General Relativity and Gravitational Waves:
Session 2. General Coordinates

Thomas A. Moore — Les Houches — July 4, 2018
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~ Overview of this session:

B Deﬁnition of a Coordinate Basis
2.3 Tensorls ina Coordmate Basis

| 2 4 The Tensor Gradlent

‘ -2.5The Geodes1c Equation

. 20 Schwarzschﬂd Geodes1cs

27 LOFs and LIFs
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Define basis vectors e,, e, such that

1. e, points tangent to the w = constant curve
in the direction of increasing u

. €y points tangent to the u = constant curve
in the direction of increasing w

. ds =due, + dwe, = dz"e,




Define a four-vector’s components so that
A= A'“’eu - Awew —Ad'e,

The metric in a coordinate basis is

ds? =ds-ds = (due, + dw e,) - (du e, - dw e,)
= du’e, eu—l—dudweu ey + dw dw ey, * e, + dw’ e, ey,
—drids e, 6. g, ditde

9uv = e/,-_p" e_y
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2.2.1 Exercise: The Metric for Spherical Coordinates

Consider #-¢ coordinates on the surface of a sphere of radius R, where curves of constant 8 and ¢ are lines of
~latitude and longitude, respectively (but assume that 6 = 0 at the north pole, as is normal in physics, rather
than at the equator). Note that these curves are perpendicular everywhere but the poles. By considering
what the formula for ds? between infinitesimally-separated points must be in terms of df and d¢, find
the metric components geg, go¢, g, and ges as a function of position for a coordinate basis based on the
coordinates 6 and ¢. Also, what are the lengths of the ey and e, basis vectors as a function of position?
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- Tensors in a coordinate b

Transformation from u, w to p, g coordinates

%, _ g, | 0q
dp = 8ud@+0wdw and dqg = 8ualu+ 6’wdw-

or abstractly:
| Oz’ H

b —dt == "

oxY
~ Vector transformation law:

oz’ #
A/ IO AI/
6 4 id

~ Generalizes Lorentz transformation, because for a LT:

o’ H :A“ e




- Tensors in a coordinate basis |

An important identity:
ox'* Oz’ _ sn

oxY Ox' & s

- Example:
- OpOu 8p8w_d_p_1 Op Ou
Oudp Owdp dp Ou Oq
~ 0q0u  0q 0w dq - 0q Ou
: ou Oq

Qudp Owdp dp

~ General tensor transformation law:
' NeNaiaS S
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Example: the metric tensor is a tensor

g,,dx’ “d:z:’.”_ — gopdz®dz”

R [ 9z® - 5’de
= JeB\ ™ )\ Brio o

Oz Oz =
((%’ T Oro g(w) o

Ox® OxP .
= ((9:1:’“ 8x’”ga5) -

‘ 5
s (8$ e )da:’“da:”’

Ox’' 1 a /Vgaﬂ _g,L“/

Ozt Oz'P o

“ (ax 3376 ) / 6/0‘83:
0= =

ox'H 8x’” gaﬁ = g’“’

g g — 0%




Other tensors and tensor operat1ons (whlch you can
prove in a similar way)

The Krone‘cke_r delta: 6%,
The inver_séme't'ric: =
Lowering an index: A, =g, A"

¢ - Raising an index: B =25
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The gradient of a scalar is a covector:

o  Ox¥ 0P ox”
‘P = = = D
ur JEiins gyt gpts —Odx'h (0.2)

The gradlent of a vector is NOT a tensor:

Ox' H ~ 9r' e\ gpv ox'* 0xP \ OxV

>0 0 a o ozP 0z'* (DAY
~ Oz'm \ OzPOx” Or Oz 0z

o /I o B ! o
O’AO‘— HA 9, (8:13 A”> > ox® O (8:13 A”>
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- Exercise: Parabolic coordinates
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p,y)=x glx,y) =y — cx

Show that the inverse transformation functions are
z(p,q) =p and y(p,q) =cp’+q (2.15)
Evaluate all eight partial derivatives dx'#/0z" and dx* /0x'".

) The metric tensor components for cartesian coordinates in space are guz = Gyy = 1, gzy = gyx' = 0.
Use the general tensor transformation rule to show that the metric tensor for p, g coordinates is

;[ 14+4c¢?p* 2ep
gw—[ 2ep 1 (2.16)

Let a vector A have components AP = 1, A? = 0 in the p, g coordinate system. Find this vector’s
components in the z,y coordinate system (as a function of z and y). But show that A% = A - A has
the same value in both coordinate systems at every position. :
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~ Tensor gradient of a vector
Define Christoffel symbols:
oe,
SAHEE |
The physical change in a vector is then:

AM
. da:")eu . A“%dxo‘

dx"_ f ox

o

A diAre ) = (

= i 4 e de (Y e da

So this tensor gradient is a tensor

e
ks SR

V. AH =
\V =




 Tensor gradient of a covector

Tensor gradient of a scalar = ordinary gradient, so

- 0A* 0B
8a(A“Bu) e 3?5)# AL 856‘5

= Va(A"B,) = (VaA")B, + A(V, B,)

Subtractmg and substltutmg yields, for arbitrary A*

. 5ad OB,
SESSER K _ AH
. (Vo A")B, — A*(V,B,)

0B, OAM -
. g/ ~ (T%,A)B, — A"(VaB,)

= A [ b VQBM}

0B,

~ Sowe must have: VaB, = FO’j“B |
| N | | 8:1:04 |




- Tensor gradient of a tensor

One Christoffel term for each index: .
. e . ‘
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- Calculating Christoffel symbols:

We assume this symmetry (spacetime is “torsion-free”):
a o |
L =14,
F Then.o‘r_ié Can”ipi*ove that:

G 39°7 [0uduo + 00 — Dot




2.4.1 Exercise: The Tensor Gradient in Parabolic Cbordinates.

Consider the parabolic coordinate system described in the previous exercise, where p(x,y) = x and ¢q(z,y) =
y — cz?. Consider a truly constant vector field in Cartesian coordinates defined so that H* = 1 and HY = 0.

(a) Find the components of H in the p, ¢ coordinate system.

(b) In the previous exercise, we found the metric tensor for p, g coordinates to be

,‘ 5 [1—|—402p2 2cp ]

Jpv = 2¢p 1

Verify (by matrix multiplication) that the inverse metric is given by

1 —2cp
Iy _
4 [—QCp 1+ 402p2] (2.31)

(c) The Christoffel symbols for p, ¢ coordinates are
I}, = 2c, all other I'j, =0 (2.32)

(This makes sense, because we can see from Figure 2 that only the e, unit vector changes with position,
_ 1 _«ao

and then only in the ¢ direction as we vary p.) Use I, = 59°° [0u9v0 + Ovgop — Ooguw | to verify
that these are the correct values for I’/ and I'P . '- .

~ (d) Calculate all four components of V,H" in p,q coordinates. Are the results what you expect?




A geodesic is locally straight:
du d  du de,,

G e p u
dT dT(u e“) dT e dr

0 dQ:t“ ] de, :', A2zt . . drt dp? .

d7'2 dT dr dx? dT2 dr dt v €

d2 G ' dz® dxP
- dT?




Consider the parabolic coordinate system for two-dimensional flat space described in the previous two exer-
cises, where p(z,y) = z and g(z,y) = y — cx®. In a two dimensional space like this, we parameterize paths
using the arclength s along the path instead of the proper time, so the geodesic equation becomes

(2.32)

and we look for solutions of the form z#(s). We found in the last exercise that the Christoffel symbols for

this_coordinaté system all zero except for '], = 2c.
(a) Find the p and g components of the geodesic equation.

(b) The solution to the p-component equation is easy: p = as, where a is a constant of integration, if we
define s to be zero where p is zero. Use this to show that the solution to the g-component equation is
q = —ca’s® + bs + qg, where b and ¢y are constants of integration.

(c) The transformations back to cartesian coordinates are x(p,q) = p and y(p,q) = cp® + q. Use these
transformations to convert the solutions for p(s) and ¢(s) to solutions for z(s) and y(s). Argue that
the resulting solutions are straight lines (Hint: Express y as a function of z.) |




AT At R S g A N 5 T v —he VOt o e it Al e od R P . S ™
— T o - N o, — e “-,1-7-»7‘-‘_‘1‘ A e N e T e N = e 2 TR e
. P RS *

s AR LR g g X e 3.3, > e el S D
o '.'rf"\"“.' S ."..‘r-‘“("':"ﬁ"' iy T 3

The Schwarzschild metric

et (1 _ 2GM> dt* 4 . ;lgM/ + 172d6? + r? sin® 0 do?
v Sl = r

meaning that - |
gte = —(1 — 2GM /), grp = (1 — 2GM /7)1, ggg = 1% and ggg = r2sin® @

- and other metric components are zero.




ffour—velomty of a partlcle at rest

Remember the magmtude of a four-vector is ¢

gt odat g datbdrE _ds? = —dr?

o e =i et
dr I dr dr? dr?

uru=utg,u’ =

This allows us to find u' for a particle at rest:

—].: u“gu‘,/u’/ — (¢t (’U,t)2 4 O —+ O.“ O

; :> . # 1 1
e o dar —gtt /1 —2GM/r




geodesm for a partlcle 1mt1a11y at restr-f’

So the r-component of the geodesic equat1on is:

2r S datidrt .
S . —FW Ir dr —ITu'u® + Z€ros

th = (&fgtoz —|— 81590475 adgtt) = %gw(o + 0 — 0rgst) |
= ’ 2GM> d ( QGM) ( 2GM> GM
] — [ =1+ =4 11-

r dr r r r2

1—2GM/7°: =

= 2GM> 1 GM

r
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[t turns out one solution to the full geodesic equation for a
radially falling particle is dr/dt = —\/2GM/r. At what value of r is
the particle at rest? At what value of r is dr/dt = 1? Does that
necessarily mean that it is traveling at the speed of light?
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Local Flatness Theorem

At any given event P in spacetime, our freedom to choose coordinates allows us to construct a
coordinate system where (1) g, (P) = 1,, (with six degrees of freedom left over that correspond
to arbitrary rotations and Lorentz boosts), (2) all 40 of the independent values of 0,9, |p = 0,
and (3) all but 20 of the 100 independent values of 9,959, |p equal to zero.
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* Finding Components in a LOF

Assume that we know basis vectors of a LOE. Since:

= 1//"‘ AR e
A A e andgw/:eu e

ey -_‘f A AR D e
€, A—- e, e A _gWA —-AM

- irhplying that

'na'u(e;L'A) :na,uJA;L :A/a




. "f'xa;i_’ple an ob server at rest
- in € chwarzschlld sp acetlme

1 A |
t

| o vV —Gtt \/1 — 2GM /r
We can choose the spatial basis vectors to be normalized versions of the
spatial Schwarzschild basis vectors. In particular:

O7 = Uyps. We know from before that U

_ Lo O - gﬁ?(oz)u(ozy = grr(02)"(0,)"

= - (o) = \/;? = 2GM/7°
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”fxa;ifple an observer at rest
chwarzschlld spacetlme

A particle falling at rest from mflmty 0 dr / dr == \/ 2GM /r

_1:97515( )A"l'gr'r'( )2

)

r




ff‘xa'._,‘ple an observer at rest L
- /_;”'l_chwarzschlld Spacetlme .

Summary | s
Ea r | = L .A
[(OT) 7(0T) 7(0T)07(0T)¢] __\/1 —.AQGM/’I“j 0, Oa O_
| [(0)5(0.)7, (0. (0] = [ 0,V/1-2GM]r, 0, 0 |

= | B oG M
t T 0 o, 5
e du 1 —2GM/r’ o . O]




- i 'f:xa} ,s:"ple an ob server at re st- e
- in € Chwarzschlld sp acetlme

Calculate the LOF components in Schwarzschﬂd coordinates:

T

u' =n"to,ru=n""oru=(-1)(or)" gaﬁuﬁ = —(OT)tgttUt

el (1 = 2GM> e = 1
l‘ \/1 '—ii.QGM/r | A 1 —2GM/r \/1 — 2GM/r
uZ’.;: hzgou cu=n?0, U= (_|_1)( )agaﬁuﬁ — +(0,)" grru”

G M 1 —2G M /r
o 1 —2GM/r =
= \/ r 1—2GM/7“\/ . /1 —2GM/r




ff*xa"_.,‘ple an observer at rest
- in € Chwarzschrld spacetrme

Now we can calculate the falling part1cle S speed in the LOF:

uY

oo T:‘—QGM/T .\/I—QGM/T: 2G M
- \/1—2GM/7“ = =




ou T al‘Y ge neral metho d for
Calculatmg quant1t1es m a LQF / LIF

. Use the observer’s four—velocity Uobs as the the observer’s time-directed basis vector or.

. Construct a s'etvofspatial basis vectors 0;, 0y, 0, such that Ou 0, = Nupe

. Find the components of 0, in whatever global coordinate system describes spacetime on the large scale.
. Also determine the components of the four-vector A of interest in that gIobal coordinate system.

. The components of the four-vector in the observer’s system are A’* = n#’o, » A, where one evaluates =
the dot product 0, = A = gn5(0,)*AP in the global coordinate system.




