscopy,
and Photochemistry

rate = −dN1(t)
dt

= B12ρν(ν12)N1(t) (15.1)

− dN1(t)
dt

=
dN2(t)

dt
= B12ρν(ν12)N1(t) (absorption only) (15.2)

− dN2(t)
dt

= A21N2(t) (spontaneous emission only) (15.3)

− dN2(t)
dt

= B21ρν(ν12)N2(t) (stimulated emission only) (15.4)

−dN1(t)
dt

=
dN2(t)

dt
= B12ρν(ν12)N1(t)−A21N2(t)−B21ρν(ν12)N2(t) (15.5)

− dN1(t)
dt

=
dN2(t)

dt
= 0 (15.6)

ρν(ν12) =
8πh

c3
ν3
12

ehν12/kBT − 1
(15.7)
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ρν(ν12) =
A21

(N1/N2)B12 − B21
(15.8)

Nj = ce−Ej/kBT (15.9)

N2

N1
= e−(E2−E1)/kBT = e−hν12/kBT (15.10)

ρν(ν12) =
A21

B12ehν12/kBT − B21
(15.11)

B12 = B21 (15.12)

A21 =
8hπν3

12
c3 B21 (15.13)

B21ρν(ν12)N2 > B12ρν(ν12)N1 (15.14)

− dN1(t)
dt

=
dN2(t)

dt
= Bρν(ν12){N1(t) − N2(t)} − AN2(t) (15.15)

N2(t) =
Bρν(ν12)Ntotal

A + 2Bρν(ν12)
{1 − e−[A+2Bρν(ν12)]t} (15.16)

N2(t → ∞)
Ntotal

=
Bρν(ν12)

A + 2Bρν(ν12)
(15.17)

N2

Ntotal
=

N2

N1 + N2
<

1
2

(15.18)

Ntotal = N1(t) + N2(t) + N3(t) (15.19)

dN2(t)
dt

= 0 = A32N3 − A21N2 + ρν(ν32)B32N3 − ρν(ν32)B32N2 (15.20)

N3[A32 + B32ρν(ν32)] = N2[A21 + B32ρν(ν32)] (15.21)



N3

N2
=

A21 + B32ρν(ν32)
A32 + B32ρν(ν32)

(15.22)

Φ =
number of molecules that undergo reaction

number of photons absorbed
(15.23)

ICN(g) + hν −→ I(g) + CN(g) (15.24)





Chapter 16

The Properties of Gases

P =
mg

A
=

ρhAg

A
= ρhg (16.1)

T = lim
P→0

PV

R
(16.2)

t/◦C = T/K − 273.15 (16.3)

(
P +

a

V
2

)
(V − b) = RT (16.4)

Z =
PV

RT
=

V

V − b
− a

RTV
(16.5)

P =
RT

V − B
− A

T 1/2V (V + B)
(16.6)

P =
RT

V − β
− α

V (V + β) + β(V − β)
(16.7)

V
3 − RT

P
V

2 −
(

B2 +
BRT

P
− A

T 1/2P

)
V − AB

T 1/2P
= 0 (16.8)

V
3 −

(
b +

RT

P

)
V

2 +
a

P
V − ab

P
= 0 (16.9)

V
3 − 3V cV

2 + 3V
2
cV − V

3
c = 0 (16.10)
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3V c = b +
RTc

Pc
, 3V

2
c =

a

Pc
, and V

3
c =

ab

Pc
(16.11)

V c = 3.8473B, Pc = 0.029894
A2/3R1/3

B5/3 , and Tc = 0.34504
(

A

BR

)2/3

(16.12)

PcV c

RTc
=

1
R

(
a

27b2

)
(3b)

(
27bR

8a

)
=

3
8

= 0.375 (16.13)

PcV c

RTc
=

1
R

(
0.029894A2/3R1/3

B5/3

)
(3.8473β)

(
[BR]2/3

0.34504A2/3

)
= 0.33333

(16.14)

a =
27(RTc)2

64Pc
and b =

RTc

8Pc
(16.15)

A = 0.42748
R2T

5/2
c

Pc
and B = 0.086640

RTc

Pc
(16.16)

(
PR +

3

V
2
R

)(
V R − 1

3

)
=

8
3
TR (16.17)

Z =
V R

V R − 1
3

− 9
8V RTR

(16.18)

Z =
V R

V R − 0.25992
− 1.2824

T
3/2
R (V R + 0.25992)

(16.19)

Z =
PV

RT
= 1 +

B2V (T )
V

+
B3V (T )

V
2 + · · · (16.20)

Z =
PV

RT
= 1 + B2P (T )P + B3P (T )P 2 + · · · (16.21)

B2V (T ) = RTB2P (T ) (16.22)

B2V (T ) = −2πNA

∫ ∞

0
[e−u(r)/kBT − 1]r2dr (16.23)



u(r) −→ − c6

r6 (16.24)

u(r) −→ cn

rn
(16.25)

u(r) =
c12

r12 − c6

r6 (16.26)

u(r) = 4ε

[(
σ

r

)12
−
(

σ

r

)6
]

(16.27)

B2V (T ) = −2πNA

∫ ∞

0

[
exp

{
− 4ε

kBT

[(
σ

r

)12
−
(

σ

r

)6
]}

− 1

]
r2dr

(16.28)

B∗
2V (T ∗) = −3

∫ ∞

0

[
exp

{
− 4

T ∗ (x−12 − x−6)
}

− 1
]
x2dx (16.29)

B2V (T ) = V − V ideal (16.30)

ud.d(r) = − 2µ2
1µ

2
2

(4πε0)2(3kBT )
1
r6 (16.31)

µinduced = αE (16.32)

uinduced(r) = − µ2
1α2

(4πε0)2r6 − µ2
2α1

(4πε0)2r6 (16.33)

udisp(r) = −3
2

(
I1I2

I1 + I2

)
α1α2

(4πε0)2
1
r6 (16.34)

C6 =
2µ4

3(4πε0)2kBT
+

2αµ2

(4πε0)2
+

3
4

Iα2

(4πε0)2
(16.35)

u(r) =
∞ r < σ
0 r > σ

(16.36)



B2V (T ) = −2πNA

∫ ∞

0
[e−u(r)/kBT − 1]r2dr

= −2πNA

∫ σ

0
[0 − 1]r2dr − 2πNA

∫ ∞

σ
[e0 − 1]r2dr

=
2πσ3NA

3
(16.37)

u(r) =
∞ r < σ
−ε σ < r < λσ

0 r > λσ
(16.38)

B2V (T ) = −2πNA

∫ σ

0
[0 − 1]r2dr − 2πNA

∫ λσ

σ
[eε/kBT − 1]r2dr

−2πNA

∫ ∞

λσ
[e0 − 1]r2dr

=
2πσ3NA

3
− 2πσ3NA

3
(λ3 − 1)(eε/kBT − 1)

=
2πσ3NA

3
[1 − (λ3 − 1)(eε/kBT − 1)] (16.39)

P =
RT

V − b
− a

V
2

=
RT

V

1
(1 − b

V
)

− a

V
2 (16.40)

B2V (T ) = b − a

RT
(16.41)

u(r) =
∞ r < σ

− c6

r6 r > σ
(16.42)

B2V (T ) =
2πσ3NA

3
− 2πNAc6

kBT

∫ ∞

σ

r2dr

r6

=
2πσ3NA

3
− 2πσ3NAc6

3kBT
(16.43)



B2V (T ) = B − A

RT 3/2 (16.44)

B2V (T ) = β − α

RT
(16.45)





Chapter 17

The Boltzmann Factor and
Partition Functions

ĤNΨj = EjΨj j = 1, 2, 3, . . . (17.1)

Ej(N, V ) = ε1 + ε2 + · · · + εN (17.2)

εnxnynz =
h2

8ma2

(
n2

x + n2
y + n2

z

)
(17.3)

a2

a1
= f(E1, E2) (17.4)

f (E1, E2) = f (E1 − E2) (17.5)

a2

a1
= f (E1 − E2) (17.6)

a3

a2
= f (E2 − E3) and

a3

a1
= f (E1 − E3) (17.7)

f (E1 − E3) = f (E1 − E2) f (E2 − E3) (17.8)

a2

a1
= eβ(E1−E2) (17.9)

al

ai
= eβ(Ei−El) (17.10)
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aj = Ce−βEj (17.11)

aj

A =
e−βEj∑
j e−βEj

(17.12)

pj =
e−βEj∑
i e

−βEi
(17.13)

Q(N, V, β) =
∑

i

e−βEi(N,V ) (17.14)

pj(N, V, β) =
e−βEj(N,V )

Q(N, V, β)
(17.15)

β =
1

kBT
(17.16)

pj(N, V, T ) =
e−Ej(N,V )/kBT

Q(N, V, T )
(17.17)

〈E〉 =
∑
j

pj(N, V, β)Ej(N, V ) =
∑
j

Ej(N, V )e−βEj(N,V )

Q(N, V, β)
(17.18)

(
∂ lnQ(N, V, β)

∂β

)
N,V

=
1

Q(N, V, β)

(
∂
∑

e−βEj(N,V )

∂β

)
N,V

=
1

Q(N, V, β)

∑
j

[−Ej(N, V )]e−βEj(N,V )

= −
∑
j

Ej(N, V )e−βEj(N,V )

Q(N, V, β)
(17.19)

〈E〉 = −
(

∂ lnQ

∂β

)
N,V

(17.20)

〈E〉 = kBT 2
(

∂ lnQ

∂T

)
N,V

(17.21)

Q(N, V, β) =
[q(V, β)]N

N !
(17.22)



q(V, β) =
(

2πm

h2β

)3/2
V (17.23)

U =
3
2
RT + RT +

NAhν

2
+

NAhνe−βhν

1 − e−βhν
(17.24)

CV =
(

∂〈E〉
∂T

)
N,V

=
(

∂U

∂T

)
N,V

(17.25)

CV = 3
2R

(
monatomic
ideal gas

)
(17.26)

CV =
5
2
R + NAhν

∂

∂T

(
e−βhν

1 − e−βhν

)

=
5
2
R − NAhν

kBT 2
∂

∂β

(
e−βhν

1 − e−βhν

) (
diatomic
ideal gas

)

=
5
2
R + R

(
hν

kBT

)2 e−hν/kBT

(1 − e−hν/kBT )2
(17.27)

Q = e−βU0

(
e−βhν/2

1 − e−βhν

)3N

(17.28)

CV = 3R

(
hν

kBT

)2 e−hν/kBT

(1 − e−hν/kBT )2
(17.29)

Pj(N, V ) = −
(

∂Ej

∂V

)
N

(17.30)

〈P 〉 =
∑
j

pj(N, V, β)
(

−∂Ej

∂V

)
N

=
∑
j

(
−∂Ej

∂V

)
N

e−βEj(N,V )

Q(N, V, β)
(17.31)

〈P 〉 = kBT

(
∂ lnQ

∂V

)
N,β

(17.32)

Q(N, V, T ) =
∑

i

e−βεa
i

∑
j

e−βεb
j
∑
k

e−βεc
k · · ·

= qa(V, T )qb(V, T )qc(V, T ) · · · (17.33)



q(V, T ) =
∑

i

e−βεi =
∑

i

e−εi/kBT (17.34)

Q(N, V, T ) = [q(V, T )]N
(

independent, distinguishable
atoms or molecules

)
(17.35)

Q =

⎡
⎣e−βu0

(
e−βhν/2

1 − e−βhν

)3
⎤
⎦N

(17.36)

Q(N, V, T ) =
∑

i,j,k,...

e−β(εi+εj+εk+···) (17.37)

Q(N, V, T ) =
[q(V, T )]N

N !

(
independent, indistinguishable

atoms or molecules

)
(17.38)

q(V, T ) =
∑
j

e−εj/kBT (17.39)

N

V

(
h2

8mkBT

)3/2

� 1 (17.40)

〈E〉 = kBT 2
(

∂ lnQ

∂T

)
N,V

= NkBT 2
(

∂ ln q

∂T

)
V

= N
∑
j

εj
e−εj/kBT

q(V, T )
(17.41)

〈E〉 = N〈ε〉 (17.42)

〈ε〉 =
∑
j

εj
e−εj/kBT

q(V, T )
(17.43)

πj =
e−εj/kBT

q(V, T )
=

e−εj/kBT∑
j e−εj/kBT

(17.44)



ε = εtrans
i + εrot

j + εvib
k + εelec

l (17.45)

q(V, T ) = qtransqrotqvibqelec (17.46)

qtrans =
∑
j

e−εtrans
j /kBT (17.47)

πijkl =
e−εtrans

i /kBT e−εrot
j /kBT e−εvib

k /kBT e−εelec
l /kBT

qtransqrotqvibqelec
(17.48)

πvib
k =

∑
i,j,l

πijkl =

(∑
i e

−εtrans
i /kBT

) (∑
j e−εrot

j /kBT
) (∑

l e
−εelec

l /kBT
)

e−εvib
k /kBT

qtransqrotqvibqelec

=
e−εvib

k /kBT

qvib
=

e−εvib
k /kBT∑

k e−εvib
k

/kBT
(17.49)

〈εvib〉 =
∑
k

εvib
k

e−εvib
k /kBT

qvib

= kBT 2 ∂ ln qvib

∂T
= −∂ ln qvib

∂β
(17.50)

〈εtrans〉 = kBT 2
(

∂ ln qtrans

∂T

)
V

= −
(

∂ ln qtrans

∂β

)
V

(17.51)

〈εrot〉 = kBT 2 ∂ ln qrot

∂T
= −∂ ln qrot

∂β
(17.52)

q(V, T ) =
∑

j

(states)

e−εj/kBT (17.53)

q(V, T ) =
∑

j

(levels)

gie
−εj/kBT (17.54)

qrot(T ) =
∞∑

J=0

(2J + 1)e−h̄2J(J+1)/2IkBT (17.55)





Chapter 18

Partition Functions and
Ideal Gases

q(V, T ) = qtrans(V, T )qelec(T ) (18.1)

εnxnynz =
h2

8ma2

(
n2

x + n2
y + n2

z

)
nx, ny, nz = 1, 2, . . . (18.2)

qtrans =
∞∑

nx,ny ,nz=1
e−βεnxnynz =

∞∑
nx=1

∞∑
ny=1

∞∑
nz=1

exp

[
− βh2

8ma2

(
n2

x + n2
y + n2

z

)]

(18.3)

qtrans(V, T ) =

[ ∞∑
n=1

exp

(
−βh2n2

8ma2

)]3

(18.4)

qtrans(V, T ) =
(∫ ∞

0
e−βh2n2/8ma2

dn

)3
(18.5)

qtrans(V, T ) =
(

2πmkBT

h2

)3/2
V (18.6)

〈εtrans〉 = kBT 2
(

∂ ln qtrans

∂T

)
V

= kBT 2
(

∂

∂T

[
3
2

lnT + terms independent of T

])
V

= 3
2kBT (18.7)
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qelec =
∑

i

geie
−βεei (18.8)

qelec(T ) = ge1 + ge2e
−βεe2 + · · · (18.9)

f2 =
ge2e

−βεe2

qelec(T )

=
ge2e

−βεe2

ge1 + ge2e−βεe2 + ge3e−βεe3 + · · ·

=
3e−βεe2

1 + 3e−βεe2 + 2e−βεe3 + · · · (18.10)

qelec(T ) ≈ ge1 + ge2e
−βεe2 (18.11)

Q(N, V, T ) =
(qtransqelec)

N

N !
(18.12)

qtrans(V, T ) =
(

2πmkBT

h2

)3/2
V

qelec(T ) = ge1 + ge2e
−βεe2 + · · ·

(18.13)

U = kBT 2
(

∂ lnQ

∂T

)
N,V

= NkBT 2
(

∂ ln q

∂T

)
V

=
3
2
NkBT+

Nge2εe2e
−βεe2

qelec
+· · ·

(18.14)

P = kBT

(
∂ lnQ

∂V

)
N,T

= NkBT

(
∂ ln q

∂V

)
T

= NkBT

[
∂

∂V
(lnV + terms not involving V )

]
T

=
NkBT

V
(18.15)

ε = εtrans + εrot + εvib + εelec (18.16)



Q(N, V, T ) =
[q(V, T )]N

N !
(18.17)

q(V, T ) = qtransqrotqvibqelec (18.18)

Q(N, V, T ) =
(qtransqrotqvibqelec)

N

N !
(18.19)

qtrans(V, T ) =
[
2π(m1 + m2)kBT

h2

]3/2

V (18.20)

qelec = ge1e
De/kBT + ge2e

−εe2/kBT (18.21)

εv =
(

v +
1
2

)
hν v = 0, 1, 2, . . . (18.22)

qvib(T ) =
e−βhν/2

1 − e−βhν
(18.23)

qvib(T ) =
e−Θvib/2T

1 − e−Θvib/T
(18.24)

〈Evib〉 = NkBT 2 d ln qvib

dT
= NkB

(
Θvib

2
+

Θvib

eΘvib/T − 1

)
(18.25)

Cvib =
d〈Evib〉

dT
= R

(
Θvib

T

)2 e−Θvib/T(
1 − e−Θvib/T

)2 (18.26)

fv =
e−βhν(v+ 1

2 )

qvib
(18.27)

fv =
(
1 − e−βhν

)
e−βhνv =

(
1 − e−Θvib/T

)
e−vΘvib/T (18.28)

fv>0 = e−Θvib/T = e−βhν (18.29)

qrot(T ) =
∞∑

J=0

(2J + 1)e−βh̄2J(J+1)/2I (18.30)



Θrot =
h̄2

2IkB
=

h

kBB
(18.31)

qrot(T ) =
∞∑

J=0

(2J + 1)e−ΘrotJ(J+1)/T (18.32)

qrot(T ) =
∫ ∞

0
e−Θrotx/T dx

=
T

Θrot
=

8π2IkBT

h2 Θrot � T (18.33)

fJ =
(2J + 1)e−ΘrotJ(J+1)/T

qrot

= (2J + 1)(Θrot/T )e−ΘrotJ(J+1)/T (18.34)

Jmp ≈
(

T

2Θrot

)1/2
− 1

2
(18.35)

qrot(T ) =
T

2Θrot
(18.36)

qrot(T ) =
T

σΘrot
(18.37)

q(V, T ) = qtransqrotqvibqelec

=
(

2πMkBT

h2

)3/2
V · T

σΘrot
· e−Θvib/2T

1 − e−Θvib/T
· ge1e

De/kBT

(18.38)

U =
3
2
RT + RT + R

Θvib

2
+ R

Θvibe
−Θvib/T

1 − e−Θvib/T
− NADe (18.39)

CV

R
=

5
2

+
(

Θvib

T

)2 e−ΘvibT

(1 − e−ΘvibT )2
(18.40)



Q(N, V, T ) =
(qtransqrotqvibqelec)N

N !
(18.41)

qtrans(V, T ) =
[
2πMkBT

h2

]3/2
V (18.42)

qelec = ge1e
De/kBT + · · · (18.43)

εvib =
α∑

j=1

(
vj + 1

2

)
hνj vj = 0, 1, 2, . . . (18.44)

qvib =
α∏

j=1

e−Θvib,j/2T(
1 − e−Θvib,j/T

) (18.45)

Evib = NkB

α∑
j=1

(
Θvib,j

2
+

Θvib,je
−Θvib,j/T

1 − e−Θvib,j/T

)
(18.46)

CV,vib = NkB

α∑
j=1

[(
Θvib,j

T

)2 e−Θvib,j/T

(1 − e−Θvib,j/T )2

]
(18.47)

Θvib,j =
hνj

kB
(18.48)

qrot =
8π2IkBT

σh2 =
T

σΘrot
(18.49)

Θr,j =
h̄2

2IjkB
j = A, B, C (18.50)

εJ =
J(J + 1)h̄2

2I

gJ = (2J + 1)2 J = 0, 1, 2, . . .

(18.51)

qrot(T ) =
∞∑

J=0

(2J + 1)2e−h̄2J(J+1)/2IkBT (18.52)

qrot(T ) =
π1/2

σ

(
T

Θrot

)3/2
spherical top (18.53)



qrot(T ) =
π1/2

σ

(
T

Θrot,A

)(
T

Θrot,C

)1/2

symmetric top (18.54)

qrot(T ) =
π1/2

σ

(
T 3

Θrot,AΘrot,BΘrot,C

)1/2

asymmetric top (18.55)

q(V, T ) =
(

2πMkBT

h2

)3/2
V · T

σΘrot
·

⎛
⎝3n−5∏

j=1

e−Θvib,j/2T

1 − e−Θvib,j/T

⎞
⎠ · ge1e

De/kBT

(18.56)

U

NkBT
=

3
2

+
2
2

+
3n−5∑
j=1

(
Θvib,j

2T
+

Θvib,j/T

eΘvib,j/T − 1

)
− De

kBT
(18.57)

CV

NkB
=

3
2

+
2
2

+
3n−5∑
j=1

(
Θvib,j

T

)2 eΘvib,j/T

(eΘvib,j/T − 1)2
(18.58)

q(V, T ) =
(

2πMkBT

h2

)3/2
V ·π

1/2

σ

(
T 3

Θrot,AΘrot,BΘrot,C

)1/2

·

⎡
⎣3n−6∏

j=1

e−Θvib,j/2T

(1 − e−Θvib,j/T )

⎤
⎦·ge1e

De/kBT

(18.59)

U

NkBT
=

3
2

+
3
2

+
3n−6∑
j=1

(
Θvib,j

2T
+

Θvib,j/T

eΘvib,j/T − 1

)
− De

kBT
(18.60)

CV

NkB
=

3
2

+
3
2

+
3n−6∑
j=1

(
Θvib,j

T

)2 eΘvib,j/T

(eΘvib,j/T − 1)2
(18.61)

∆ = e−α(n+1)2 − e−αn2
= e−αn2

[
e−α(2n+1) − 1

]
(18.62)



Chapter 19

The First Law of
Thermodynamics

w = −Pext∆V (19.1)

w = −
∫ V f

V i

PextdV (19.2)

∫ 2

1
dU = U2 − U1 = ∆U (19.3)

wrev = −
∫ 2

1
PgasdV = −

∫ 2

1

nRT

V
dV = −nRT

∫ 2

1

dV

V

= −nRT ln
V 2

V 1
(19.4)

∫ 2

1
δw = w (not ∆w or w2 − w1) (19.5)

∫ 2

1
dU = U2 − U1 = ∆U (U is a state function) (19.6)

∫ 2

1
δw = w (not w2 − w1) (path function) (19.7)
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∫ 2

1
δq = q (not q2 − q1) (path function) (19.8)

dU = δq + δw (19.9)

∆U = q + w (19.10)

∆UA = 0 (19.11)

δwrev,A = −δqrev,A = −RT1

V
dV (19.12)

wrev,A = −qrev,A = −RT1

∫ V 2

V 1

dV

V
= −RT1 ln

V 2

V 1
(19.13)

dU = δw (19.14)

qrev,B = 0 (19.15)

wrev,B = ∆UB =
∫ T2

T1

(
∂U

∂T

)
V

dT =
∫ T2

T1

CV (T )dT (19.16)

qrev,C = ∆UC =
∫ T1

T2

CV (T )dT (19.17)

qrev,B+C = qrev,B + qrev,C = 0 +
∫ T1

T2

CV (T )dT

=
∫ T1

T2

CV (T )dT (19.18)

wrev,B+C = wrev,B + wrev,C =
∫ T2

T1

CV (T )dT + 0

=
∫ T2

T1

CV (T )dT (19.19)



CV (T )dT = −RT

V
dV (19.20)

∫ T2

T1

CV (T )
T

dT = −R

∫ V 2

V 1

dV

V
= −R ln

V 2

V 1
(19.21)

(
T2

T1

)3/2
=

V 1

V 2

(
monatomic
ideal gas

)
(19.22)

P1V
5/3
1 = P2V

5/3
2 (19.23)

U =
∑
j

pj(N, V, β)Ej(N, V ) (19.24)

pj(N, V, β) =
e−βEj(N,V )

Q(N, V, β)
(19.25)

dU =
∑
j

pjdEj +
∑
j

Ejdpj (19.26)

dU =
∑
j

pj(N, V, β)
(

∂Ej

∂V

)
N

dV +
∑
j

Ej(N, V )dpj(N, V, β) (19.27)

dU = δwrev + δqrev (19.28)

δwrev =
∑
j

pj(N, V, β)
(

∂Ej

∂V

)
N

dV (19.29)

δqrev =
∑
j

Ej(N, V )dpj(N, V, β) (19.30)

P = −
∑
j

pj(N, V, β)
(

∂Ej

∂V

)
N

= −
〈(

∂E

∂V

)
N

〉
(19.31)

∆U = q + w = q −
∫ V 2

V 1

PextdV (19.32)

∆U = qV (19.33)



qP = ∆U + Pext

∫ V 2

V 1

dV = ∆U + Pext∆V (19.34)

H = U + PV (19.35)

∆H = ∆U + P∆V (constant pressure) (19.36)

qP = ∆H (19.37)

∆H = ∆U + RT∆ngas (19.38)

CV =
(

∂U

∂T

)
V

≈ ∆U

∆T
=

qV

∆T
(19.39)

CP =
(

∂H

∂T

)
P

≈ ∆H

∆T
=

qP

∆T
(19.40)

H = U + nRT (ideal gas) (19.41)

dH

dT
=

dU

dT
+ nR (19.42)

CP − CV = nR (ideal gas) (19.43)

H(T2) − H(T1) =
∫ T2

T1

CP (T )dT (19.44)

H(T ) − H(0) =
∫ T

0
CP (T ′)dT ′ (19.45)

H(T ) − H(0) =
∫ Tfus

0
Cs

P (T )dT + ∆fusH +
∫ T

Tfus

C l
P (T ′)dT ′ (19.46)

∆rH = Hprod − Hreact (19.47)

∆rH(reverse) = −∆rH(forward) (19.48)



C(s) + O2(g) −→ CO2(g) (19.49)

2 C(s) + 2 O2(g) −→ 2 CO2(g) (19.50)

2 C(s) + H2(g) −→ C2H2(g) (19.51)

∆rH = y∆fH
◦[Y] + z∆fH

◦[Z] − a∆fH
◦[A] − b∆fH

◦[B] (19.52)

∆rH(T2) = y[HY (T2) − HY (0)] + z[HZ(T2) − HZ(0)]
− a[HA(T2) − HA(0)] − b[HB(T2) − HB(0)] (19.53)

HX(T2) − HX(0) =
∫ T2

0
CP,X(T )dT (19.54)

∆rH(T1) = y[HY (T1) − HY (0)] + z[HZ(T2) − HZ(0)]
−a[HA(T1) − HA(0)] − b[HB(T1) − HB(0)] (19.55)

HX(T1) − HX(0) =
∫ T1

0
CP,X(T )dT (19.56)

∆rH(T2) = ∆rH(T1) +
∫ T2

T1

∆CP (T )dT (19.57)

∆CP (T ) = yCP,Y(T ) + zCP,Z(T ) − aCP,A(T ) − bCP,B(T ) (19.58)





Chapter 20

Entropy and the Second
Law of Thermodynamics

δqrev = dU − δwrev = CV (T )dT + PdV

= CV (T )dT +
nRT

V
dV (20.1)

δqrev

T
=

CV (T )dT

T
+

nR

V
dV (20.2)

dS =
δqrev

T
(20.3)

∮
dS = 0 (20.4)

∮
δqrev

T
= 0 (20.5)

δqrev,A =
RT1

V
dV (20.6)

δqrev,B = 0 (20.7)

∫ T2

T1

CV (T )
T

dT = −R ln
V2

V1
(20.8)
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∆SA =
∫ 2

1

δqrev,A

T1
=
∫ V2

V1

1
T1

RT1

V
dV

= R

∫ V2

V1

dV

V
= R ln

V2

V1
(20.9)

∆SB+C = ∆SB + ∆SC = 0 + R ln
V2

V1
= R ln

V2

V1
(20.10)

δqrev,D = dUD − δwrev,D = CV (T )dT + P1dV (20.11)

δqrev,E = dUE = CV (T )dT (20.12)

UA + UB = constant

VA = constant VB = constant

S = SA + SB

(20.13)

dUA = δqrev + δwrev = TAdSA

dUB = δqrev + δwrev = TBdSB

(20.14)

dS = dSA + dSB

=
dUA

TA
+

dUB

TB
(20.15)

dS = dUB

(
1

TB
− 1

TA

)
(20.16)

dS > 0 (spontaneous process in an isolated system)

dS = 0 (reversible process in an isolated system)
(20.17)

dS = dSprod + dSexch

= dSprod +
δq

T
(20.18)



dS =
δqrev

T
(20.19)

dS >
δqirr

T
(20.20)

dS ≥ δq

T
(20.21)

∆S ≥
∫

δq

T
(20.22)

W (a1, a2, a3, . . .) =
A!

a1!a2!a3! . . .
=

A!∏
j aj !

(20.23)

S = kB lnW (20.24)

S = kB ln Ω (20.25)

∆mixS/R = −y1 ln y1 − y2 ln y2 (20.26)

∆S =
∫ 2

1

δqrev

T
(20.27)

∆S =
∫ 2

1

δqrev

T
= −

∫ 2

1

δwrev

T
= nR

∫ V2

V1

dV

V
= nR ln

V2

V1
(20.28)

∆S = −nN2R ln
nN2

nN2 + nBr2
− nBr2R ln

nBr2
nN2 + nBr2

(20.29)

∆mixS = −R
N∑

j=1

yj ln yj (20.30)

∆S = CV ln
T2

T1
(20.31)

∆S = ∆Sh + ∆Sc

= CV ln
(Th + Tc)2

4ThTc
(20.32)



∆Uengine = w + qrev,h + qrev,c = 0 (20.33)

∆Sengine =
δqrev,h

Th
+

δqrev,c

Tc
= 0 (20.34)

efficiency = 1 − Tc

Th
=

Th − Tc

Th
(20.35)

U = kBT 2
(

∂ lnQ

∂T

)
N,V

= −
(

∂ lnQ

∂β

)
N,V

(20.36)

P = kBT

(
∂ lnQ

∂V

)
N,T

(20.37)

Sensemble = kB ln
A!∏
j aj !

= kB lnA! − kB
∑
j

ln aj !

= kBA lnA − kBA − kB
∑
j

aj ln aj + kB
∑
j

aj

= kBA lnA − kB
∑
j

aj ln aj (20.38)

Sensemble = kBA lnA − kB
∑
j

pjA ln pjA

= kBA lnA − kB
∑
j

pjA ln pj − kB
∑
j

pjA lnA

(20.39)

Ssystem = −kB
∑
j

pj ln pj (20.40)

pj(N, V, β) =
e−βEj(N,V )

Q(N, V, β)
(20.41)



S = −kB
∑
j

pj ln pj

= −kB
∑
j

e−βEj

Q
(−βEj − lnQ)

= βkB
∑
j

Eje
−βEj

Q
+

kB lnQ

Q

∑
j

e−βEj

=
U

T
+ kB lnQ (20.42)

S = kBT

(
∂ lnQ

∂T

)
N,V

+ kB lnQ (20.43)

S =
3
2
R + R ln

[(
2πmkBT

h2

)3/2
V

]
− kB lnNA! (20.44)

S =
5
2
R + R ln

[(
2πmkBT

h2

)3/2 V

NA

]
(20.45)

dS = −kB
∑
j

ln pjdpj (20.46)

dS = βkB
∑
j

Ej(N, V )dpj(N, V, β) (20.47)

dS = βkBδqrev (20.48)





Chapter 21

Entropy and the Third Law
of Thermodynamics

dU = TdS − PdV (21.1)

(
∂S

∂T

)
V

=
CV

T
(21.2)

(
∂S

∂V

)
T

=
1
T

[
P +

(
∂U

∂V

)
T

]
(21.3)

dU =
(

∂U

∂T

)
V

dT +
(

∂U

∂V

)
T

dV (21.4)

∆S = S(T2) − S(T1) =
∫ T2

T1

CV (T )dT

T
(constant V ) (21.5)

dH = TdS + V dP (21.6)

(
∂S

∂T

)
P

=
CP (T )

T
(21.7)

(
∂S

∂P

)
T

=
1
T

[(
∂H

∂P

)
T

− V

]
(21.8)

∆S = S(T2) − S(T1) =
∫ T2

T1

CP (T )dT

T
(constant P ) (21.9)
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S(T ) = S(T = 0) +
∫ T

0

CP (T ′)dT ′

T ′ (constant P ) (21.10)

S = kB lnW (21.11)

S = −kB
∑
j

pj ln pj (21.12)

S(0 K) = −kB

n∑
j=1

1
n

ln
1
n

= kB lnn (21.13)

S(T ) =
∫ T

0

CP (T ′)dT ′

T ′ (21.14)

∆trsS =
qrev

Ttrs
(21.15)

∆trsS =
∆trsH

Ttrs
(21.16)

S(T ) =
∫ Tfus

0

Cs
P (T )dT

T
+

∆fusH

Tfus
+
∫ Tvap

Tfus

C l
P (T )dT

T

+
∆Hvap

Tvap
+
∫ T

Tvap

Cg
P (T ′)dT ′

T ′ (21.17)

S(T ) =
∫ T

0

CP (T ′)dT ′

T ′ =
12π4R

5Θ3
D

∫ T

0
T ′2dT ′

=
12π4R

5Θ3
D

T 3

3
=

CP (T )
3

(21.18)

S = kB lnQ + kBT

(
∂ lnQ

∂T

)
N,V

(21.19)

Q(N, V, T ) =
∑
j

e−Ej(N,V )/kBT (21.20)



S = kB ln
∑
j

e−Ej/kBT +
1
T

∑
j Eje

−Ej/kBT∑
j e−Ej/kBT

(21.21)

Q(N, V, T ) =
[q(V, T )]N

N !
(21.22)

q(V, T ) =
(

2πmkBT

h2

)3/2
V ·ge1 (21.23)

q(V, T ) =
(

2πMkBT

h2

)3/2
V · T

σΘrot
· e−Θvib/2T

1 − e−Θvib/T
· ge1e

De/kBT (21.24)

q(V, T ) =
(

2πMkBT

h2

)3/2
V · T

σΘrot
·

⎡
⎣3n−5∏

j=1

e−Θvib/2T

1 − e−Θvib/T

⎤
⎦·ge1e

De/kBT (21.25)

q(V, T ) =
(

2πMkBT

h2

)3/2
V·π

1/2

σ

(
T 3

ΘAΘBΘC

)1/2
⎡
⎣3n−6∏

j=1

e−Θvib/2T

1 − e−Θvib/T

⎤
⎦ ge1e

De/kBT

(21.26)

S = NkB + NkB ln
[
q(V, T )

N

]
+ NkBT

(
∂ ln q

∂T

)
V

(21.27)

S

R
= ln

[(
2πMkBT

h2

)3/2 V e5/2

NA

]
+ ln

Te

2Θrot
− ln(1 − e−Θvib/T )

+
Θvib/T

eΘvib/T − 1
+ ln ge1 (21.28)





Chapter 22

Helmholtz and Gibbs
Energies

dU = δq + δw (22.1)

dU ≤ TdS (constant V ) (22.2)

d(U − TS) ≤ 0 (constant T and V ) (22.3)

A = U − TS (22.4)

dA ≤ 0 (constant T and V ) (22.5)

∆A = ∆U − T∆S (22.6)

∆A = ∆U − T∆S ≤ 0 (constant T and V ) (22.7)

∆A = ∆U − T∆S (22.8)

∆A = wrev (isothermal, reversible) (22.9)

d(U − TS + PV ) ≤ 0 (constant T and P ) (22.10)
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G = U − TS + PV (22.11)

dG ≤ 0 (constant T and P ) (22.12)

G = H − TS (22.13)

G = A + PV (22.14)

∆G = ∆H − T∆S ≤ 0 (constant T and P ) (22.15)

∆G = wnPV (reversible, constant T and P ) (22.16)

dA = −PdV − SdT (22.17)

(
∂P

∂T

)
V

=
(

∂S

∂V

)
T

(22.18)

∆S =
∫ V2

V1

(
∂P

∂T

)
V

dV (constant T ) (22.19)

∆S = R

∫ V 2

V 1

dV

V
= R ln

V 2

V 1
(isothermal process) (22.20)

(
∂U

∂V

)
T

= −P + T

(
∂P

∂T

)
V

(22.21)

CP − CV = T

(
∂P

∂T

)
V

(
∂V

∂T

)
P

(22.22)

CP − CV = −T

(
∂V

∂T

)2

P

(
∂P

∂V

)
T

(22.23)

κ = − 1
V

(
∂V

∂P

)
T

(22.24)



α =
1
V

(
∂V

∂T

)
P

(22.25)

CP − CV =
α2TV

κ
(22.26)

∆A = −
∫ V2

V1

PdV (constant T ) (22.27)

∆A = −nRT

∫ V2

V1

dV

V
= −nRT ln

V2

V1
(constant T ) (22.28)

dG = −SdT + V dP (22.29)

−
(

∂S

∂P

)
T

=
(

∂V

∂T

)
P

(22.30)

∆S = −
∫ P2

P1

(
∂V

∂T

)
P

dP (constant T ) (22.31)

(
∂H

∂P

)
T

= V − T

(
∂V

∂T

)
P

(22.32)

dU = TdS − PdV (22.33)

dU =
(

∂U

∂S

)
V

dS +
(

∂U

∂V

)
S

dV (22.34)

(
∂U

∂S

)
V

= T and
(

∂U

∂V

)
S

= −P (22.35)

dU =
[
T

(
∂P

∂T

)
V

− P

]
dV + CV dT (22.36)

dS =
1
T

dU + PdV (22.37)

(
∂S

∂U

)
V

=
1
T

and
(

∂S

∂V

)
U

= P (22.38)



dH = TdS + V dP (22.39)

dA = −SdT − PdV (22.40)

(
∂A

∂T

)
V

= −S and
(

∂A

∂V

)
T

= −P (22.41)

(
∂S

∂V

)
T

= −
(

∂P

∂T

)
V

(22.42)

dG = −SdT + V dP (22.43)

(
∂G

∂T

)
P

= −S and
(

∂G

∂P

)
T

= V (22.44)

(
∂S

∂P

)
T

= −
(

∂V

∂T

)
P

(22.45)

dU = TdS − PdV (22.46)

dH = TdS + V dP (22.47)

dA = −SdT − PdV (22.48)

dG = −SdT + V dP (22.49)

S(P id) − S(1 bar) = −
∫ P id

1 bar

(
∂V

∂T

)
P

dP

=
∫ 1 bar

P id

(
∂V

∂T

)
P

dP (constant T ) (22.50)

S◦(1 bar) − S(P id) = −
∫ 1 bar

P id

R

P
dP (22.51)



S◦(at 1 bar) − S(at 1 bar) =
∫ 1 bar

P id

[(
∂V

∂T

)
P

− R

P

]
dP (22.52)

PV

RT
= 1 +

B2V (T )
RT

P + · · · (22.53)

S◦(at 1 bar) = S(at 1 bar) +
dB2V

dT
× (1 bar) + · · · (22.54)

∆G =
∫ P2

P1

V dP (constant T ) (22.55)

∆G = RT

∫ P2

P1

dP

P
= RT ln

P2

P1
(22.56)

G(T, P ) = G◦(T ) + RT ln(P/1 bar) (22.57)

(
∂G/T

∂T

)
P

= − H

T 2 (22.58)

(
∂∆G/T

∂T

)
P

= −∆H

T 2 (22.59)

H(T ) − H(0) =
∫ Tfus

0
Cs

P (T )dT + ∆fusH

+
∫ Tvap

Tfus

C l
P (T )dT + ∆vapH

+
∫ T

Tvap

Cg
P (T ′)dT ′

(22.60)

S(T ) =
∫ Tfus

0

Cs
P (T )
T

dT +
∆fusH

Tfus

+
∫ Tvap

Tfus

C l
P (T )
T

dT +
∆vapH

Tvap

+
∫ T

Tvap

Cg
P (T ′)
T ′ dT ′

(22.61)

G(T, P ) = G◦(T ) + RT ln
P

P ◦ (22.62)



(
∂G

∂P

)
T

= V (22.63)

G(T, P ) = G(P id, T ) + RT ln
P

P id + B2P (T )P +
B3P (T )P 2

2
+ · · · (22.64)

G(T, P ) = G◦(T ) + RT ln
P

P ◦ + B2P (T )P +
B3P (T )P 2

2
+ · · · (22.65)

G(T, P ) = G◦(T ) + RT ln
f

f◦ (22.66)

f(P, T )
f◦ =

P

P ◦ exp

[
B2P (T )P

RT
+

B3P (T )P 2

2RT
+ · · ·

]
(22.67)

∆G1 = G
id(T, P ) − G(T, P ) (22.68)

∆G1 = RT ln
P

f
(22.69)

ln
f

P
=
∫ P

0

(
V

RT
− 1

P ′

)
dP ′ (22.70)

γ =
f

P
(22.71)

ln γ =
∫ P

0

Z − 1
P ′ dP ′ (22.72)

ln γ =
∫ PR

0

(
Z − 1
P

′
R

)
dP

′
R (22.73)



Chapter 23

Phase Equilibria

dG =
(

∂Gg

∂ng

)
P,T

dng +

(
∂Gl

∂nl

)
P,T

dnl (23.1)

dG =

⎡
⎣(∂Gg

∂ng

)
P,T

−
(

∂Gl

∂nl

)
P,T

⎤
⎦ dng (23.2)

µg =
(

∂Gg

∂ng

)
P,T

and µl =

(
∂Gl

∂nl

)
P,T

(23.3)

dG = (µg − µl)dng (23.4)

µ =
(

∂G

∂n

)
P,T

=
(

∂nµ(T, P )
∂n

)
T,P

= µ(T, P ) (23.5)

µα(T, P ) = µβ(T, P ) (equilibrium between phases) (23.6)

(
∂µα

∂P

)
T

dP +
(

∂µα

∂T

)
P

dT =

(
∂µβ

∂P

)
T

dP +

(
∂µβ

∂T

)
P

dT (23.7)

(
∂µ

∂P

)
T

=

(
∂G

∂P

)
T

= V and
(

∂µ

∂T

)
P

=

(
∂G

∂T

)
P

= −S (23.8)
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dP

dT
=

S
β − S

α

V
β − V

α
=

∆trsS

∆trsV
(23.9)

dP

dT
=

∆trsH

T∆trsV
(23.10)

dP

dT
=

∆vapH

T (V g − V
l)

(23.11)

1
P

dP

dT
=

d lnP

dT
=

∆vapH

RT 2 (23.12)

ln
P2

P1
= −∆vapH

R

(
1
T2

− 1
T1

)
=

∆vapH

R

(
T2 − T1

T1T2

)
(23.13)

lnP = −∆vapH

RT
+ constant (23.14)

lnP = − A

RT
+

B

R
lnT +

C

R
T + K + O(T 2) (23.15)

lnP (torr) = −4124.4
T

− 1.81630 lnT + 34.4834 (23.16)

dP s

dT
= P s ∆subH

RT 2 (23.17)

dP l

dT
= P l ∆vapH

RT 2 (23.18)

dP s/dT

dP l/dT
=

∆subH

∆vapH
(23.19)

∆subH = ∆fusH + ∆vapH (23.20)

U = kBT 2
(

∂ lnQ

∂T

)
N,V

(23.21)

S = kBT

(
∂ lnQ

∂T

)
N,V

+ kB lnQ (23.22)



A = −kBT lnQ (23.23)

dA =
(

∂A

∂T

)
N,V

dT +
(

∂A

∂V

)
N,T

dV +
(

∂A

∂N

)
T,V

dN

= −SdT − PdV +
(

∂A

∂N

)
T,V

dN (23.24)

dA = −SdT − PdV +
(

∂A

∂n

)
T,V

dn (23.25)

µ =
(

∂G

∂n

)
T,P

=
(

∂A

∂n

)
T,V

(23.26)

µ = −kBT

(
∂ lnQ

∂n

)
V,T

= −RT

(
∂ lnQ

∂N

)
V,T

(23.27)

µ = −RT (ln q − lnN − 1 + 1)

= −RT ln
q(V, T )

N
(ideal gas) (23.28)

µ = −RT ln
[(

q

V

)
V

N

]
(23.29)

µ = −RT ln
[(

q

V

)
kBT

P

]

= −RT ln
[(

q

V

)
kBT

]
+ RT lnP (23.30)

µ(T, P ) = µ◦(T ) + RT lnP (23.31)

µ◦(T ) = −RT ln
[(

q

V

)
kBT

]
(23.32)

µ(T, P ) = µ◦(T ) + RT ln
P

P ◦ (23.33)



µ◦ = −RT ln
[(

q

V

)
kBT

]
+ RT lnP ◦

= −RT ln
[(

q

V

)
kBT

P ◦

]
(23.34)

q(V, T ) = e−ε0/kBT [1 + e−(ε1−ε0)/kBT + e−(ε2−ε0)/kBT + · · ·]
= e−ε0/kBT q0(V, T ) (23.35)

µ◦(T ) − E0 = −RT ln

[(
q0

V

)
kBT

P ◦

]

= −RT ln

[(
q0

V

)
RT

NAP ◦

]
(23.36)

q0(V, T ) =
(

2πmkBT

h2

)3/2
V · T

Θrot
· 1
1 − e−Θvib/T

(23.37)



Chapter 24

Solutions I: Liquid-Liquid
Solutions

dG =
(

∂G

∂T

)
P,n1,n2

dT +
(

∂G

∂P

)
T,n1,n2

dP

+
(

∂G

∂n1

)
P,T,n2

dn1 +
(

∂G

∂n2

)
P,T,n1

dn2 (24.1)

dG = −SdT + V dP + µ1dn1 + µ2dn2 (24.2)

µj = µj(T, P, n1, n2) =

(
∂G

∂nj

)
T,P,ni�=j

= Gj (24.3)

Y j = Y j(T, P, n1, n2) =

(
∂Y

∂nj

)
T,P,ni�=j

(24.4)

dG = µ1dn1 + µ2dn2 (24.5)

G(T, P, n1, n2) = µ1n1 + µ2n2 (24.6)

V (T, P, n1, n2) = V 1n1 + V 2n2 (24.7)

µj = Gj = Hj − TSj (24.8)
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dµj = −SjdT + V jdP (24.9)

n1dµ1 + n2dµ2 = 0 (constant T and P ) (24.10)

x1dµ1 + x2dµ2 = 0 (constant T and P ) (24.11)

µvap
j = µsln

j (24.12)

µsln
j = µvap

j = µ◦
j (T ) + RT lnPj (24.13)

µ∗
j (l) = µ∗

j (vap) = µ◦
j (T ) + RT lnP ∗

j (24.14)

µsln
j = µ∗

j (l) + RT ln
Pj

P ∗
j

(24.15)

Pj = xjP
∗
j (24.16)

µsln
j = µ∗

j (l) + RT lnxj (24.17)

Ptotal = P1 + P2 = x1P
∗
1 + x2P

∗
2 = (1 − x2)P ∗

1 + x2P
∗
2

= P ∗
1 + x2(P ∗

2 − P ∗
1 ) (24.18)

nl

nvap =
y2 − xa

xa − x2
(24.19)

∆mixG = Gsln(T, P, n1, n2) − G∗
1(T, P, n1) − G∗

2(T, P, n2) (24.20)

∆mixG
id = n1µ

sln
1 + n2µ

sln
2 − n1µ

∗
1 − n2µ

∗
2

= RT (n1 lnx1 + n2 lnx2) (24.21)



∆mixS
id = −

(
∂∆mixG

id

∂T

)
P,n1,n2

= −R(n1 lnx1 + n2 lnx2) (24.22)

∆mixV
id =

(
∂∆mixG

id

∂P

)
T,n1,n2

= 0 (24.23)

∆mixH
id = ∆mixG

id + T∆mixS
id = 0 (24.24)

P1 −→ x1P
∗
1 as x1 −→ 1 (24.25)

P1 −→ kH,1x1 as x1 −→ 0 (24.26)

Pj −→ xjP
∗
j as xj −→ 1

Pj −→ xjkH,j as xj −→ 0
(24.27)

x1

(
∂ lnP1

∂x1

)
T,P

dx1 + x2

(
∂ lnP2

∂x2

)
T,P

dx2 = 0 (24.28)

x1

(
∂ lnP1

∂x1

)
T,P

= x2

(
∂ lnP2

∂x2

)
T,P

(24.29)

n′

n′′ =
n′

1 + n′
2

n′′
1 + n′′

2
=

x′′
2 − x2

x2 − x′
2

(24.30)

µsln
j = µ∗

j + RT ln
Pj

P ∗
j

(24.31)

µsln
j = µ∗

j + RT lnxj (ideal solution) (24.32)

P1 = x1P
∗
1 exp(αx2

2 + βx3
2 + · · ·) (24.33)

µ1 = µ∗
1 + RT lnx1 + αRTx2

2 + βRTx3
2 + · · · (24.34)

µsln
j = µ∗

j + RT ln aj (24.35)



aj =
Pj

P ∗
j

(ideal vapor) (24.36)

γj =
aj

xj
(24.37)

x1d ln a1 + x2d ln a2 = 0 (24.38)

aj =
Pj

P ∗
j

(ideal vapor) (24.39)

µsln
j = µ∗

j + RT ln
Pj

P ∗
j

(24.40)

µsln
j = µ∗

j + RT ln
xjkH,j

P ∗
j

(xj → 0)

= µ∗
j + RT ln

kH,j

P ∗
j

+ RTxj (xj → 0) (24.41)

µsln
j = µ∗

j + RT ln
kH,j

P ∗
j

+ RT ln aj (24.42)

aj =
Pj

kH,j
(ideal vapor) (24.43)

µsln
j = µ∗

j + RT ln aj = µ∗
j + RT lnxj + RT ln γj (24.44)

∆mixG/RT = n1 lnx1 + n2 lnx2 + n1 ln γ1 + n2 ln γ2 (24.45)

∆mixG/RT = x1 lnx1 + x2 lnx2 + x1 ln γ1 + x2 ln γ2 (24.46)

∆mixG/RT = x1 lnx1 + x2 lnx2 + αx1x2 (24.47)

∆mixG

w
=

RT

w
(x1 lnx1 + x2 lnx2) + x1x2 (24.48)



∂(∆mixG/w)
∂x1

=
RT

w
[lnx1 − ln(1 − x1)] + (1 − 2x1) = 0 (24.49)

GE = ∆mixG − ∆mixG
id (24.50)

G
E
/RT = x1 ln γ1 + x2 ln γ2 (24.51)

G
E
/RT = αx1x2 (24.52)

P1 = x1P
∗
1 eαx2

2 P2 = x2P
∗
2 eαx2

1 (24.53)

U =
zN2

1
2(N1 + N2)

ε11 +
zN2

2
2(N1 + N2)

ε22 +
zN1N2

N1 + N2
ε12 (24.54)

w = zNA[ε12 − 1
2
(ε11 + ε22)] (24.55)

U =
zε11N1

2
+

zε22N2

2
− wN1N2

NA(N1 + N2)
(24.56)

Gsoln = Gideal +
wN1N2

NA(N1 + N2)
(24.57)

Gsoln = Gideal − wNAn1n2

(n1 + n2)
(24.58)

µ1 =
(

∂G

∂n1

)
T,P,n2

=
(

∂Gideal

∂n1

)
T,P,n2

+ w

(
∂n1n2/(n1 + n2)

∂n1

)
n2

(24.59)

µ1 = µ∗
1 + RT lnx1 + wx2

2

= µ∗
1 + RT ln(x1e

wx2
2/RT ) (24.60)

P1 = x1P
∗
1 ewx2

2/RT (24.61)



P2 = x2P
∗
2 ewx2

1/RT (24.62)

∆mixG = n1RT lnx1 + n2RT lnx2 − zwNA

2
(n2x

2
1 + n1x

2
2) (24.63)

∆mixG

(n1 + n2)RT
= x1 lnx1 + x2 lnx2 − zwx1x2

2kBT
(24.64)

∆mixS

(n1 + n2)R
= −x1 lnx1 − x2 lnx2 (24.65)

∆mixH

(n1 + n2)RT
= −zwx1x2

2kBT
(24.66)



Chapter 25

Solutions II: Solid-Liquid
Solutions

a1 =
P1

P ∗
1

(Raoult’s law standard state) (25.1)

a2x =
P2

kH,x
(Henry’s law standard state) (25.2)

m =
n2

1000 g solvent
(25.3)

x2 =
n2

n1 + n2
=

m

1000 g·kg−1

M1
+ m

(25.4)

x2 =
m

55.506 mol·kg−1 + m
(25.5)

a2m −→ m as m −→ 0 (25.6)

a2m =
P2

kH,m
(25.7)

c =
n2

1000 mL solution
(25.8)

a2c −→ c as c −→ 0 (25.9)
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a2c =
P2

kH,c
(25.10)

x2 =
n2

n1 + n2
=

c

(1000 mL)ρ − cM2

M1
+ c

=
cM1

(1000 mL)ρ + c(M1 − M2)
(25.11)

ln a1 = lnx1 = ln(1 − x2) ≈ −x2 ≈ − m

55.506 mol·kg−1 (25.12)

ln a1 = − mφ

55.506 mol·kg−1 (25.13)

(55.506 mol·kg−1)d ln a1 + md ln a2 = 0 (25.14)

ln γ2m = φ − 1 +
∫ m

0

(
φ − 1
m′

)
dm′ (25.15)

ln a1 =
µs

1 − µl
1

RT
(25.16)

(
∂ ln a1

∂T

)
P,x1

=
H

l
1 − H

s
1

RT 2 =
∆fusH

RT 2 (25.17)

ln a1 =
∫ Tfus

T ∗
fus

∆fusH

RT 2 dT (25.18)

∆Tfus = Kfm (25.19)

−x2 =
∆fusH

R

∫ Tfus

T ∗
fus

dT

T 2 =
∆fusH

R

(
1

T ∗
fus

− 1
Tfus

)

=
∆fusH

R

(
Tfus − T ∗

fus
TfusT

∗
fus

)
(25.20)



x2 =
m

1000 g·kg−1

M1
+ m

≈ M1m

1000 g·kg−1 (25.21)

∆Tfus = T ∗
fus − Tfus = Kfm (25.22)

Kf =
M1

1000 g·kg−1
R(T ∗

fus)
2

∆fusH
(25.23)

∆Tvap = Tvap − T ∗
vap = Kbm (25.24)

Kb =
M1

1000 g·kg−1

R(T ∗
vap)

2

∆vapH
(25.25)

µ∗
1(T, P ) = µsln

1 (T, P + Π, a1) (25.26)

(
∂µ∗

1
∂P

)
T

= V
∗
1 (25.27)

µ∗
1(T, P ) = µsln

1 (T, P + Π, a1) = µ∗
1(T, P + Π) + RT ln a1 (25.28)

∫ P+Π

P
V

∗
dP + RT ln a1 = 0 (25.29)

ΠV
∗ + RT ln a1 = 0 (25.30)

Π = cRT (25.31)

µ2 = ν+µ+ + ν−µ− (25.32)

µ2 = µ◦
2 + RT ln a2 (25.33)

µ+ = µ◦
+ + RT ln a+

µ− = µ◦
− + RT ln a−

(25.34)



a2 = a
ν+
+ a

ν−
− (25.35)

a2 = aν
± = a

ν+
+ a

ν−
− (25.36)

a2 = aν
± = (mν+

+ m
ν−
− )(γν+

+ γ
ν−
− ) (25.37)

mν
± = m

ν+
+ m

ν−
− (25.38)

γν
± = γ

ν+
+ γ

ν−
− (25.39)

a2 = aν
± = mν

±γν
± (25.40)

ln a1 = − νmφ

55.506
(25.41)

ln γ± = φ − 1 +
∫ m

0

(
φ − 1
m′

)
dm′ (25.42)

φ = 1 − (0.3920 kg1/2 ·mol−1/2)m1/2 + (0.7780 kg·mol−1)m
− (0.8374 kg3/2 ·mol−3/2)m3/2 + (0.5326 kg2 ·mol−2)m2

− (0.1673 kg5/2 ·mol−5/2)m5/2 + (0.0206 kg3 ·mol−3)m3

0 ≤ m ≤ 5.0 mol·kg−1 (25.43)

x2 =
νm

1000 g·kg−1

M1
+ νm

≈ νmM1

1000 g·kg−1 (25.44)

∆Tfus = νKfm (25.45)

∆Tvap = νKbm (25.46)

Π = νMRT (25.47)



ln γj = −
κq2

j

8πε0εrkBT
(25.48)

ln γ± = −|q+q−| κ

8πε0εrkBT
(25.49)

κ2 =
s∑

j=1

q2
j

ε0εrkBT

(
Nj

V

)
(25.50)

κ2 = NA(1000 L·m−3)
s∑

j=1

q2
j cj

ε0εrkBT
(25.51)

Ic =
1
2

s∑
j=1

z2
j cj (25.52)

κ2 =
2e2NA(1000 L·m−3)

ε0εrkBT
Ic/mol·L−1 (25.53)

pi(r)dr = −qiκ
2re−κrdr (25.54)

1
κ

=
304 pm

(c/mol·L−1)1/2 (25.55)

ln γ± = −1.173|z+z−|(Ic/mol·L−1)1/2 (25.56)

ln γ± = −1.173|z+z−|(Ic/mol·L−1)1/2

1 + (Ic/mol·L−1)1/2 (25.57)

ln γ± = −1.173|z+z−|(Ic/ mol·L−1)1/2

1 + (Ic/ mol·L−1)1/2 + Cm (25.58)

ln γ± = ln γel
± + ln γHS (25.59)

ln γel
± =

x(1 + 2x)1/2 − x − x2

4πρd3 (25.60)

ln γHS =
4y − 9

4
y2 +

3
8
y3

(
1 − y

2

)3 (25.61)





Chapter 26

Chemical Equilibrium

νAA(g) + νBB(g) ⇀↽ νYY(g) + νZZ(g) (26.1)

dnA = −νAdξ dnY = νYdξ

dnB = −νBdξ︸ ︷︷ ︸
reactants

dnZ = νZdξ︸ ︷︷ ︸
products

(26.2)

dG =
∑
j

µjdnj = µAdnA + µBdnB + µYdnY + µZdnZ (constant T and P )

(26.3)

dG = −νAµAdξ − νBµBdξ + νYµYdξ + νZµZdξ

= (νYµY + νZµZ − νAµA − νBµB)dξ (constant T and P )
(26.4)

(
∂G

∂ξ

)
T,P

= νYµY + νZµZ − νAµA − νBµB (26.5)

(
∂G

∂ξ

)
T,P

= ∆rG = νYµY + νZµZ − νAµA − νBµB (26.6)

∆rG = ∆rG
◦ + RT lnQ (26.7)

∆rG
◦(T ) = νYµ◦

Y(T ) + νZµ◦
Z(T ) − νAµ◦

A(T ) − νBµ◦
B(T ) (26.8)

135



Q =
(PY/P ◦)νY(PZ/P ◦)νZ

(PA/P ◦)νA(PB/P ◦)νB
(26.9)

(
∂G

∂ξ

)
T,P

= ∆rG = 0 (26.10)

∆rG
◦(T ) = −RT ln

(
P νY

Y P νZ
Z

P νA
A P νB

B

)
eq

= −RT lnKP (T ) (26.11)

KP (T ) =

(
P νY

Y P νZ
Z

P νA
A P νB

B

)
eq

(26.12)

PCl5(g) ⇀↽ PCl3(g) + Cl2(g) (26.13)

KP (T ) =
PPCl3PCl2

PPCl5
(26.14)

KP (T ) =
ξ2
eq

1 − ξ2
eq

P (26.15)

P = cRT and P ◦ = c◦RT (26.16)

KP =
(PY/P ◦)νY(PZ/P ◦)νZ

(PA/P ◦)νA(PB/P ◦)νB

=
(cY/c◦)νY(cZ/c◦)νZ

(cA/c◦)νA(cB/c◦)νB
· (RT )νY+νZ−νA−νB

= Kc(RT )νY+νZ−νA−νB (26.17)

Kc =
(cY/c◦)νY(cZ/c◦)νZ

(cA/c◦)νA(cB/c◦)νB
(26.18)

∆rG
◦ = νY∆fG

◦[Y] + νZ∆fG
◦[Z] − νA∆fG

◦[A] − νB∆fG
◦[B] (26.19)

G(ξ) = (1 − ξ)GN2O4 + 2ξGNO2

= (1 − ξ)G◦
N2O4

+ 2ξG◦
NO2

+ (1 − ξ)RT lnPN2O4 + 2ξRT lnPNO2

(26.20)



G(ξ) = (1−ξ)G◦
N2O4

+2ξG◦
NO2

+(1−ξ)RT ln
1 − ξ

1 + ξ
+2ξRT ln

2ξ

1 + ξ
(26.21)

G(ξ) = (1 − ξ)(97.787 kJ·mol−1) + 2ξ(51.258 kJ·mol−1)

+(1 − ξ)RT ln
1 − ξ

1 + ξ
+ 2ξRT ln

2ξ

1 + ξ
(26.22)

(
∂G

∂ξ

)
T,P

= (2)(51.258 kJ·mol−1) − 97.787 kJ·mol−1 − RT ln
1 − ξ

1 + ξ

+2RT ln
2ξ

1 + ξ
+ (1 − ξ)RT

(
1 + ξ

1 − ξ

)[
− 1

1 + ξ
− 1 − ξ

(1 + ξ)2

]

+2ξRT

(
1 + ξ

2ξ

)[
2

1 + ξ
− 2ξ

(1 + ξ)2

]
(26.23)

∆rG(T ) = ∆rG
◦(T ) + RT ln

P νY
Y P νZ

Z
P νA

A P νB
B

(26.24)

QP =
P νY

Y P νZ
Z

P νA
A P νB

B
(26.25)

∆rG = −RT lnKP + RT lnQP

= RT ln(QP /KP ) (26.26)

∆rG = ∆rG
◦ + RT lnQP

= 4.729 kJ·mol−1 + (2.479 kJ·mol−1) ln
P 2

NO2

PN2O4

(26.27)

(
∂∆G◦/T

∂T

)
P

= −∆H◦

T 2 (26.28)

(
∂ lnKP (T )

∂T

)
P

=
d lnKP (T )

dT
=

∆rH
◦

RT 2 (26.29)



ln
KP (T2)
KP (T1)

=
∫ T2

T1

∆rH
◦(T )dT

RT 2 (26.30)

ln
KP (T2)
KP (T1)

= −∆rH
◦

R

(
1
T2

− 1
T1

)
(26.31)

∆rH
◦(T2) = ∆rH

◦(T1) +
∫ T2

T1

∆C◦
P (T )dT (26.32)

∆rH
◦(T ) = α + βT + γT 2 + δT 3 + · · · (26.33)

lnKP (T ) = − α

RT
+

β

R
lnT +

γ

R
T +

δT 2

2R
+ A (26.34)

lnKP (T ) = lnKP (T1) +
∫ T

T1

∆rH
◦(T )dT

RT 2 (26.35)

νYµY + νZµZ − νAµA − νBµB = 0 (26.36)

µA = −kBT

(
∂ lnQ

∂NA

)
Nj ,V,T

= −kBT ln
qA(V, T )

NA
(26.37)

NνY
Y NνZ

Z
NνA

A NνB
B

=
qνY
Y qνZ

Z
qνA
A qνB

B
(26.38)

Kc(T ) =
ρνY

Y ρνZ
Z

ρνA
A ρνB

B
=

(qY/V )νY(qZ/V )νZ

(qA/V )νA(qB/V )νB
(26.39)

K(T ) =

(
m2

HI
mH2mI2

)3/2(
4ΘH2

r ΘI2
r

(ΘHI
r )2

)
(1 − e−ΘH2

v /T )(1 − e−ΘI2
v /T )

(1 − e−ΘHI
v /T )2

× exp
2DHI

o − DH2
o − DI2

o

RT
(26.40)

KP (T ) =
(qH2O/V )

(kBT )1/2(qH2/V )(qO2/V )1/2 (26.41)



qH2(T, V )
V

=
(

2πmH2kBT

h2

)3/2
V

(
T

2ΘH2
r

)
(1 − e−ΘH2

v /T )−1eD
H2
o /kBT

= 2.80 × 1032eD
H2
o /kBT m−3 (26.42)

qO2(T, V )
V

=
(

2πmO2kBT

h2

)3/2
V

(
T

2ΘO2
r

)
(1 − e−ΘO2

v /T )−13eD
O2
o /kBT

= 2.79 × 1036eD
O2
o /kBT m−3 (26.43)

qH2O(T, V )
V

=
(

2πmH2OkBT

h2

)3/2
V

π1/2

σ

(
T 3

ΘH2O
A ΘH2O

B ΘH2O
C

)1/2

×
3∏

j=1

(1 − e−ΘH2O
vj /T )−1eD

H2O
o /kBT

= 5.33 × 1035eD
H2O
o /kBT m−3 (26.44)

KP = 5.18 × 10−5 Pa−1 = 5.18 × 105 bar−1/2 (26.45)

q(V, T ) =
∑
j

e−εj/kBT = e−ε0/kBT + e−ε1/kBT + · · ·

= e−ε0/kBT (1 + e−(ε1−ε0)/kBT + · · ·)
= e−ε0/kBT q0(V, T ) (26.46)

U = 〈E〉 = NkBT 2
(

∂ ln q

∂T

)
V

= Nε0 + NkBT 2

(
∂ ln q0

∂T

)
V

(26.47)

H = H◦(T ) = H◦
0 + RT 2

(
∂ ln q0

∂T

)
V

+ RT (26.48)



µ◦(T ) − E◦
0 = −RT ln

{(
q0

V

)
RT

NAP ◦

}
(26.49)

G◦ − E◦
0 = −RT

{(
q0

V

)
RT

NAP ◦

}
(26.50)

µ(T, P ) = µ◦(T ) + RT ln
f

f◦ (26.51)

µ(T, P ) = µ◦(T ) + RT ln f (26.52)

µj(T, P ) = µ◦
j (T ) + RT ln fj (26.53)

∆rG = ∆rG
◦ + RT ln

fνY
Y fνZ

Z
fνA
A fνB

B
(26.54)

∆rG
◦(T ) = −RT lnKf (26.55)

Kf (T ) =

(
fνY
Y fνZ

Z
fνA
A fνB

B

)
eq

(26.56)

µj = µ◦
j (T ) + RT ln aj (26.57)

∆rG = ∆rG
◦ + RT ln

aνY
Y aνZ

Z
aνA

A aνB
B

(26.58)

Qa =
aνY

Y aνZ
Z

aνA
A aνB

B
(26.59)

∆rG = ∆rG
◦ + RT lnQa (26.60)

∆rG
◦ = −RT lnQa,eq (26.61)

Ka =

(
aνY

Y aνZ
Z

aνA
A aνB

B

)
eq

(26.62)

∆rG
◦ = −RT lnKa (26.63)



(
∂µ

∂P

)
T

= V̄ (26.64)

dµ = RTd ln a (constant T ) (26.65)

ln a =
1

RT

∫ P

1
V̄ dP ′ (constant T ) (26.66)

ln a =
V

RT
(P − 1) (26.67)

Ka =
aH3O+aCH3COO−

aCH3COOHaH2O
=

aH3O+aCH3COO−

aCH3COOH
= 1.74 × 10−5 (26.68)

cH3O+cCH3COO−

cCH3COOH
=

1.74 × 10−5

γ2
±

(26.69)

cBa2+c2
F− =

1.7 × 10−6 mol3 ·L−3

γ3
±

(26.70)





Chapter 27

The Kinetic Theory of Gases

∆(mu1x)
∆t

=
2mu1x

2a/u1x
=

mu2
1x

a
(27.1)

P1 =
F1

bc
=

mu2
1x

abc
=

mu2
1x

V
(27.2)

P =
N∑

j=1

Pj =
N∑

j=1

mu2
jx

V
=

m

V

N∑
j=1

u2
jx (27.3)

〈u2
x〉 =

1
N

N∑
j=1

u2
jx (27.4)

PV = Nm〈u2
x〉 (27.5)

〈u2
x〉 = 〈u2

y〉 = 〈u2
z〉 (27.6)

〈u2〉 = 〈u2
x〉 + 〈u2

y〉 + 〈u2
z〉 (27.7)

〈u2
x〉 = 〈u2

y〉 = 〈u2
z〉 =

1
3
〈u2〉 (27.8)

PV =
1
3
Nm〈u2〉 (27.9)

1
2
NAm〈u2〉 =

3
2
RT (27.10)

143



1
3
M〈u2〉 = RT (27.11)

〈u2〉 =
3RT

M
(27.12)

〈u2〉1/2 =
(

3RT

M

)1/2
(27.13)

urms =
(

3RT

M

)1/2
(27.14)

usound =
(

5RT

3M

)1/2
(27.15)

h(ux, uy, uz) = f(ux)f(uy)f(uz) (27.16)

u · u = u2 = u2
x + u2

y + u2
z (27.17)

h(u) = h(ux, uy, uz) = f(ux)f(uy)f(uz) (27.18)

lnh(u) = ln f(ux) + ln f(uy) + ln f(uz) (27.19)

(
∂ lnh(u)

∂ux

)
uy ,uz

=
d ln f(ux)

dux
(27.20)

(
∂ lnh

∂ux

)
uy ,uz

=
d lnh

du

(
∂u

∂ux

)
uy ,uz

=
ux

u

d lnh

du
(27.21)

d lnh(u)
udu

=
d ln f(ux)

uxdux
=

d ln f(uy)
uyduy

=
d ln f(uz)

uzduz
(27.22)

d ln f(uj)
ujduj

= −γ j = x, y, z (27.23)

f(uj) = Ae−γu2
j j = x, y, z (27.24)

∫ ∞

−∞
f(ux)dux = 1 (27.25)



A

∫ ∞

−∞
e−γu2

xdux = 1 (27.26)

A

∫ ∞

−∞
e−γu2

xdux = 2A

∫ ∞

0
e−γu2

xdux (27.27)

A

∫ ∞

−∞
e−γu2

xdux = 2A

∫ ∞

0
e−γu2

xdux = 2A

(
π

4γ

)1/2
= 1 (27.28)

f(ux) =
(

γ

π

)1/2
e−γu2

x (27.29)

〈u2
x〉 =

RT

M
=
∫ ∞

−∞
u2

xf(ux)dux =
(

γ

π

)1/2 ∫ ∞

−∞
u2

xe−γu2
xdux (27.30)

〈u2
x〉 =

RT

M
= 2

∫ ∞

0
u2

xf(ux)dux = 2
(

γ

π

)1/2 ∫ ∞

0
u2

xe−γu2
xdux (27.31)

f(ux) =
(

M

2πRT

)1/2
e−Mu2

x/2RT (27.32)

f(ux) =
(

m

2πkBT

)1/2
e−mu2

x/2kBT (27.33)

〈ux〉 =
∫ ∞

−∞
uxf(ux)dux =

(
m

2πkBT

)1/2 ∫ ∞

−∞
uxe−mu2

x/2kBT dux (27.34)

1
2
m〈u2

x〉 =
1
2
kBT (27.35)

ν ≈ νo

(
1 +

ux

c

)
(27.36)

I(ν) ∝ e−mc2(ν−νo)2/2ν2
okBT (27.37)

F (u)du = f(ux)duxf(uy)duyf(uz)duz (27.38)



F (u)du =
(

m

2πkBT

)3/2
e−m(u2

x+u2
y+u2

z)/2kBT duxduyduz (27.39)

F (u)du = 4π

(
m

2πkBT

)3/2
u2e−mu2/2kBT du (27.40)

〈u〉 =
∫ ∞

0
uF (u)du = 4π

(
m

2πkBT

)3/2 ∫ ∞

0
u3e−mu2/2kBT du (27.41)

〈u〉 = 4π

(
m

2πkBT

)3/2
· 1!

2

(
2kBT

m

)2
=
(

8kBT

πm

)1/2
=
(

8RT

πM

)1/2
(27.42)

ump =
(

2kBT

m

)1/2
=
(

2RT

M

)1/2
(27.43)

F (ε)dε = 4π

(
m

2πkBT

)3/2
· 2ε

m
· e−ε/kBT dε

(2mε)1/2

=
2π

(πkBT )3/2 ε1/2e−ε/kBT dε (27.44)

dN = ρ(Audt) cos θ · F (u)du · sin θdθdφ

4π
(27.45)

dzcoll = ρ

(
m

2πkBT

)3/2
u3e−mu2/2kBT du · cos θ sin θdθdφ (27.46)

zcoll =
ρ

4π

∫ ∞

0
uF (u)du

∫ π/2

0
cos θ sin θdθ

∫ 2π

0
dφ (27.47)

zcoll =
1
A

dN

dt
= ρ

〈u〉
4

(27.48)

zA =
dN

dt
= ρσ〈u〉 = ρσ

(
8kBT

πm

)1/2
(27.49)



zA = ρσ〈ur〉 = 21/2ρσ〈u〉 (27.50)

l =
RT

21/2NAσP
(27.51)

probability of a collision = σρdx (27.52)

n(x) = noe
−σρx (27.53)

n(x) = noe
−x/l (27.54)

p(x)dx =
n(x) − n(x + dx)

no
= − 1

no

dn

dx
dx

=
1
l
e−x/ldx (27.55)

ZAA =
1
2
ρzA =

1
2
σ〈ur〉ρ2 =

σ〈u〉
21/2 ρ2 (27.56)

ZAB = σAB〈ur〉ρAρB (27.57)

σAB =
1
2
(σA + σB) and 〈ur〉 = (8kBT/πµ)1/2 (27.58)

dZAB ∝ u3
re

−µu2
r/2kBT dur

= Au3
re

−µu2
r/2kBT (27.59)

σABρAρB

(
8kBT

πµ

)1/2
= A

∫ ∞

0
u3

re
−µu2

r/2kBT dur

= 2A

(
kBT

µ

)2
(27.60)



dZAB = σABρAρB

(
µ

kBT

)3/2 ( 2
π

)1/2
e−µu2

r/2kBT u3
rdur (27.61)

dZAB = σABρAρB

(
8

πµ

)1/2 ( 1
kBT

)3/2
εre

−εr/kBT dεr (27.62)

ZAB(εr > εc) = σABρAρB

(
8kBT

πµ

)1/2 (
1 +

εc

kBT

)
e−εc/kBT (27.63)



Chapter 28

Chemical Kinetics I: Rate
Laws

νAA + νBB −→ νYY + νZZ (28.1)

dnA = −νAdξ dnB = −νBdξ

dnY = νYdξ dnZ = νZdξ
(28.2)

nA(t) = nA(0) − νAξ(t) nB(t) = nB(0) − νBξ(t)

nY(t) = nY(0) + νYξ(t) nZ(t) = nZ(0) + νZξ(t)
(28.3)

dnA(t)
dt

= −νA
dξ(t)
dt

dnB(t)
dt

= −νB
dξ(t)
dt

dnY(t)
dt

= νY
dξ(t)
dt

dnZ(t)
dt

= νZ
dξ(t)
dt

(28.4)

1
V

dnA(t)
dt

=
d[A]
dt

= −νA

V

dξ(t)
dt

1
V

dnB(t)
dt

=
d[B]
dt

= −νB

V

dξ(t)
dt

1
V

dnY(t)
dt

=
d[Y]
dt

=
νY

V

dξ(t)
dt

1
V

dnZ(t)
dt

=
d[Z]
dt

=
νZ

V

dξ(t)
dt

(28.5)

v(t) = − 1
νA

d[A]
dt

= − 1
νB

d[B]
dt

=
1
νY

d[Y]
dt

=
1
νZ

d[Z]
dt

=
1
V

dξ

dt
(28.6)

149



v(t) = k[NO]2[O2] (28.7)

v(t) = k[A]mA [B]mB · · · (28.8)

H2(g) + Br2(g) k−→ 2 HBr(g) (28.9)

v(t) =
k′[H2][Br2]1/2

1 + k′′[HBr][Br2]−1 (28.10)

νA A + νB B k−→ νY Y + νZ Z (28.11)

v = k[A]mA [B]mB (28.12)

v = k′[B]mB (28.13)

v = k′′[A]mA (28.14)

v = − d[A]
νAdt

≈ − ∆[A]
νA∆t

= k[A]mA [B]mB (28.15)

v1 = − 1
νA

(
∆[A]
∆t

)
1

= k[A]mA [B]mB
1 (28.16)

v2 = − 1
νA

(
∆[A]
∆t

)
2

= k[A]mA [B]mB
2 (28.17)

mB =
ln

v1

v2

ln
[B]1
[B]2

(28.18)

A + B k−→ products (28.19)

v(t) = −d[A]
dt

= k[A] (28.20)



ln
[A]
[A]0

= −kt (28.21)

[A] = [A]0e−kt (28.22)

ln[A] = ln[A]0 − kt (28.23)

t1/2 =
ln 2
k

=
0.693

k
(28.24)

A + B k−→ products (28.25)

− d[A]
dt

= k[A]2 (28.26)

1
[A]

=
1

[A]0
+ kt (28.27)

t1/2 =
1

k[A]0
(28.28)

A + B k−→ products (28.29)

− d[A]
dt

= −d[B]
dt

= k[A][B] (28.30)

kt =
1

[A]0 − [B]0
ln

[A][B]0
[B][A]0

(28.31)

1
[A]

=
1

[A]0
+ kt or

1
[B]

=
1

[B]0
+ kt (28.32)

[A] =
[A]0

kt[A]0 + 1
(28.33)

t

P
=

nt

2
+

1
k[A]n−1

0
(28.34)



A
k1
⇀↽
k−1

B (28.35)

− d[A]
dt

=
d[B]
dt

= 0 (28.36)

− d[A]
dt

= k1[A] − k−1[B] (28.37)

− d[A]
dt

= (k1 + k−1)[A] − k−1[A]0 (28.38)

[A] = ([A]0 − [A]eq)e−(k1+k−1)t + [A]eq (28.39)

ln([A] − [A]eq) = ln([A]0 − [A]eq) − (k1 + k−1)t (28.40)

k1

k−1
=

[B]eq
[A]eq

= Kc (28.41)

H+(aq) + OH−(aq)
k1
⇀↽
k−1

H2O(l) (28.42)

A
k1
⇀↽
k−1

B (28.43)

d[B]
dt

= k1[A] − k−1[B] (28.44)

[A] = [A]eq + ∆[A]

[B] = [B]eq + ∆[B]
(28.45)

d∆[B]
dt

= k1[A]eq + k1∆[A] − k−1[B]eq − k−1∆[B] (28.46)

d∆[B]
dt

= −(k1 + k−1)∆[B] (28.47)



∆[B] = ∆[B]0e−(k1+k−1)t = ∆[B]0e−t/τ (28.48)

τ =
1

k1 + k−1
(28.49)

A + B
k1
⇀↽
k−1

P (28.50)

d[P]
dt

= k1[A][B] − k−1[P] (28.51)

∆[P] = ∆[P]0e−t/τ (28.52)

τ =
1

k1([A]2,eq + [B]2,eq) + k−1
(28.53)

d ln k

dT
=

Ea

RT 2 (28.54)

ln k = lnA − Ea

RT
(28.55)

k = Ae−Ea/RT (28.56)

k = aTme−E′/RT (28.57)

Ea = RT 2 d ln k

dT
(28.58)

dP

dt
= k[A][B] (28.59)

A + B ⇀↽ AB‡ −→ P (28.60)

K‡
c =

[AB‡]/c◦

[A]/c◦[B]/c◦ =
[AB‡]c◦

[A][B]
(28.61)



K‡
c =

(q‡/V )c◦

(qA/V )(qB/V )
(28.62)

dP

dt
= νc[AB‡] (28.63)

k =
νcK

‡
c

c◦ (28.64)

qtrans =
(2πm‡kBT )1/2

h
δ (28.65)

K‡
c =

(2πm‡kBT )1/2

h
δ

(q‡
int/V )c◦

(qA/V )(qB/V )
(28.66)

k = νc
(2πm‡kBT )1/2

hc◦ δ
(q‡

int/V )c◦

(qA/V )(qB/V )
(28.67)

〈uac〉 =
∫ ∞

0
uf(u)du =

(
m‡

2πkBT

)1/2 ∫ ∞

0
ue−m‡u2/2kBT du =

(
kBT

2πm‡

)1/2

(28.68)

k =
kBT

hc◦
(q‡

int/V )c◦

(qA/V )(qB/V )
=

kBT

hc◦ K‡
c (28.69)

∆‡G◦ = −RT lnK‡
c (28.70)

k(T ) =
kBT

hc◦ e−∆‡G◦/RT (28.71)

∆‡G◦ = ∆‡H◦ − T∆‡S◦ (28.72)

k(T ) =
kBT

hc◦ e∆‡S◦/Re−∆‡H◦/RT (28.73)

d ln k

dT
=

1
T

+
d lnK‡

c

dT
(28.74)



d ln k

dT
=

1
T

+
∆‡U◦

RT 2 (28.75)

d ln k

dT
=

∆‡H◦ + 2RT

RT 2 (28.76)

Ea = ∆‡H◦ + 2RT (28.77)

k(T ) =
e2kBT

hc◦ e∆‡S◦/Re−Ea/RT (28.78)

A =
e2kBT

hc◦ e∆‡S◦/R (28.79)





Chapter 29

Chemical Kinetics II:
Reaction Mechanisms

NO2(g) + CO(g) kobs−→ NO(g) + CO2(g) (29.1)

NO2(g) + NO2(g) k1−→ NO3(g) + NO(g) (29.2)

NO3(g) + CO(g) k2−→ NO2(g) + CO2(g) (29.3)

A + B
k1=⇒

⇐=
k−1

C + D (29.4)

k1[A]eq[B]eq = k−1[C]eq[D]eq (29.5)

k1

k−1
=

[C]eq[D]eq
[A]eq[B]eq

= Kc (29.6)

A ⇀↽ B (29.7)

A + C
k1=⇒

⇐=
k−1

B + C (29.8)

A
k2=⇒

⇐=
k−2

B (29.9)
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v1 = k1[A]eq[C]eq = v−1 = k−1[B]eq[C]eq (29.10)

v2 = k2[A]eq = v−2 = k−2[B]eq (29.11)

[B]eq
[A]eq

= Kc =
k1

k−1
(29.12)

[B]eq
[A]eq

= Kc =
k2

k−2
(29.13)

k1

k−1
=

k2

k−2
(29.14)

v1 + v2 = v−1 + v−2 (29.15)

OClO(g) ⇀↽ Cl(g) + O2(g) (29.16)

OClO(g)
k1=⇒

⇐=
k−1

ClOO(g)

ClOO(g)
k2=⇒

⇐=
k−2

Cl(g) + O2(g)

(29.17)

A kobs−→ P (29.18)

A k1=⇒ I (29.19)

I k2=⇒ P (29.20)

d[A]
dt

= −k1[A] (29.21)

d[I]
dt

= k1[A] − k2[I] (29.22)

d[P]
dt

= k2[I] (29.23)



[A] = [A]0e−k1t (29.24)

[I] =
k1[A]0
k2 − k1

(e−k1t − e−k2t) (29.25)

[P] = [A]0 − [A] − [I] = [A]0
{

1 +
1

k1 − k2
(k2e

−k1t − k1e
−k2t)

}
(29.26)

[P] = [A]0(1 − e−k1t) (29.27)

A k1=⇒ I k2=⇒ P (29.28)

[I]ss =
k1[A]
k2

(29.29)

[I] =
k1

k2
[A]0e−k1t (29.30)

d[I]ss
dt

= −k2
1

k2
[A]0e−k1t (29.31)

[P] = [A]0(1 − e−k1t) (29.32)

2 NO(g) + O2(g) kobs−→ 2 NO2(g) (29.33)

1
2

d[NO2]
dt

= kobs[NO]2[O2] (29.34)

NO(g) + O2(g)
k1=⇒

⇐=
k−1

NO3(g) fast equilibrium (29.35)

NO3(g) + NO(g) k2=⇒ 2 NO2(g) rate determining (29.36)

Kc,1 =
k1

k−1
=

[NO3]
[NO][O2]

(29.37)



1
2

d[NO2]
dt

= k2[NO3][NO] (29.38)

1
2

d[NO2]
dt

= k2Kc,1[NO]2[O2] (29.39)

NO(g) + NO(g)
k1=⇒

⇐=
k−1

N2O2(g) N2O2(g) is in steady state (29.40)

N2O2(g) + O2(g) k2=⇒ 2 NO2(g) (29.41)

1
2

d[NO]
dt

= −k1[NO]2 + k−1[N2O2] (29.42)

d[N2O2]
dt

= −k−1[N2O2] − k2[N2O2][O2] + k1[NO]2 (29.43)

1
2

d[NO2]
dt

= k2[N2O2][O2] (29.44)

[N2O2] =
k1[NO]2

k−1 + k2[O2]
(29.45)

1
2

d[NO2]
dt

=
k2k1

k−1
[NO]2[O2] = k2Kc,1[NO]2[O2] (29.46)

CH3NC(g) kobs=⇒ CH3CN(g) (29.47)

d[CH3NC]
dt

= −kobs[CH3NC] (29.48)

d[CH3NC]
dt

= −k′
obs[CH3NC]2 (29.49)

A(g) + M(g)
k1=⇒

⇐=
k−1

A(g)∗ + M(g) (29.50)

A(g)∗ k2=⇒ B(g) (29.51)



d[B]
dt

= k2[A∗] (29.52)

d[A∗]
dt

= 0 = k1[A][M] − k−1[A∗][M] − k2[A∗] (29.53)

[A∗] =
k1[M][A]

k2 + k−1[M]
(29.54)

d[B]
dt

= −d[A]
dt

=
k1k2[M][A]
k2 + k−1[M]

= kobs[A] (29.55)

kobs =
k1k2[M]

k2 + k−1[M]
(29.56)

kobs =
k1k2

k−1
(29.57)

kobs = k1[M] (29.58)

H2(g) + Br2 ⇀↽ 2 HBr(g) (29.59)

1
2

d[HBr]
dt

=
k[H2][Br2]1/2

1 + k′[HBr][Br2]−1 (29.60)

d[HBr]
dt

= k2[Br][H2] − k−2[HBr][H] + k3[H][Br2] (29.61)

d[H]
dt

= k2[Br][H2] − k−2[HBr][H] − k3[H][Br2] (29.62)

d[Br]
dt

= 2k1[Br2][M] − 2k−1[Br]2[M] − k2[Br][H2] + k−2[HBr][H] + k3[H][Br2]

(29.63)

d[H]
dt

= 0 = k2[Br][H2] − k−2[HBr][H] − k3[H][Br2] (29.64)

d[Br]
dt

= 0 = 2k1[Br2][M]−2k−1[Br]2[M]−k2[Br][H2]+k−2[HBr][H]+k3[H][Br2]

(29.65)



[Br] =

√
k1

k−1
[Br2]1/2 =

√
Kc,1[Br2]1/2 (29.66)

[H] =
k2
√

Kc,1[H2][Br2]1/2

k2[HBr] + k−3[Br2]
(29.67)

1
2

d[HBr]
dt

=
k2
√

Kc,1[H2][Br2]1/2

1 + (k−2/k3)[HBr][Br2]−1 (29.68)

− d[S]
dt

=
k[S]

K + [S]
(29.69)

E + S
k1=⇒

⇐=
k−1

ES
k2=⇒

⇐=
k−2

E + P (29.70)

− d[S]
dt

= k1[E][S] − k−1[ES] (29.71)

− d[ES]
dt

= (k2 + k−1)[ES] − k1[E][S] − k−2[E][P] (29.72)

d[P]
dt

= k2[ES] − k−2[E][P] (29.73)

[E]0 = [ES] + [E] (29.74)

− d[ES]
dt

= [ES](k1[S] + k−1 + k2 + k−2[P]) − k1[S][E]0 − k−2[P][E]0 (29.75)

[ES] =
k1[S] + k−2[P]

k1[S] + k−2[P] + k−1 + k2
[E]0 (29.76)

v = −d[S]
dt

=
k1k2[S] − k−1k−2[P]

k1[S] + k−2[P] + k−1 + k2
[E]0 (29.77)

v = −d[S]
dt

=
k1k2[S]0[E]0

k1[S]0 + k−1 + k2
=

k2[S]0[E]0
Km + [S]0

(29.78)

− d[S]
dt

= k2[E]0 (29.79)



Chapter 30

Gas-Phase Reaction
Dynamics

A + B k=⇒ products (30.1)

v = −d[A]
dt

= k[A][B] (30.2)

v = ZAB = σ〈ur〉ρAρB (30.3)

k = σ〈ur〉 (30.4)

k = (1000 dm3 ·m−3)NAσ〈ur〉 (30.5)

k(ur) = urσr(ur) (30.6)

k =
∫ ∞

0
durf(ur)k(ur) =

∫ ∞

0
dururf(ur)σr(ur) (30.7)

urf(ur)dur =
(

µ

kBT

)3/2 ( 2
π

)1/2
u3

re
−µu2

r /2kBT dur (30.8)

ur =
(

2Er

µ

)1/2
and dur =

(
1

2µEr

)1/2
dEr (30.9)
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urf(ur)dur =
(

2
kBT

)3/2 ( 1
µπ

)1/2
Ere

−Er/kBT dEr (30.10)

k =
(

2
kBT

)3/2 ( 1
µπ

)1/2 ∫ ∞

0
dErEre

−Er/kBT σr(Er) (30.11)

σr(Er) =

⎧⎨
⎩

0 Er < E0

πd2
AB Er ≥ E0

(30.12)

k =
(

2
kBT

)3/2 ( 1
µπ

)1/2 ∫ ∞

E0

dErEre
−Er/kBT πd2

AB

=
(

8kBT

µπ

)1/2
πd2

ABe−E0/kBT
(

1 +
E0

kBT

)

= 〈ur〉σe−E0/kBT
(

1 +
E0

kBT

)
(30.13)

σr(Er) =

⎧⎪⎪⎨
⎪⎪⎩

0 Er < E0

πd2
AB

(
1 − E0

Er

)
Er ≥ E0

(30.14)

k =
(

8kABT

µπ

)1/2
πd2

ABe−E0/kBT = 〈ur〉σe−E0/kBT (30.15)

R =
mArA + mBrB

M
(30.16)

ucm =
mAuA + mBuB

M
(30.17)

KEreact =
1
2
mAu2

A +
1
2
mBu2

B (30.18)

KEreact =
1
2
Mu2

cm +
1
2
µu2

r (30.19)

R =
mCrC + mDrD

M
(30.20)

ucm =
mCuC + mDuD

M
(30.21)



KEprod =
1
2
Mu2

cm +
1
2
µ′u′

r
2 (30.22)

mAuA + mBuB = mCuC + mDuD (30.23)

1
2
µ′u′

r
2 =

1
2
µu2

r − ∆E0 (30.24)

F(g) + D2(g) =⇒ DF(g) + D(g) (30.25)

F(g) + D2(v = 0)(g) =⇒ DF(v)(g) + D(g) (30.26)

Etot = Etrans + Eint = E′
trans + E′

int (30.27)

Etot = Etrans + Erot + Evib + Eelec = E′
trans + E′

rot + E′
vib + E′

elec (30.28)

Eloc =
1
2
µu2

r,loc =
1
2
µu2

r cos2 χ (30.29)

Eloc =
1
2
µu2

r

(
1 − b2

d2
AB

)
(30.30)

Eloc = Er

(
1 − b2

d2
AB

)
(30.31)

E0 = Er

(
1 − b2

d2
AB

)
(30.32)

b2
max = d2

AB

(
1 − E0

Er

)
(30.33)

Eloc

E0
=

1 − b2/d2
AB

1 − b2
max/d2

AB
(30.34)





Chapter 31

Solids and Surface
Chemistry

h =
a

a′ k =
b

b′ l =
c

c′ (31.1)

1
d2 =

h2

a2 +
k2

b2 +
l2

c2 (31.2)

1
d2 =

h2 + k2 + l2

a2 (31.3)

∆ = A1C − A2B (31.4)

∆ = a′(cos α − cos α0) = nλ (31.5)

a(cos α − cos α0) = nhλ (31.6)

b(cos β − cos β0) = kλ (31.7)

c(cos γ − cos γ0) = lλ (31.8)

a cos α = hλ (31.9)
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a(cos β − cos β0) = kλ (31.10)

a(cos γ − cos γ0) = lλ (31.11)

λ = 2
(

d

n

)
sin θ (31.12)

sin2 θ =
n2λ2

4a2(h2 + k2 + l2)
(31.13)

f =
∫ 2π

0
dφ

∫ π

0
sin θdθ

∫ ∞

0
ρ(r)

sin kr

kr
r2dr = 4π

∫ ∞

0
ρ(r)

sin kr

kr
r2dr (31.14)

∆11 = ∆22 =
a

h
(cos α − cos α0) = λ (31.15)

∆12 = x(cos α − cos α0) (31.16)

∆12 =
λhx

a
(31.17)

φ = 2π
∆12

λ
= 2π

λhx/a

λ
=

2πhx

a
(31.18)

A = f1 cos ωt + f2 cos(ωt + φ) (31.19)

A = f1e
iωt + f2e

i(ωt+φ) (31.20)

I ∝ |A|2 = [f1e
iωt + f2e

i(ωt+φ)][f1e
−iωt + f2e

−i(ωt+φ)]
= f2

1 + f1f2e
iφ + f1f2e

−iφ + f2
2

= f2
1 + f2

2 + 2f1f2 cos φ (31.21)

F (h) = f1 + f2e
iφ = f1 + f2e

2πihx/a (31.22)



F (hkl) =
∑
j

fje
2πi(hxj/a+kyj/b+lzj/c) (31.23)

F (hkl) =
∑
j

fje
2πi(hx′

j+ky′
j+lz′

j) (31.24)

F (hkl) = f+[1 + (−1)h+k + (−1)h+l + (−1)k+l]
+ f−[(−1)h+k+l + (−1)h + (−1)k + (−1)l] (31.25)

F (hkl) = 4(f+ + f−) h, k, and l are all even

F (hkl) = 4(f+ − f−) h, k, and l are all odd
(31.26)

F (hkl) =
∫ a

0

∫ b

0

∫ c

0
ρ(x, y, z)e2πi(hx/a+ky/b+lz/c)dxdydz (31.27)

F (hkl) ∝
∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
ρ(x, y, z)e2πi(hx/a+ky/b+lz/c)dxdydz (31.28)

ρ(x, y, z) =
∞∑

h=−∞

∞∑
k=−∞

∞∑
l=−∞

F (hkl)e−2πi(hx/a+ky/b+lz/c) (31.29)

F (hkl) = A(hkl) + iB(hkl) (31.30)

I(hkl) ∝ |F (hkl)|2 = [A(hkl) + iB(hkl)][A(hkl) − iB(hkl)]
= [A(hkl)]2 + [B(hkl)]2 (31.31)

kd = τ−1
0 e−∆adsH/RT (31.32)

τ = τ0e
∆adsH/RT (31.33)



A(g) + S(s)
ka=⇒

⇐=
kd

A–S(s) Kc =
ka

kd
=

[ A–S]
[A][S]

(31.34)

rate of desorption = vd = kdθσ0 (31.35)

rate of absorption = va = ka(1 − θ)σ0[A] (31.36)

1
θ

= 1 +
1

Kc[A]
(31.37)

1
θ

= 1 +
1

bPA
(31.38)

d[B]
dt

= kobsPA (31.39)

d[B]
dt

= k1[A(ads)] = k1σA (31.40)

d[B]
dt

= k1
σ0Kc[A]

1 + Kc[A]
= k1

σ0bPA

1 + bPA
(31.41)

d[B]
dt

= k1σ0bPA = kobsPA (31.42)

d[B]
dt

= k1σ0 = kobs (31.43)

2 CO(g) + O2(g) −→ 2 CO2(g) (31.44)

v =
k3bCOb

1/2
O2

PCOP
1/2
O2

(1 + b
1/2
O2

P
1/2
O2

+ bCOPCO)2
(31.45)

v =
k3bCOb

1/2
O2

PCOP
1/2
O2

1 + b
1/2
O2

P
1/2
O2

+ bCOPCO
(31.46)

CO(g) + 3 H2(g) Ni−→ CH4(g) + H2O(g) (31.47)



D = D0e
−∆ED/RT (31.48)

rrms = (4Dt)1/2 (31.49)


